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PREFACE 



MATHEMATICIAN unacquainted with tensor calculus is 



at a serious disadvantage in several fields of pure and 
applied mathematics. He is cut off from the study of Rieman- 
nian geometry and the general theory of relativity. Even in 
Euclidean geometry and Newtonian mechanics (particularly the 
mechanics of continua) he is compelled to work in notations 
which lack the compactness of tensor calculus. 

This book is intended as a general brief introduction to tensor 
calculus, without claim to be exhaustive in any particular 
direction. There is no attempt to be historical or to assign credit 
to the originators of the various lines of development of the 
subject. A bibliography at the end gives the leading texts to 
which the reader may turn to trace the development of tensor 
calculus or to go more deeply into some of the topics. As treat- 
ments of tensor calculus directed towards relativity are compar- 
atively numerous, we have excluded relativity almost completely, 
and emphasized the applications to classical mathematical 
physics. However, by using a metric which may be indefinite, 
we have given an adequate basis for applications to relativity. 

Each chapter ends with a summary of the most important 
formulae and a set of exercises; there are also exercises scattered 
through the text. A number of the exercises appeared on exam- 
ination papers at the University of Toronto, and our thanks are 
due to the University of Toronto Press for permission to use them. 

The book has grown out of lectures delivered over a number 
of years by one of us (J.L.S.) at the University of Toronto, the 
Ohio State University, the Carnegie Institute of Technology. 
Many suggestions from those who attended the lectures have 
been incorporated into the book. Our special thanks are due to 
Professors G. E. Albert, B. A. Griffith, E. J. Mickle, M. 
Wyman, and Mr. C. W. Johnson, each of whom has read the 
manuscript in whole or in part and made valuable suggestions for 
its improvement. 
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CHAPTER I 



SPACES AND TENSORS 

1.1. The generalized idea of a space. In dealing with two 
real variables (the pressure and volume of a gas, for example) , 
it is a common practice to use a geometrical representation. 
The variables are represented by the Cartesian coordinates of 
a point in a plane. If we have to deal with three variables, a 
point in ordinary Euclidean space of three dimensions may be 
used. The advantages of such geometrical representation are 
too well known to require emphasis. The analytic aspect of the 
problem assists us with the geometry and vice versa. 

When the number of variables exceeds three, the geome- 
trical representation presents some difficulty, for we require a 
space of more than three dimensions. Although such a space 
need not be regarded as having an actual physical existence, 
it is an extremely valuable concept, because the language of 
geometry may be employed with reference to it. With due 
caution, we may even draw diagrams in this "space," or rather 
we may imagine multidimensional diagrams projected on to 
a two-dimensional sheet of paper; after all, this is what we do 
in the case of a diagram of a three-dimensional figure. 

Suppose we are dealing with N real variables x 1 , ^,..m^ 
For reasons which will appear later, it is best to write the 
numerical labels as superscripts rather than as subscripts. This 
may seem to be a dangerous notation on account of possible 
confusion with powers, but this danger does not turn out to be 
serious. 

We call a set of values of x l 9 . . . , xP a paint. The vari- 
ables x\ . . . , are called coordinates. The totality of points 
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corresponding to all values of the coordinates within certain 
ranges constitute a space of N dimensions. Other words, such 
as hyperspace, manifold, or variety are also used to avoid con- 
fusion with the familiar meaning of the word "space." The 
ranges of the coordinates may be from — <x> to + « , or they 
may be restricted, A space of N dimensions is referred to by 
a symbol such as V^. 

Excellent examples of generalized spaces are given by 
dynamical systems consisting of particles and rigid bodies. 
Suppose we have a bar which can slide on a plane. Its position 
(or configuration) may be fixed by assigning the Cartesian co- 
ordinates s, y of one end and the angle 6 which the bar makes 
with a fixed direction. Here the space of configurations is of 
three dimensions and the ranges of the coordinates are 

- «> <X < + CD, - oo<y<+oo > 0^e<27T. 

Exercise. How many dimensions has the configuration-space 
of a rigid body free to move in ordinary space? Assign co- 
ordinates and give their ranges. 

It will be most convenient in our general developments to 
discuss a space with an unspecified number of dimensions N, 
where N ^ 2. It is a remarkable feature of the tensor calculus 
that no essential simplification is obtained by taking a small 
value of N; a space of two million dimensions is as easy to 
discuss (in its general aspects) as a space of two dimensions. 
Nevertheless the cases N = 2, N = 3, and N = 4 are of par- 
ticular interest: N = 2 gives us results in the intrinsic geo- 
metry of an ordinary surface; N = 3 gives us results in the 
geometry of ordinary space; N = 4 gives us results in the 
space-time of relativity. 

The development of the geometry of V N is a game which 
must be played with adroitness. We take the familiar words 
of geometry and try to give them meanings in V N . But we must 
of course remember that N might be 3 and V N might be our 
familiar Euclidean space of three dimensions. Therefore, to 
avoid confusion, we must be careful to frame our definitions 
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so that, in this particular case, these definitions agree with the 
familiar ones. 

A curve is defined as the totality of points given by the 
equations 

1.101. x'=f(u) (r-1,2,..., N). 

Here u is a parameter andf* are N functions. 

Next we consider the totality of points given by 

L102. x r = f(u\ u\ . . u M ) (f = 1, 2, . . N) 9 
where the u's are parameters and M < N. This totality of 
points may be called V M , a subspace of V N . There are two cases 
of special interest, namely M = 2 and M = N — 1. Either of 
these might be called a surface, because if N = 3 they both 
coincide with the familiar concept of "surface." It seems, how- 
ever, that V N _i has the better right to be called a surface, 
because it has (for any N) the fundamental property of a 
surface in ordinary space, viz. it divides the neighbouring por- 
tion of space into two parts. To see this, we eliminate the 
parameters from 1.102. Since M = N — 1, the number of 
parameters is one less than the number of equations, and so 
elimination gives just one equation: 

1.103. F& 9 x\ . . ., x N ) = 0. 

The adjacent portion of V N is divided into two parts for which 
respectively F is positive and negative. V N -i is often called a 
hypersurface in V N . 

Other familiar geometrical ideas will be extended to V N as 
the occasion arises. 

Exercise. The parametric equations of a hypersurface in V N 
are 

x l = a cos u 1 , 

x 2 = a sin u 1 cos u 2 , 

**= a sin u 1 sin u % cos u* f 

x 2 * -1 = a sin u 1 sin u* sin u*. . . sin u N ~ 2 cos u N ~ l 9 
x? = a sin i* 1 sin # 8 sin u*. . . sin u N ~ 2 sin i^" 1 , 
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where a is a constant. Find the single equation of the hyper- 
surface in the form 1.103, and determine whether the points 

(£a, 0, 0, 0), (0, 0, 0, . . . 0, 2a) lie on the same or opposite 

sides of the hypersurface. 

Exercise. Let U% and W* be two subspaces of V N . Show that 
if N = 3 they will in general intersect in a curve ; if N = 4 they 
will in general intersect in a finite number of points; and if 
N > 4 they will not in general intersect at all. 

1.2. Transformation of coordinates. Summation conven- 
tion. It is a basic principle of tensor calculus that we should 
not tie ourselves down to any one system of coordinates. We 
seek statements which are true, not for one system of coord- 
inates, but for all. 

Let us suppose that in a Vjj there is a system of coordinates 
x 1 , x 2 , . . . , x N . Let us write down equations 

1.201. x' r = fix 1 , x* X?) (r = 1, 2 N), 

where the/*s are single valued continuous differentiable func- 
tions for certain ranges of x l , x 2 , . . ..a^. These equations assign 
to any point x 1 , x 2 , a new set of coordinates x* 1 , x* 2 , . . .,x' N . 
The Jacobian of the transformation is 



1.202. 



dx 1 " 
dx 1 

or, in a briefer notation, 



dx 1 



dx" 



dxf 



dx" 



1.203. 



dx" 
dx* 



the ranges r, s — 1, 2, . . . , N being understood. We shall sup- 
pose that the Jacobian does not vanish. Then, as is well known 
from the theory of implicit functions, the equations 1.201 may 
be solved to read 
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1.204. x r = g r (x']x' 2 9 x' N ) (r - 1, 2, . . ., JV). 
Differentiation of 1.201 gives 

at a*" 

1.205. <fx' r = (r « 1, 2, . . ., iV). 

* - 1 ox 

Thus the transformation of the differentials of the coordinates 
is a linear homogeneous transformation, the coefficients being 
functions of position in V N . We shall return to this trans- 
formation presently, but first let us introduce two notational 
conventions which will save us an enormous amount of writing. 

Range Convention. When a small Latin suffix (superscript 
or subscript) occurs unrepeated in a term, it is understood to take 
all the values 1, 2, . . . , N, where N is the number of dimensions 
of the space. 

Summation Convention. When a small Latin suffix is re- 
peated in a term, summation with respect to that suffix is under- 
stood, the range of summation being 1,2,..., N. 

It will be noticed that the reference is to small Latin suf- 
fixes only. Some other range (to be specified later) will be 
understood for small Greek suffixes, while if the suffix is a 
capital letter no range or summation will be understood. 

To see the economy of this notation, we observe that 1.205 
is completely expressed by writing 

dx fT 

1.206. dx' r = — dx 9 . 

ox 

Repeated suffixes are often referred to as "dummies" since, 
due to the implied summation, any such pair may be replaced 
by any other pair of repeated suffixes without changing the 
expression. We have, for example, 

a rB b* = a r kbK 

This device of changing dummies is often employed as a useful 
manipulative trick for simplifying expressions. 

In order to avoid confusion we make it a general rule that 
the same suffix must never be repeated more than twice in any 
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single term or product. If this cannot be avoided, the sum- 
mation convention should be suspended and all sums should be 
indicated explicitly. 

Exercise. Show that 

(a r9t + a 9tr + a„t)x r x 9 x 9 => 3a r9t x r x 9 x*. 

Exercise. If </> * a r8 x r x; show that 

dx r - \flra+ <*ar) X 9 , « d r9 + d 9T . 

Simplify these expressions in the case where a r9 = a 8T . 

Let us introduce a symbol d r s called the Kronecker delta; 
it is defined by 

1.207. SJ - 1 if r - 5, 

= 0 if r ^ 5. 

Exercise. Prove the relations 

It is evident that dx'/dx****?,, or equivalently 
3x r dx** 

From this we may derive an identity which will be useful later. 
Partial differentiation with respect to x p gives (since the 
Kronecker delta is constant) 

ay dx ,m dx' n dx r ay» 

L209# dxf m dx! n dx* dx 9 + dx F "dx*dx* " 0# 
If we multiply across by 77 , we get 

ay« ay dxf m dxf u dxf* 
1 - 210, d**a*« + a*"»a*'» dx* dx 9 = °* 
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We may of course interchange primed and unprimed symbols 
in the above equations. 

Exercise. If A r s are the elements of a determinant A, and B r 5 
the elements of a determinant 5, show that the element of the 
product determinant AB is A r n B*. Hence show that the pro- 
duct of the two Jacobians 





dx r 








dx" 


, J' = 


dx* 



is unity. 

1.3. Contravariant vectors and tensors. Invariants. Con- 
sider a point P with coordinates x r and a neighbouring point Q 
with coordinates # r + <frc p . These two points define an infini- 
tesimal displacement or vector PQ; for the given coordinate 
system this vector is described by the quantities dx r , which 
may be called the components of this vector in the given co- 
ordinate system. The vector dx r is not to be regarded as "free," 
but as associated with (or attached to) the point P with co- 
ordinates x r . 

Let us still think of the same two points, but use a different 

coordinate system x ,r . In this coordinate system the com- 
— > 

ponents of the vector PQ are dx ,r ; these quantities are con- 
nected with the components in the coordinate system x r by 
the equation 

dx' r 

1.301. dx' r = — dx\ 

dx 9 

as in 1.206. If we keep the point P fixed, but vary Q in the 
neighbourhood of P, the coefficients dxf r /dx* remain constant. 
In fact, under these conditions, the transformation 1.301 is a 
linear homogeneous (or affine) transformation. 

The vector is to be considered as having an absolute mean- 
ing, but the numbers which describe it depend on the coor- 
dinate system employed. The infinitesimal displacement is the 
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prototype of a class of geometrical objects which are called con- 
travariant vectors. The word "contravariant" is used to dis- 
tinguish these objects from "covariant" vectors, which will be 
introduced in 1.4. The definition of a contravariant vector is 
as follows: 

A set of quantities V, associated with a point P, are said to 
be the components of a contravariant vector if they transform, on 
change of coordinates, according to the equation 

bx! r 

1.302. T ,T - T 9 — , 

dx* 9 

where the partial derivatives are evaluated at P. Thus an infini- 
tesimal displacement is a particular example of a contfavariant 
vector. It should be noted that there is no general restriction 
that the components of a contravariant vector should be in- 
finitesimal. For a curve, given by the equations 1.101, the 
derivatives dx r /du are the components of a finite contravariant 
vector. It is called a tangent vector to the curve. 

Any infinitesimal contravariant vector V may be repre- 
sented geometrically by an infinitesimal displacement. We have 
merely to write 

1.303. dx r = T*. 

If we use a different coordinate system x* r , and write 

1.304. dx ,r = r r , 

we get an infinitesimal displacement. The whole point of the 
argument is that these two equations define the same displace- 
ment, provided T r are the components of a contravariant vector. 
If T* and T ,r were two sets of quantities connected by a trans- 
formation which was not of the form 1.302, but something 
different, say, T' r = T*dx 9 /dx! r , then the connection between 
the dx r of 1.303 and the dxl T of 1.304 would not be the trans- 
formation 1.301 which connects the components of a single 
infinitesimal displacement in the two coordinate systems. In 
that case, dx r and dx' r would not represent the same infini- 
tesimal displacement in V N . 
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This pointy has been stressed because it is very useful to 
have geometrical representations of geometrical objects, in 
order that we may use the intuitions we have developed in 
ordinary geometry. But it is not always easy to do this. Al- 
though we can do it for an infinitesimal contravariant vector, 
we cannot do it so completely for a finite contravariant vector. 
This may appear strange to the physicist who is accustomed 
to represent a finite vector by a finite directed segment in 
space. This representation does not work in the general type 
of space we have in mind at present. 

Exercise. Show that a finite contravariant vector determines 
the ratios of the components of an infinitesimal displacement. 
(Consider the transformation of the equation dx r = BT*, where 
6 is an arbitrary infinitesimal factor which does not change 
under the transformation. Alternatively, show that the equa- 
tions T'dx*— T*dx r = 0 remain true when we transform the 
coordinates.) 



We now proceed to define geometrical objects of the contra- 
variant class, more complicated in character than the contra- 
variant vector. We set down the definition: 

A set of quantities T** are said to be the components of a con- 
travariant tensor of the second order if they transform according 
to the equation 

dsf'dxf 

1.305. r ,r «= r™— — . 

dx m dx* 

It is immediately obvious that if U r and V r are two contra- 
variant vectors, then the product IPV is a contravariant 
tensor of the second order. 

The definitions of tensors of the third, fourth, or higher 
orders will at once suggest themselves, and it is unnecessary 
to write them down here. But going in the opposite direction, 
we notice that a contravariant vector is a contravariant tensor 
of the first order, and this suggests that there should be a 
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contravariant tensor of zero order, a single quantity, trans- 
forming according to the identical relation 



Such a quantity is called an invariant; its value is independent 
of the coordinate system used. 

Exercise. Write down the equation of transformation, anal- 
ogous to 1.305, of a contravariant tensor of the third order. 
Solve the equation so as to express the unprimed components 
in terms of the primed components. 

1.4. Covariant vectors and tensors. Mixed tensors. Let 

<t> be an invariant function of the coordinates. Then 



This law of transformation is rather like 1.301, but the partial 
derivative involving the two sets of coordinates is the other 
way up. Just as the infinitesimal displacement was the proto- 
type of the general contravariant vector, so the partial deri- 
vative of an invariant is the prototype of the general covariant 
vector. We define it as follows: 

A set of quantities T r are said to be the components of a co- 
variant vector if they transform according to the equation 



It is a well-established convention that suffixes indicating con- 
travariant character are placed as superscripts, and those indi- 
cating covariant character as subscripts. It was to satisfy this 
convention that the coordinates were written x r rather than x r , 
although of course it is only the differentials of the coordinates, 
and not the coordinates themselves, that have tensor character. 

There is no difficulty in defining covariant tensors of various 
orders, the covariant vector being a tensor of the first order. 
Thus for a tensor of the second order we make this definition: 



1.306. 



r= T. 



1.401. 



d<f> = d<t> dx 9 
dx ,r dx 9 dx' r * 



1.402. 
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A set of quantities T T % are said to be the components of a co- 
variant tensor of the second order if they transform according to 
the equation 

dx m dx n 

1.403. t; s = r «n^r r ^r f . 

Having set down definitions of contravariant and covariant 
tensors, definitions of mixed tensors suggest themselves. Sup- 
pose a set of quantities T r st transform according to 



m 



9jc" bx* bx* 



1 404 T' r ss T 

We would say that they are the components of a mixed tensor 
of the third order, with one contravariant and two covariant 
suffixes. 

In adopting for the Kronecker delta the notation S r s we 
anticipated the fact that it has mixed tensor character. Let 
us now prove this, i.e. let us show that 



dx* r dx n 

1.405. n=5 » — — , 

where 8" is unity if r = s and zero if r 5. Holding m fixed 
temporarily, and summing with respect to », we get no con- 
tribution unless n — m. Hence the right-hand side of 1.405 
reduces to 

dx' r dx m 
dx m dx ,9i 

and this is equal to 8 r s ; thus the truth of 1.405 is established. 

The importance of tensors in mathematical physics and 
geometry rests on the fact that a tensor equation is true in all 
coordinate systems, if true in one. This follows from the fact 
that the tensor transformations are linear and homogeneous. 
Suppose, for example, that we are given that T r8 = 0; it is an 
immediate consequence of 1.403 that T' rB = Oalso. More gen- 
erally, if we are given 
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1.406. A r9 ** B f . t 

then 

1-407. ii' rt « B' r9 . 

Let us now consider what may be called the transitivity of 
tensor character. We shall speak of covariant tensors of the 
second order for simplicity, but the results hold quite gener- 
ally. Let there be three coordinate systems: x r 9 x' r , x" r . Sup- 
pose that a set of quantities T r9 transform tensorially when 
we pass from the first to the second set of coordinates, and 
also when we pass from the second to the third. These two 
transformations combine to form a "product" transformation 
from the first set of coordinates to the third. If this trans- 
formation is tensorial, then we say that the tensor character 
is transitive. To establish this transitivity, we have to prove 
the following statement: 

Given that 

1.408. T' rs = T n 

and 



dx m dx n 

'dx'rdx'" 



dx' m dx' n 

1.409. r;; = v mn dx „ r dx „ 9 , 

then 

This is easy to show, and is left as an exercise. 

A tensor may be given at a single point of the space V Nt 
or it may be given along a curve, or throughout a subspace, 
or throughout V N itself. In the last three cases we refer to a 
tensor field, if we wish to emphasize the fact that the tensor is 
given throughout a continuum. 

Exercise. For a transformation from one set of rectangular 
Cartesian coordinates to another in Euclidean 3-space, show 
that the law of transformation of a contravariant vector is 



§1.5 



Addition of Tensors 



IS 



precisely the same as that of a covariant vector. Can this 
statement be extended to cover tensors of higher orders? 

1.5. Addition, multiplication, and contraction of tensors. 
Two tensors of the same order and type may be added together 
to give another tensor. Suppose, for example, that A r 5t and B r st 
are tensors, and that the quantities C 5t are defined by 

1.501. Cst^Alt + B'st. 

Then it is easy to prove that C si are the components of a tensor. 

A set of quantities i4 r *(not necessarily components of a 
tensor) is said to be symmetric if 

1.502. A rs = A 9n 
and skew-symmetric or antisymmetric if 

1.503. Aff — A. if 

If the quantities have tensor character, the property of sym- 
metry (or of skew-symmetry) is conserved under transforma- 
tion of coordinates. This follows from the fact that 

A r $ A 9rt An^ Air 

are themselves tensors, and so vanish in all coordinate systems, 
if they vanish in one. 

These remarks about symmetry apply equally to contra- 
variant tensors, the subscripts being replaced by superscripts. 
They do not apply to a mixed tensor A r 5 \ the relationship 
A r s = A* r does not in general carry over from one coordinate 
system to another. 

The definitions of symmetry and skew-symmetry may be 
extended to more complicated tensors. We say that a tensor is 
symmetric with respect to a pair of suffixes (both superscripts 
or both subscripts) if the value of the component is unchanged 
on interchanging these suffixes. It is skew-symmetric if inter- 
change of suffixes leads to a change of sign without change of 
absolute value. 

The following result is of considerable importance in the 
application of tensor calculus to physics: Any tensor of the 
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second order (covariant or contravariant) may be expressed as the 
sum of a symmetric tensor and a skew-symmetric tensor. This is 
easy to prove. Let us take a contravariant tensor A r * for illus- 
tration. We have merely to write 

1.504. A r *= §(^ r, + A»); 

each of the two terms on the right is a tensor — the first is 

symmetric and the second skew-symmetric. 

Exercise. In a space of four dimensions, the tensor A rs t is 
skew-symmetric in the last pair of suffixes. Show that only 
24 of the 64 components may be chosen arbitrarily. If the 
further condition 

A rB t+ A 8tr + A tr >= 0 
is imposed, show that only 20 components may be chosen 
arbitrarily. 

Exercise. If A T * is skew-symmetric and B r9 symmetric, prove 
that 

A"B r8 = 0. 

Hence show that the quadratic form a*^cV is unchanged if a^ 
is replaced by its symmetric part. 

Let us now consider the multiplication of tensors. In adding 
or subtracting tensors we use only tensors of a single type, and 
add components with the same literal suffixes, although these 
need not occur in the same order. This is not the case in 
multiplication. The only restriction here is that we never 
multiply two components with the same literal suffix at the 
same level in each. (This general rule may be broken in the 
case of Cartesian tensors, to be discussed in chapter iv, but 
this exception is unimportant.) These restrictive rules on add- 
ition and multiplication are introduced in order that the results 
of the operations of addition and multiplication may them- 
selves be tensors. 

To multiply, we may take two tensors of different types 
and different literal suffixes, and simply write them in juxta- 
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position. Thus, suppose A ra and B% are tensors of the types 
indicated. If we write 

1.505. C? sn - A ra BZ, 

then these quantities are the components of a tensor of the 
type indicated. This follows immediately from the formulae 
of tensor transformation. 

Such a product as 1.505, in which all the suffixes are dif- 
ferent from one another, is called an outer product. The inner 
product is obtained from the outer product by the process of 
contraction, which we shall now explain. 

Consider a tensor with both contravariant and covariant 
suffixes, such as T% rs . Consider the quantities T£ rs , in which 
there is of course summation with respect to m in accordance 
with the summation convention. What is its tensor character, 
if any? We have 

1.506. r^-^^ — — — 

qtu dx* dx** dx* dx" 

Putting n = m, and using 1.208, we obtain 

1.507. T'Zrs = T*tu — — • 

Ptu dx*dx" 

In fact, the tensor character is that of B Tiy covariant of the 
second order. We have here contracted with respect to the 
suffixes m, n (one above and one below), with the result that 
these suffixes become dummy suffixes of summation and no 
longer imply any tensor character. 

The general rule is as follows: Given a mixed tensor t if we 
contract by writing the same letter as a superscript and as a sub- 
script, the result has the tensor character indicated by the remaining 
suffixes. 

Applying contraction to the outer product 1.505, we get 
the inner products 

<AmsB% f A rm B% f 
each of which is a covariant tensor of the second order. 
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The process of contraction cannot be applied to suffixes at 
the same level. Of course, there is nothing to stop us writing 
down the expression A% rr ; but it has not tensor character, and 
so is of minor interest, since our object is to deal (as far as 
possible) only with tensors. 

Exercise. What are the values (in a space of N dimensions) 
of the following contractions formed from the Kronecker delta? 



1.6. Tests for tensor character. The direct test for the 
tensor character of a set of quantities is this: see whether the 
components obey the law of tensor transformation when the 
coordinates are changed. However, it is sometimes much more 
convenient to proceed indirectly as follows. 

Suppose that A r is a set of quantities which we wish to test 
for tensor character. Let X 9 be the components of an arbitrary 
contravariant tensor of the first order. We shall now prove 
that if the inner product A r X r is an invariant, then A r are the 
components of a covariant tensor of the first order. We have, by 
the given invariance, 



Substituting this in the right-hand side of 1.601, rearranging, 
and making a simple change in notation, we have 



Since the quantities X 9 are arbitrary, the quantity inside the 
parentheses vanishes; this establishes the tensor character of 
A r by 1.402. 

The above example is illustrative of the indirect test for 
tensor character. The test is by no means confined to the case 



1.601. A r X r - AtX'% 

and, by the law of tensor transformation, 



3*" 

1.602. X" - X'T-l . 



1.603. 
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of a tensor of the first order, nor is it necessary that an invar- 
iant should be formed. It is, however, essential that there 
should enter into the test some quantities which are arbitrary 
and are known to have tensor character. 

Exercise. If X r , Y r are arbitrary contravariant vectors and 
a rt X r Y* is an invariant, then a r9 are the components of a 
covariant tensor of the second order. 

Exercise. If X T8 is an arbitrary covariant tensor of the second 
order, and A^ n X mn is a covariant vector, then A? n has the 
mixed tensor character indicated by the positions of its suffixes. 

The following case is of some importance. Suppose that a„ 
is a set of quantities whose tensor character is under investi- 
gation. Let X r be an arbitrary contravariant vector. Suppose 
we are given that a r9 X r X* is an invariant. What can we tell 
about the tensor character of a ra ? 

We have 

1.604. a r ,X r X* = a' r9 X' r X" 

f dx ,r dx" 

= a r9 X"X» dx „ dxn , 

and so 

1.605. [a mn - a' rt ——)x>»X»= 0. 

This quadratic form vanishes for arbitrary X r , but we cannot 
jump to the conclusion that the quantity inside the parentheses 
vanishes. We must remember that in a form b mn X m X n the co- 
efficient of the product X l X 2 is mixed up with the coefficient 
of X*X l ; it is, in fact, J w + 6 2 i. Thus we can deduce from 1.605 
only that 

f , A< , , dx"dx" t dx"dx' 9 

1.606. a mn + a nm = a> r .—— + a' r . — — . 

The trick now is to interchange the dummies r, s in the last 
term; this gives 
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dx' r dx f 8 

1.607. a mn + a nm = (a' ra + a' tr )— — . 



This establishes the tensor character of a m n+ a n m* If we are 
given that a mn and a' mn are symmetric, the tensor character 
of a mn follows, and we obtain this result: If a r9 X r X* is invar- 
iant, X r being an arbitrary contravariant vector and a r * being 
symmetric in all coordinate systems, then a r8 are the components 
of a covariant tensor of the second order. 

1.7. Compressed notation. The range convention and 
the summation convention, introduced in 1.2, save a great deal 
of unnecessary writing. But still more can be done to improve 
the symbolism. In the present section we shall discuss a "com- 
pressed notation." This notation certainly simplifies the proofs 
of some results, but it is questionable whether it is advisable 
to adopt it as standard notation. On the whole, it has seemed 
best to introduce the present notation as a sample of what can 
be done in the way of smoother notation, but to revert, in the 
subsequent parts of the book, to the notation which we have 
used up to the present. 

Suppose we have a space of N dimensions. Let x r be a 
system of coordinates, small Latin suffixes having the range 
1, 2, . . . , N. Let xf be another system of coordinates, small 
Greek suffixes also taking the range 1, 2, . . . , N. At first sight 
this appears to be an impossible notation, violating the funda- 
mental rule that one mathematical symbol shall not denote two 
different quantities at the same time. We ask: What does x l 
mean? To which of the two systems of coordinates does it 
belong? The answer is: Never write x l , but (x r )*-i or (*"),>«- i 
according to whether you wish to denote the first or the second 
coordinate system. This is clumsy, but does not spoil the 
notation for general arguments, in which we do not require to 
give numerical values to the suffixes. As long as the suffix 
remains literal, the fact that it is Latin or Greek tells us which 
coordinate system is involved. 
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We now denote partial differentiation by d, so that 

d J_ 

1.701. d * = w> ^ax** 

Further, let us write 

1.702. 1C S = d#', X:= dX, X',= 
so that obviously 

1.703. r s = X&'-S',. 

The following are tensor transformations expressed in this 
notation: 

F= T°Xl, r>« T'X>, 

1.704. T r .= T pa X> X* s9 

The last line in 1.704 is the general formula of tensor trans- 
formation. 

It is convenient to use the following notation for second 
derivatives: 

i.7os. d r x> - a.x; - - x?.. 

In this notation the equation 1.210 reads 

1.706. X> +XZX>X" 5 X* l = 0. 

Exercise. If A f9 is a skew-symmetric covariant tensor, prove 
that B r *u defined as 

1.707. B r ,t - dri4.l+ d.4«r+ Mr,, 

is a covariant tensor, and that it is skew-symmetric in all pairs 
of suffixes. 

When calculations become complicated, notational devices 
become of real importance as labour-saving devices, and to 
keep the bulk of formulae under control. It sometimes happens 
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that more than two coordinate systems are involved. There 
are two methods of handling such situations. 

The first plan is to break up the Latin alphabet into groups 

such as (abcde), (fghij), (klmno) and assign a group to 

each coordinate system. Thus, coordinates for the first co- 
ordinate system would be denoted by *«, . . for the second 

. . .,*», and so on. Using X as the base letter for partial 
derivatives, we would then have formulae such as the following : 

1.708. x:~k. x} = d £, xyci-xi, 

Tf=V*X{Xl, T» = T*X*Xl. 
The second plan is to use one alphabet, but to put a sign 
on the suffix indicative of the coordinate system involved. 
Thus, coordinates for the first coordinate system would be 

denoted by x r , x m , x* for the second by a/ t x m \ .... 

for the third by x m ", *»", . . . , and we would have for- 
mulae such as the following: 

1.709. X^ S r, X;,X$~X1,, 

i>v = t^x^x?, r"«" = T^'xf. 



SUMMARY I 
Contravariant tensor: 

dx r dx*' 

Covariant tensor: 

TV ™ dx T dx* 

1 mn — 4 rt . . — . 

dx"" dx' n 

Mixed tensor: 

™« —dx"" dx* 
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Invariant: 



r = T. 



Kronecker delta: 




1 if r= 5, 
Oif r 5*s. 



EXERCISES I 



1, In a 7 4 there are two 2-spaces with equations 

Prove that if these 2-spaces have a curve of intersection, then 
the determinantal equation 



is satisfied along this curve. 

2. In Euclidean space of three dimensions, write down the 
equations of transformation between rectangular Cartesian 
coordinates x, y, 2, and spherical polar coordinates r, 0, <f>. 
Find the Jacobian of the transformation. Where is it zero or 
infinite? 

3. If X, Y, Z are the components of a contravariant vector 
for rectangular Cartesian coordinates in Euclidean 3-space, 
find its components for spherical polar coordinates. 

4. In a space of three dimensions, how many different 
expressions are represented by the product A^pB^C} u ? How 
many terms occur in each such expression, when written out 
explicitly? 

5. If A is an invariant in V N , are the second derivatives 
- the components of a tensor? 



= 0 



du* 



dx r dx 9 



6. Suppose that in a F 2 the components of a contravariant 
tensor field P** in a coordinate system x r are 
7™= 1 r 12 ^ 0. 
T* l = 0 P2= 1. 
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Find the components V mn in a coordinate system # /f , where 
x n = (x l )\ x" 

Write down the values of these components in particular at 
the point x l = 1, x?= 0. 

7. Given that if T mnrB is a covariant tensor, and 

T'mnrt^r T mn%r = 0 

in a coordinate system establish directly that 

r , TOwre + r'mn«r = 0 

in any other coordinate system x ,q . 

8. Prove that if A T is a covariant vector, then 

&l r _ dA 9 
dx 9 dx r 

is a skew-symmetric covariant tensor of the second order. 
(Use the notation of 1.7.) 

9. Let x r , S r , y r 9 y r be four systems of coordinates. Examine 
the tensor character of dx r /dy* with respect to the following 
transformations: (i) A transformation x r =f (5c l , . . ., Z N ), 
with y r unchanged; (ii) a transformation y r = g r (y l , . . ., y N ) 9 
with x r unchanged. 

10. If x r f y r , z r are three systems of coordinates, prove the 
following rule for the multiplication of Jacobians: 



by % 



dy r 



dx* 



11. Prove that with respect to transformations 
where the coefficients are constants satisfying 

CmrCms = 5J, 

contravariant and covariant vectors have the same formula 
of transformation: 

A r= C r *A* 9 A* r = Cr*A 9 . 
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12. Prove that 



d }n dy m d*y m dx* 
dx r n dx* dx r dx*d?* m 



13. Consider the quantities dx r /dt for a particle moving in 
a plane. If x r are rectangular Cartesian coordinates, are these 
quantities the components of a contravariant or covariant 
vector with respect to rotation of the axes? Are they com- 
ponents of a vector with respect to transformation to any 
curvilinear coordinates (e.g. polar coordinates)? 

14. Consider the questions raised in No. 13 for the accel- 
eration (<Px r /dfi). 

15. It is well known that the equation of an ellipse may be 
written 

ax 2 + 2hocy + by*=* 1. 
What is the tensor character of a, h 9 b with respect to trans- 
formation to any Cartesian coordinates (rectangular or ob- 
lique) in the plane? 

16. Matter is distributed in a plane and A, B, H are the 
moments and product of inertia with respect to rectangular 
axes Oxy in the plane. Examine the tensor character of the set 
of quantities A,B,H under rotation of the axes. What notation 
would you suggest for moments and product of inertia in order 
to exhibit the tensor character? What simple invariant can be 
formed from A, B 9 H? 

17. Given a tensor S mwr skew-symmetric in the first two 
suffixes, find a tensor f mnr skew-symmetric in the last two suf- 
fixes and satisfying the relation 



— fmnr~h fi 

Answer: f mn r= h(— Smnr- St 



'Vmn+ •Snr m )]. 



nmr 



- s, 



CHAPTER II 



BASIC OPERATIONS IN RIEMANNIAN SPACE 

2.1. The metric tensor and the line element. We shall 
lead up to the concept of a Riemannian space by first dis- 
cussing properties of curvilinear coordinates in the familiar 
Euclidean space of three dimensions. Suppose that y 1 , y 2 , y 3 
are rectangular Cartesian coordinates. Then the square of the 
distance between adjacent points is 

2.101. ds 2 = (dy l ) 2 +(dy 2 ) 2 +(dy*) 2 . 

Let x 1 , x 2 , x 3 be any system of curvilinear coordinates (e.g. 
cylindrical or spherical polar coordinates). Then the y's are 
functions of the s's, and the dy's are linear homogeneous func- 
tions of the dx's. When we substitute these linear functions in 

2.101, we get a homogeneous quadratic expression in the dx's. 
This may be written 

2.102. ds 2 = a mn dx m dx n , 

where the coefficients a mn are functions of the x's. Since the 
a mn do not occur separately, but only in the combinations 
0*mn+ a nm ), there is no loss of generality in taking a mn sym- 
metric, so that a mn = a nm . 

No matter what curvilinear coordinates are used, the dis- 
tance between two given points has the same value, i.e. ds (or 
ds 2 ) is an invariant. If we keep one of the two points fixed and 
allow the other to vary arbitrarily in its neighbourhood, then 
dx r is an arbitrary contravariant vector. It follows from 1.6 
that a mn is a covariant tensor of the second order. It is called 
the metric tensor, or fundamental tensor of space. 



Metric Tensor 



27 



Exercise. Take polar coordinates r, 0 in a plane. Draw the 
infinitesimal triangle with vertices at the points (r, 0), (r+dr, 0) 
(r , 0 + d0). Evaluate the square on the hypotenuse of this 
infinitesimal triangle, and so obtain the metric tensor for the 
plane for the coordinates (r, 0). 

Exercise. Show that if x l = r, # 2 = 0, x?= <£, in the usual no- 
tation for spherical polar coordinates, then 

an= 1, a 2 2= r 2 , ass— r 2 sin 2 0, 
and the other components vanish. 

Suppose now that we draw a surface in Euclidean 3-space. 
According to the method of Gauss, we may write its equations 
in the form 

2.103. y 1 - f(x l , x 2 ), y 2 =f(x\ x 2 ), y*=f(x\ x 2 ) 9 
where jc 1 , x 2 are curvilinear coordinates on the surface. The 
square of the distance between two adjacent points on the 
surface is again given by 2.101, and we may use 2.103 to trans- 
form this expression into a homogeneous quadratic expression 
in the dx's. This expression may be written in the form 2.102, 
but the range of the suffixes is now only 1,2, and not 1, 2, 3 as 
before. It follows that a mn is again a covariant tensor; it is the 
metric tensor of the surface, which is itself a space of two 
dimensions. 

Exercise. Starting from 2.103, show that 

a _ dy 1 ay 1 _j_ dy 2 dy 2 dy* dy* 
dx m dx n dx m dx n dx m dx n ' 
and calculate these quantities for a sphere, taking as curvi- 
linear coordinates on the sphere x l = y 1 , x 2 = y 2 . 

The differential expression which represents ds 2 may be 
called the metric form or fundamental form of the space under 
consideration. It may also be called the square of the line 
element. 

What.has been explained in the preceding argument is basic 
in the application of tensor calculus to classical geometry and 
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classical mathematical physics. But we have in mind the exten- 
sion of these ideas to spaces of higher dimensionality. There- 
fore we shall not pause here to develop the immediate impli- 
cations of what we have done, but rather use it as a source of 
suggestion for generalization. As a basis for generalization, let 
us summarize our result as follows: 

In ordinary space, or an a surface in that space, the square 
of the line element is a homogeneous quadratic form, and the co- 
efficients of that form, when written symmetrically, are the com- 
ponents of a covariant tensor of the second order. 

We now pass to a general space of N dimensions, discussed 
in 1.1. Consider two adjacent points P, Q in it. Does there 
exist something which may be called the distance between P 
and Q? Although the basic ideas of tensor calculus originated 
with Riemann, he himself was a little confused on this essential 
question. He apparently thought that the concept of distance 
was in rinsic in a space. We know now that this is not the case. 
We can develop a logically consistent theory of a non-metrical 
space, in which the concept of distance never enters. If there 
is to be a measure of distance in a space of N dimensions, it is 
something that we must put in for ourselves. The question now 
before us is this: How shall we define distance in V N to satisfy 
the following criteria? 

(i) The definition should give a comparatively simple 
geometry; 

(ii) The definition should agree with the ordinary defin- 
ition in the particular cases where the space is ordinary 
Euclidean space, or a surface in that space. 

These criteria are best satisfied by using the italicized state- 
ment above as the basis of definition. But a little caution is 
necessary if we are to make our definition wide enough to 
include the space-time of relativity. Thus, without introducing 
the word "distance," we lay down the following definition of a 
Riemannian space: 

A space V N is said to be Riemannian if there is given in it a 
metric (or fundamental) covariant tensor of the second order, 
which is symmetric. 
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If we denote this tensor by a mn , we may write down a metric 
(or fundamental) form 
2,104. * = a mn dx m dx n . 

This form is, of course, invariant. 

We might proceed to define the "distance" between ad- 
jacent points by means of the equation d& = *. However, with 
a view to relativity, we must admit the possibility of an im- 
portant difference between the form 2.104 and the form we 
encountered in Euclidean space. In Euclidean space the form 
2.102 is positive-definite; this means that it is positive unless 
all the differentials vanish. In other words, the distance be- 
tween two points vanishes only if the points are brought into 
coincidence. 

We shall not impose on the form # the condition that it 
shall be positive-definite. We shall admit the possibility of an 
indefinite form, such as* = (dx 1 )* - (dx*)\ which vanishes if 
dx i = ^ Then for some displacements dx r the form $ may 
be positive and for others it may be zero or negative. If 
$ = 0, for dx r not all zero, the displacement is called a null 
displacement. For any displacement dx r which is not null, there 
exists an indicator 6, chosen equal to +1, or -1, so as to 
make e* positive. We may use this indicator to overcome a 
difficulty in the definition of distance arising from the in- 
definiteness of the form. We define the length of the displace- 
ment d* r (or the distance between its end points) to be ds % where 

2.105. ds*= «i> = ea m ndx m dx n , ds > 0. 

We define the length of a null displacement to be zero. Thus, 
in a Riemannian space with an indefinite metric form, two 
points may be at zero distance from one another without be- 
ing coincident 

It is most important to note that Riemannian geometry is 
built up on the concept of the distance between two neigh- 
bouring points, rather than on the concept of finite distance. 

2.2. The conjugate tensor. Lowering and raising suffixes. 
From the covariant metric tensor a mn we can obtain another 
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tensor, also of the second order, but contravariant. Consider 
the determinant 









Q>\2 • • • 


a lN 


2.201. 


a = \a mn \ = 


<*>21 


#22 • • • 


a 2N 






<*N1 


a N2 • . • 


a NN 



We shall suppose, here and throughout, that a is not zero. Let 
A mn be the cofactor of a mn in this determinant, so that 

2.202. a mr A m * = a rm A™ = SJa. 

This follows from the ordinary rules for developing a deter- 
minant. Now let us define a mn by the equation 



2.203. a mn = 

It follows from 2.202 that 



2.204. 

and, similarly, 

2.205. a rm a' m = 

Since a mn is symmetric, it is obvious that a mn is symmetric also. 

Note that 2.204, or 2.205, might be regarded as a definition 
of a mn , since either of these sets of equations determines these 
quantities uniquely. Let us take 2.204 and multiply both sides 
by A* r ; then 



2.206. 

by 2.202. Thus 
2.207. 



S s r A 



kr 



A* 1 



which is the same as 2.203. We obtain the same result from 
2.205 on multiplication by A r *. This proves our assertion. 

We are now ready to investigate the tensor character of 
a mn . For this purpose we introduce a contravariant tensor a mn 
which in one particular system of coordinates x r , say, coincides 
with a mn . Then 
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2.208. a m rd ma = 5J. 

This is obviously a tensor equation and therefore holds in any 
other system of coordinates x ,r ; thus 

2.209. a' mr a' mB = Sj- 
Comparing this with 

2.210. a'mra"" 9 = 

which, as we have seen, determines a' mn uniquely, we have 
a tmn _ d 'mn m -phus a mn and a mn coincide in all coordinate sys- 
tems. The latter being a tensor by definition, it follows that 
a mn is a contravariant tensor of the second order. It is said to be 
conjugate to a m „, the fundamental tensor. 

Exercise. Show that if a mn = 0 for m ^ w, then 

a ii = 1 , a 22 = - , . . . , a 12 = 0, . . . 
an #22 

Exercise. Find the components of a mn for spherical polar co- 
ordinates in Euclidean 3-space. 

Having now at our disposal the covariant fundamental 
tensor and its contravariant conjugate, we are able to introduce 
the processes known as the lowering and raising of suffixes. 
We shall in future refrain from writing a subscript and a super- 
script on the same vertical line; in vacant spaces we shall write 
dots, thus: TT n rs> 

Take a tensor T? rs , and write 

2.211. ■Snra = Q>nm T^ rs ) 

this has the tensor character indicated. The tensor S has been 
generated from the tensor Tby lowering a suffix. We may raise 
a suffix by means of a mn : 

2.212. CT r , = a™Snr.. 

It is easy to see that this tensor U is precisely the original 
tensor T. This suggests that in the processes of lowering or 
raising suffixes we should retain the same principal letter. 
Thus we write 2.211 in the form 
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2.213. T nr8 = a nm r>! rs . 

Exercise. Find the mixed metric tensor a w tt , obtained from 
a mn by raising the second subscript. 

Before we introduced the metric tensor of Riemannian 
space we recognized a tensor as a geometrical object— a thing 
which had different representations in different coordinate 
systems, but at the same time an existence of its own. The 
tensors T mn and T mn were entirely unrelated; one was contra- 
variant and the other covariant, and there was no connection 
between the one and the other. The use of the same basic letter 
T in both implied no relationship. But in a Riemannian space 
these two tensors are essentially the same geometrical object; 
if we know the components of one, we can obtain the com- 
ponents of the other. In most of the physical applications of 
tensor calculus, the space is Riemannian; a physical object 
(e.g. stress in an elastic body) is represented by a tensor, and 
we can suit our convenience as to whether we express that 
tensor in contravariant, covariant, or mixed form. 

We shall now establish a useful formula for the derivative 
of the determinant a. Let us forget the assumed symmetry of 
a m n, so that a mn and a nm are regarded as independent quan- 
tities. Then a is a function of the N 2 quantities a mni and from 
the expansion of the determinant it is evident that 

da 

2.214. a aa mn 



or 



u 

2.215. l n a = a mn . 

da mn 

Hence 

2.216. dxr lna = ln« )— = a»» — , 

which is the formula required. If a is negative, the same equa- 
tion holds with —a written for a. 



Exercise. Prove that a mn a mn = N. 
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2.3. Magnitude of a vector. Angle between vectors. To 
find the magnitude of a vector in ordinary space, we square 
the components, add, and take the square root. This simple 
plan does not work in a general space for a very good reason: 
the result obtained by this process is not invariant, i.e., it 
depends on the coordinate system employed. 

If the space has no metric, there is no way of defining the 
magnitude of a vector. But if a Riemannian metric tensor a mn 
is given, the definition is easy. The magnitude X of a contra- 
variant vector X r is the positive real quantity satisfying 

2.301. X*= €a mn X m X n f 

where e is the indicator of X r (see 2.1). For a covariant vector 
we take, instead of 2.301, 

2.302. X*= €a mn XmX n . 

Obviously there will be null vectors, i.e. vectors of zero magni- 
tude, if the metric form is indefinite. We note that the defin- 
ition 2.105 defines ds as the magnitude of the infinitesimal 
vector dx r . 

Exercise. Show that in Euclidean 3-space with rectangular 
Cartesian coordinates, the definition 2.301 coincides with the 
usual definition of the magnitude of a vector. 

Suppose we are given a curve with equations 

2.303. x r = x r (u), 

where u is a parameter. If we write p r = dx r /du, an infinitesimal 
displacement along the curve is 

2.304. dx r = p r (u)du. 
The length of this displacement is 

2.305. ds = [ea mn p m P n ]* du, 

where e is the indicator of dx r ; the length of the curve from 
u = u\ to u = ut is 
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2.306. s = J [ea m np m p n ]* du. 



s = fr 



Exercise. A curve in Euclidean 3-space has the equations 

x 1 — a cos u, x 2 — a sin u, = bu, 

where x\ a 2 , x* are rectangular Cartesian coordinates, u is a 
parameter, and a, 6 are positive constants. Find the length 
of this curve between the points u = 0 and u = 2tt. 

What is the length of the curve with these same equations, 
between the same values of u, if the metric form of the 3- 
space is 

Consider your result for the cases where a is greater than, 
equal to, and less than b. 

Unless we are dealing with a null curve, for which s = 0, 
we may take 5 as parameter along the curve. The finite vector 
P r= = dx r /ds has the same direction as the infinitesimal dis- 
placement dx r along the curve, i.e., it is a tangent vector. More- 
over, its magnitude is unity, since 

2.307. €a mn dx m dx n ^ ds 2 , 
and so 

dx m dx n 

2.308. tamn "ds ~ds " 

Any vector with unit magnitude is called a unit vector. Thus 
dx r /ds is the unit tangent vector to the curve. 

Let us now consider the angle between two curves, or, what 
is the same thing, the angle between two unit vectors, tangent 
to the curves. Difficulties arise if we attempt to define angle 
in a space with an indefinite line element. Accordingly we shall 
confine ourselves here to a space with a positive-definite line 
element. We might write down a formal definition of angle, 
but it is more interesting to develop it as a natural general- 
ization from familiar concepts. 
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Consider, in Euclidean 3-space, two curves issuing from a 
point A. Let B and C be points on them, one on each; join B 
and C by a curve (Fig. 1). We shall consider a limit as B and C 




Fig. 1. Angle between curves in Riemannian space. 



both tend to A ; it will be assumed that the curve joining B 
and C maintains a finite curvature during this process. It is 
then easy to see that the angle 0 between the curves satisfies 
the equation 

AB 2 + AC 2 - BC 2 
2.309. cos 0 = lim 2 ABAC ' 

where A B , A C, B C indicate arc-lengths. 

The above equation is set up in such a way that it can be 
taken over into Riemannian iV-space as a definition of angle. 
Two things remain to be done: first, to turn 2.309 into a usable 
formula; secondly, to show that the angle 0 defined in this way 
is real. 

Suppose that Fig. 1 now refers to Riemannian iV-space. 
Let the coordinates be as follows: 

A * r , 

B x*+ f, 

C x r + i? r . 

The principal parts of the squares of the small arcs are 

ab 2 - a m «rr» 

AC 2 = a mn v m v n y 

bc 2 = <w(r- v m )(e- 

Since we are interested only in principal parts, it is not neces- 
sary to allow for the change in the metric tensor on passing 
from A to B or C; we consider a mn evaluated at A . The formula 
2.309 gives 
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2.310. cosfl = Hm^ry 

AB.AC 

The unit tangent vectors to the two curves at A are 

2.311. X r = Km r/AB, Y r = Km v r /AC. 

Hence the angle 6 between two curves (or the angle between any 
two unit vectors at a point) satisfies 

2.312. cos0 ±a mn X m Y n . 

This equation determines a unique angle $ in the range (0, v) 9 
provided the right hand side does not exceed unity in absolute 
value. We shall now show that this condition is fulfilled in a 
space with positive-definite metric form. 

From the assumed positive-definite character, we have 

2.313. a mn (X m + kY m )(X n + kY») } 0; 

here X r and Y r are any unit vectors, and k any real number. 
Multiplying out, we get 

2.314. &+ 2ka mn X m Y»+ 1 } 0 
or 

2.315. (k + a mn X m Y»y+[l -(a mn X m Y n Y] > 0. 

Since this holds for arbitrary k, and k may be chosen to make 
the first term vanish, it follows that 

2-316. \a mn X*»Y»\ < 1. 

This proves the required result. 

In a space with an indefinite metric form, 2.312 may be 
used as a formal definition of angle, but the definition is not 
of much use since the angle turns out to be imaginary in some 
cases. However, whether the metric form is definite or inde- 
finite, we adopt as definition of perpendicularity or orthogonality 
of vectors X r , Y r the condition 



2.317. 



(wr*r» = o. 
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Exercise. Show that the small angle between unit vectors 
X r and X r +dX r (these increments being infinitesimal) is 
given by 

0 2 = a mn dX m dX\ 

2.4. Geodesies and geodesic null lines. Christoffel sym- 
bols. In Euclidean 3-space a straight line is usually regarded as 
a basic concept. But if we wish to build up Euclidean geometry 
from the Euclidean line element, there is no difficulty in defin- 
ing a straight line; it is the shortest curve between its end 
points. 

We carry over this definition into Riemannian iV-space in 
a modified form. The modification is suggested by considering 
a surface in Euclidean 3-space. In general, this surface contains 
no straight lines; nevertheless, there are on it certain curves 
analogous to the straight lines of space. They are curves of 
stationary length, or geodesies (great circles on a sphere). This 
idea of stationary length, rather than shortest length, is what 
we carry over into Riemannian space as a basis of definition : A 
geodesic is a curve whose length has a stationary value with respect 
to arbitrary small variations of the curve 9 the end points being held 
fixed. 

In the notation of the calculus of variations, a geodesic 
joining points A and B satisfies the variational condition 

2.401. S \ A dS " °* 

Our next task is to find the differential equations of a 
geodesic, using the technique of the calculus of variations. 
We shall use an argument valid whether the metric form is 
definite or indefinite. 

Consider the equations 

2.402. x r = x r (u, v). 

If we hold v fixed and let u vary, we get a curve. Thus 2.402 
represents a singly infinite family of curves, v being constant 
along each curve. 



38 RlEMANNIAN SPACE 

A singly infinite family of curves joining common end 
points A, B may be represented by equations of the form 
2.402. There is no loss of generality in supposing the para- 




Fig. 2. Family of curves with common end points. 

meter u so chosen that u has the same value (u{) for all the 
curves at A, and the same value (u 2 ) for all the curves at B 
(Fig. 2). The length of any curve of this family is 

2-403. L = H ds 



-i: 

= \\eamnp m p n ) h du, 

J ui 



where p r = dx r /du is a tangent to the curve and € its indicator. 
We shall suppose that all the curves have the same indicator. 
For shortness let us write 

2.404. w = a mn p m p n . 

Then 2.403 reads 



rut 

2-405. L = (ew)*du. 

Jui 

This length is a function of v, and its derivative is 

2.406. d ^= P*- 
dv J u x dv 

Now w is a function of the x's and the p's; hence 

2.407. *- («)* = -1 («)* + A („)* ^ . 
dv dx r dv dp r dv 

But 

dfl d# aw dv ' 
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and so, if we substitute from 2.407 in 2.406 and integrate 
by parts, we get 

Ul 

We may also express this result in terms of infinitesimals. 
The change in length dL when we pass from a curve n to a 
neighbouring curve v + dv is 

us 

-J(s^ w, -s ?(-w) O ttr<te ' 



where 



dx' 



,r 



2 All. Sx r =^te- 

This last differential is the increment in x r on passing from a 
point on the curve v to the point on the curve v + Sv with the 
same value of u. Since the points A and B are fixed, hx r = 0 
there, and so the first term on the right hand side of 2.410 
disappears; thus we have 

2.412. SL = -J (£^(^)*-^(^)*)«* r <*«; 

Ul 

we have replaced d/du by d/du, since there is now no chance 
of confusion. 

If the particular curve v is a geodesic, the integral in 2.412 
vanishes for variations 8x r which are arbitrary, except at the 
end points (where they are zero). It follows from the funda- 
mental lemma of the calculus of variations* that the equations 

*R. Courant, Differential and Integral Calculus (Blackie, London and 
Glasgow, 1936), II, p. 499. 



40 RlEMANNIAN SPACE 

are satisfied at all points on a geodesic. These are called the 
"Euler equations" of the variational problem. It is easy to 
see that they may be written 

2 414 ^ dW — 1 dw dw 

du dp r ~ dx r = 2wdu dp r * 

So far the parameter u has been arbitrary. Let us now 
choose it equal to the arc-length s along the geodesic, so that 

dx r dw 

2.415. u = s, P r =~fe, w = a mn p m p n =€, ^ - 0. 

The differential equations of a geodesic now read 

d dw dw 

2.416. = A. 

dsdp r dx r 

To obtain a more explicit form, we substitute for w. This 
gives 

2.417. |(2a^)-^ W = 0, 
or 

dp m ddrm da mrt 

2.418. a rm ^+ — pop* - 0. 

By a mere rearrangement of dummy suffixes, we have iden- 
tically 

2.419. TTP-p* = J^ + d -^\ pmpn 
dx 2 \ dx n dx m J p ? ' 

and so the equations of a geodesic may be written 
dp m 

2.420. arm ~dT + Nw, r] p m p n = 0, 
where 
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„ M% ./dann . dam da mn \ 

2.421. ^ r] _^_ + _ __ y 

This expression [mn, r] is called the Christoffel symbol of the 
first kind. 

The Christoffel symbol of the second kind is defined as 

2.422. | J w | = a r *[mn,s]. 

If we multiply 2.420 by a", we obtain another form for the 
equations of a geodesic: 

2.423. % + { f \p m p n =0. 
ds \mn) * * 

In more explicit form, this reads 

d 2 x r ( r \ dx m dx n 

2.424. + 4 TT^O' 
ds 2 ( mn ) ds ds 

We have now found the differential equations of a geodesic 
in three different forms, as shown in equations 2.416, 2.420, 
and 2.423 or 2.424. In the discussion we have tacitly assumed 
that the curve under consideration has not a null direction at 
any point on it; if it had, we would have ds = 0, and the 
equations would have become meaningless. But, as we shall 
see in equation 2.445, by taking a different approach, we can 
define curves analogous to geodesies, but with ds = 0. 

As regards the amount of information necessary to deter- 
mine a geodesic, we note that the equations 2.424 are differ- 
ential equations of the second order. A solution x r (s) is deter- 
mined uniquely if we are given initial values of x r and dx r /ds. 
In geometrical language, this means that a geodesic is deter- 
mined if we are given a point on it and the direction of the 
tangent at that point ; in this respect, as well as in its stationary 
property, a geodesic resembles a straight line in Euclidean 
3-space. 

Exercise. Prove the following identities: 



2.425. [mn f r] = [nm, r], [rm, n] + [rn, m] « da mn /dx r . 
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d 2 u //au\ 
2.428. i 



Exercise. Prove that 

2.426. \mn % r\ = a r A S \. 

\mn) 

In 2.414 we obtained the differential equation of a geodesic 
in terms of an arbitrary parameter u. This equation may be 
reduced to a form analogous to 2.424, or we may obtain the 
result directly from 2.424 by transforming the independent 
variable from s to u. In this way we get 

d 2 x r ( r ) dx m dx n dx r 

2.427. + 1 = , 

du 2 { mn ) du du du 

with 

f du\ 2 

Since the right-hand side of 2.427 is a vector, so is the left-hand 
side.* We may therefore say that on a geodesic, no matter 
what parameter u is used, the vector 

d 2 x r ( r } dx m dx n 

2.429. Tl + \ fT-T~ 
du 2 \ mn ) du du 

is codirectional with (or opposed to) the tangent vector dx r /du. 
Conversely, if we are given that along a curve C the vector 
2.429 is codirectional with (or opposed to) the vector dx r /du, 
and if further dx r /du is not a null vector, then C must be a 
geodesic. This may be proved without difficulty by starting 
with 2.427, in which X is a known function of u, and defining 5 
by the relation 

* 9 

2.430. s = J ^a^J \(w)dwjdv f 

Uo, v 0 being constants. No matter what values these constants 
have 2.424 is satisfied, and by adjusting the constant v 0 we can 
ensure that a mn (dx m /ds)(dx n /ds) = db 1 along C, so that s is 
actually the arc length. 

♦This tells us that it is a vector when calculated for a geodesic. In 2.437 
we establish its vector character for any curve. 
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The fact that we can put the equations of a geodesic into 
the form 2.427, where \(u) is an arbitrary function, enables 
us to discuss the possibility of drawing a geodesic through two 
given points. Let the points be x r = a r and x r =* b r . Let us 
choose u = x N , and assign to Greek suffixes the range 1,2,..., 
N — 1. Then the last of 2.427 gives 



(dx N y ~ h dx N \ fxv jdx N dx N \nN)dx N \ NN 



Here we have (N — 1) ordinary differential equations, each 
of the second order, and their solution will contain 2(N — 1) 
constants of integration. The conditions that we should have 
x p = a p when x N = a* and* p = b p when x N = b N are2(iV - 1) 
in number. Hence we may form the general conclusion that it 
is possible to draw at least one geodesic through two given 
points, but of course this argument is suggestive rather than 
convincing. We can also approach the question through the 
variational principle, seeking the curve of shortest length 
connecting the given points. However, difficulties occur here 
in the case of an indefinite metric, since any two points can 
be joined by an indefinite number of curves of zero length. We 
shall not pursue further the question of the existence of a 
geodesic joining two given points. When we have occasion to 
use this construction, we shall assume that it can be done. 

The importance of stationary principles, such as that used 
in defining a geodesic, was recognized long before the tensor 
calculus was invented. Such a principle is invariant, in the 
sense that no particular coordinate system is mentioned in 
stating the principle. Hence the differential equations obtained 
from the principle must share this invariant character. If the 
equations 2.416 are satisfied by a certain curve for one co- 
ordinate system, then they must be satisfied for all coordinate 
systems. This suggests (but does not, of course, prove) that 



and the other equations read 
d 2 x" _ <h?_ ( D \ dx> dx? 
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the left-hand side of 2.416 has tensor character. Let us examine 
this question in a slightly more general form. 

Consider a curve x r =* x r (u) f where u is some parameter, 
not necessarily the arc-length. Write p r = dx r /du 9 and w = 
a>mnp m p n , where a mn is the metric tensor. Define f r by 

d / dw \ dw 

2.431. 2/ r = — ( — )-^ r . 

Jr du\dp r J dx r 

We ask: Is f r a tensor? 

We know that p r is a contravariant vector, and so 

dx r 

2.432. P '= p»-^. 

Hence, if we regard p r as a function of p fm and x fm 9 we have 

dp* dx r 
dp t9 ~ dx> 9 * 



2.433. 
Then 



2.434. 
and 

2.435. 
Further 



dw dw^dp* dw dx 9 
dp" = dp* dp* = dplht*' 

d_/ dw^ \ _ i_( dw\dx^ dw 
du\dp' T ) = du\df 9 / d7 r + dp* 



dw dw dx 9 dw dp* 



d 2 x 9 dx' m 



dx ,m dx ,r du * 



2#436# dx'* ~ dx 9 dx ,r + dp 9 dx* - 

To evaluate dp 9 /dx' r we use 2.432, with a change of suffixes. 
Then subtraction of 2.436 from 2.435 gives 



2.437. 



aw a 2 *' aw a 2 ** 

y/m n 



dp 9 dx $m dx ,r du dp 9y dx' r dx' n 
Hence f r is a cavariant vector. 
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The transition from 2.416 to 2.420, 2.423, and 2.424 is a 
formal process which holds equally well when an arbitrary 
parameter u is employed instead of s. Hence 

d 2 x m dx m dx n 

2.438. / r « a rm ~^ + [mn, r] — 

is a covariant vector, and 

d 2 x r ( r ) dx m dx n 

2.439. f =Tt +^ rr 

J du 2 \mn) du du 
is a contravariant vector. 

It may be noted that, in proving the tensor character of 
f r defined by 2.431, no use was made of the actual form of w. 
All we needed to know about w was that it was an invariant 
function of the x's and the p's. 

Let us now establish an important property of the differ- 
ential equations 

d / dw\ dw 

Multiplication by p r gives (since p r = dx r /du) 

d( r dw\ dp r dw dx r dw 
2#44L du\ pr dp r ) ~ dudp~~dudx r ~°' 
The last two terms together give dw/du t and so 2.441 may be 
written 

d / dw \ 

hence 

dw 

2.443. p r — r — w = constant. 

This is a first integral of the equations 2.440. If we now put 
w = a mn p m p n , we get 

2.444. w = a mn p m p n = constant. 

If we put u = sin 2.440, we get the equations of a geodesic ; 
then, as we already know, the constant in 2.444 is c, the in- 
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dicator of the direction of the geodesic (* = =b 1). But if we 
start a curve with a null direction, so that w = 0, and if this 
curve obeys the differential equations 2.440, then the con- 
stant in 2.444 has the value zero; the curve has a null direction 
at each of its points. Such a curve is a geodesic null line. Its 
differential equations read 

d 2 x r ( r ) dx m dx n 

2.445. 1-2 + { fT~7- = °> 
du 2 { mn ) du du 

with the particular first integral 
dx m dx n 

2.446. OroB __ =0 . 

To sum up: A geodesic null line is a curve which, for some 
parameter u, satisfies the differential equations 2 .440, or equi- 
valently 2.445, with the particular first integral 2.446. 

If we change the parameter from u to v, where v is some 
function of w, the equations 2.445 and 2.446 become respec- 
tively 

d 2 x r ( r \doT_d^_^ dx* 
dv 2 ~^\mn) dv dv ~ dv 1 

with 



dH_ //dv 
du 2 / \du 



and 



2.448. a mn i- — = 0. 



dx m dx n 
dv dv 



By suitable choice of the parameter v f X can be made any pre- 
assigned function of v. Hence, sufficient conditions that a 
curve be a geodesic null line are that the quantities 

d 2 x r ( r \dx m dx n 

2.449. — + { r 1 T~ 

dv 2 \ mn ) dv dv 

be proportional to dx r /dv and that 2.448 hold. 
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Exercise. The class of all parameters u, for which the equa- 
tions of a geodesic null line assume the simple form 2.445, are 
obtained from any one such parameter by the linear trans- 
formation 

u = au + 6, 
a and b being arbitrary constants. 

Like a geodesic, a geodesic null line is determined by a 
point on it, and the direction of its tangent there; but of course 
this direction must be a null direction. The geodesic null line 
is important in relativity; it represents the history of a light 
pulse in space-time. 

Exercise. Consider a 3-space with coordinates x, y, z, and a 
metric form # = (dx) 2 +(dy) 2 — (dz) 2 . Prove that the geodesic 
null lines may be represented by the equations 

x — au + a' f y = bu + b', z = cu + d % 
where u is a parameter and a, a', 6, c, c' are constants which 
are arbitrary except for the relation a 2 + b 2 — c 2 — 0. 

2.5. Derivatives of tensors. We saw in 1 .4 that the partial 
derivative of an invariant with respect to one of the co- 
ordinates is a covariant vector. One might think that the 
partial derivative of any tensor is itself a tensor. That is not 
so (cf. Exercises I, No. 5). But by adding certain terms to 
the derivative we obtain a tensor. This is a very important 
idea in tensor calculus, and we shall devote the present section 
to it. First we shall see how the Christoffel symbols transform. 

In 2.4 we saw that/ r , where 

(Px r ( r ) dx m dx n 

2.501. f = — + ^ > — — , 

du 2 \mn) du du 

is a contravariant tensor. From this fact it is easy to deduce 
the law of transformation of the Christoffel symbols. We have 

dx' r 

2.502. r =/'T 7t . 
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Now 

2.503. *g-±(SZiP) 



and so 



du 2 du\dx' m du 

dx* d 2 x ,m d 2 x • dx' m dx' n 
dx' m du 2 dx" n dx' n ~du ~du ' 



tPx'd*" d 2 x ,r dx" d 2 x 9 dx' m dx' n 
Z.504. = - _L ■■■ . —i . 

du 2 dx' du 2 dx* dx ,m dx ,ii du du ' 
Thus 2.502 gives 

2-505. ^ n ___ =0> 
where we have written for brevity 
2.500. AL, ={;„}' 



[pq] dx 9 dx ,m dx ,n " dx' m dx' n ' 
Obviously = and these quantities are independent 
of dx' r /du. Hence 4« n = 0, and so we have the formula of 
transformation for the Christoffel symbols of the second kind. 

2.507. i r V - I* \ — — — ^ — 
\mn) \pqfdx* dx' m dx' n + dx 8 dx' m dx ,n 

In the notation of 1.7, this reads 

2.508. < p \ wm \ r i XiX m X n + X p X r 

Exercise. Prove that the Christoffel symbols of the first kind 
transform according to the equation 

2.509. [mn, r]' = [pq,s] —, ; r + — — — 

or, in the notation of 1.7, 
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2.510. [ pv f p ] = [ mn f r ] X^X^ + a^X^. 

It will be noticed that neither Christoffel symbol is a tensor; 
the first terms on the right-hand sides of the equations of 
transformation are those of tensor transformation, but the last 
terms spoil the tensor character. 

We are now ready to discuss the differentiation of tensors. 
We shall start with a contravariant vector field defined 
along a curve x r = x r (u), and prove the following result: 

The absolute derivative ST^/Su of the vector T r 9 defined as 

ST r dT C r \ dx* 

2.511. — = — + ) , 
Su du \mn) du 

is itself a contravariant vector. 

This is easily shown by using the formulae of transforma- 
tion of the vector T r and the Christoffel symbols. We find 
8T' r ST 9 dx ir „dx n / d 2 x' r d*x 9 dx' r dx'* dx'*\ 
Su ~~ Su dx B ~~ Tm du \dx m dx n + dx'»dx' q dx* Jx™ ~dx" ) 9 
and this vanishes by 1.210; this establishes the tensor char- 
acter of ST/Su. 

If the vector T r satisfies the differential equations 
ST dT ( r ) dx n 

2.512. — s — + \ r >r» — - 0 

Su du \mn) du 
along a curve, then the vector T* is said to be propagated 
parallelly along the curve. If the space is Euclidean 3-space 
and the coordinates are rectangular Cartesians, the Christoffel 
symbols vanish, and 2.512 reduces to dT/du = 0; in this par- 
ticular case, parallel propagation implies the constancy of the 
components, i.e. the vector passes through a sequence of par- 
allel positions, using the word "parallel" in the ordinary sense. 

Referring to 2.424, we note that the unit tangent vector to a 
geodesic is propagated paralletty along it: in symbols 

Sdx r 

The fact that there exists a tensorial derivative of a contra- 
variant vector suggests that the same might be true for a co- 
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variant vector. This is correct, and we can easily find the form 
of this derivative indirectly as follows. Let T r be a covariant 
vector field, defined along a curve x r = x r (u), and let 5 r be a 
contravariant vector which is propagated parallelly along the 
curve, and therefore satisfies 2.512. Then T r S r is an invariant, 

d 

and so is — (TVS'). But 

d dT r dS* 

2.514. -(r.s.^-r+r- 



\du \rnj lm du 



Now, at any point of the curve, S r may be chosen arbitrarily; 
hence, by the test of 1.6, it follows that 

2 515 «V = dTr _ ( m ) Tm dx» 

du du \rn) m du 

is a covariant vector. We call it the absolute derivative of T r . 

The equation for parallel propagation of a covariant vector 
is hT r /hu = 0. 

This method opens up the possibility of defining the abso- 
lute derivative of any tensor given along a curve. We have 
merely to build up an invariant by multiplying the given tensor 
by vectors which are propagated parallelly along the curve. 
Consider, for example, the tensor IV,. We build up an invariant 
T r8 S r U 8 and differentiate. We find at once, on using the equa- 
tions of parallel propagation for S r and U r , that 

Z ' 510 - 8u - du ~\rn] im * du ~ \snj T ™ du 

is a covariant tensor of the second order; we call it the absolute 
derivative of T r9 . 

Applying the same method, we obtain the following defini- 
tions of the absolute derivatives of contravariant and mixed 
tensors of the second order: 
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ST r, dT r. , \ dx n ( s ) dx n 

2.517. j- + \ >r**- 7 - + { \T rm —, 

ou du \mn) du \mn) du 

2 .518. s f'-fM ' l r .4C_i-\ r .4C. 

du du \mn) ' du \sn) du 
There is no difficulty at all in applying the same method to 
tensors of any order. 

Exercise. Find the absolute derivative of T r B u 

In order that the absolute derivative of a tensor may have 
a meaning, the tensor must be given along a curve. If it is 
given throughout a region of space, we may define the covariant 
derivative of a tensor in the following way. Let us start with 
a contravariant vector, for which the absolute derivative is as 
in 2.511. For any curve traversing the region in which the 
vector is given, we have 

dT r / dT r r \ \dx n 

2.519. — = I — ; + 1 r \T m ) — . 

du \dx n \mn ) / du 

Now the left-hand side is a contravariant vector ; dx n /du is also 
a contravariant vector, and it is arbitrary. Hence by the tests 
of 1.6, the coefficient of dx n /du is a mixed tensor. We write it 

2.520. T r ]n = ~ + i r }r* 

1 dx n \mn ) 

and call it the covariant derivative of ZV 

The same method may be applied to obtain, from the abso- 
lute derivative, the covariant derivative of any tensor. The 
plan is so obvious that we shall merely write down the results 
for a covariant vector and for tensors of the second order: 

un. r„. - - {»}r„ 

"a. n- - + {;„} r~ + {„;} i™. 



Other notations are 7%, T. n , Vn^, and 2> n r r . 
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*«• r -=fK»} r ---{:} r ~ 
^.-^+{ m r „}^.-{:}^ 

The formulae for covariant derivatives are fundamental in 
tensor calculus, and it is useful to remember them. This is easy, 
if we observe the way in which they are built up. The formula 
for the covariant derivative of a general (mixed) tensor of any 
order may be split into three parts: 

(1) The partial derivative of the tensor. 

(2) A sum of terms, each prefixed with a plus sign and 
corresponding to one of the contravariant suffixes of the tensor. 
This suffix is taken off the original tensor and put into the 
upper line of the Christoffel symbol occurring in the term. It 
is replaced in the tensor by a dummy, which is also inserted in 
the lower line of the Christoffel symbol. The vacant space in 
the Christoffel symbol is filled with the suffix of the x with 
respect to which we differentiate. 

(3) A sum of terms, each prefixed with a minus sign and 
corresponding to one of the covariant suffixes of the tensor. 
These terms are formed in very much the same way as those 
in (2), the guiding principle being that of taking a suffix from 
the tensor and putting it into the Christoffel symbol at the 
same level. 

Here is the formula for the covariant derivative of the most 
general tensor: 

2.525. 7Tr.:::; l , = ^nj:::;?+{^}n;.::- jr + ... 
+{S}^::5r l9 -{4}^::::^--... 

— i 2 I T n. ..r m 
\s n P) '*■••*■-*• 

A very important special case of 2.523 is that in which 
T rs — drat the metric tensor. We find 
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2.526. 



do, 



-{"}»--{"} 



~ dx> 
= 0. 



- [f*^] - [st t r] 



The covariant derivative of the metric tensor vanishes. 
Exercise. Prove that 



For the sake of completeness we define the absolute and 
covariant derivatives of an invariant to be the ordinary and 
partial derivatives respectively. If T is an invariant, 



An important difference between the covariant derivative 
and the partial derivative should be noticed. Suppose we have 
a tensor T r8 . Consider the quantities 



The partial derivative can be calculated if we know the com- 
ponent Tn as a function of the coordinates. But we cannot 
calculate the covariant derivative unless we know all the com- 
ponents. Thus, partial differentiation is an operation which is 
applied to a single quantity; covariant differentiation is an 
operation which is applied to a whole set of quantities. 

Absolute and covariant differentiation obey the following 
basic laws of elementary calculus: (i) the derivative of a sum 
is the sum of the derivatives, (ii) The derivative of a product 
UV is the sum of two products: the product of U and the 
derivative of V, and the product of Fand the derivative of U. 

The first is obvious, from the definitions of absolute and 
covariant derivatives. The second is not so immediate. But 
there is no difficulty (only length of writing) in giving a 



2.527. 



S r slt = 0, a r \t = 0. 



2.528. 



dT 
dx r ' 
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straightforward proof. We shall not give such a proof here, 
because the next section will provide us with a new approach 
which cuts out the need for long calculations. 

The rule for differentiating a product, together with the 
fact that the covariant derivative of the metric tensor van- 
ishes, implies that the order of the operations of lowering (or 
raising) a suffix and of differentiating can be reversed. For 
example, 

2.529. T r » mli - (or. T s « m ) lt - arm T^ m + a r8 T^t 

This means that it is immaterial whether we differentiate the 
covariant, contravariant or one of the mixed representations 
of a tensor. 

Exercise. Prove that 

d 5X* 

2.530. ^(a mn \"X*) - 2a mn \>»— f 

where X r is any vector field given along a curve for which 5 is 
the arc length. 

Exercise. Without assuming (ii) above, prove that 

2.531. (rs,) |n = r ln s,+ rs, ln . 

As a general rule, Christoffel symbols are clumsy to handle 
in explicit calculations, and we avoid their use whenever pos- 
sible. Thus, the vector f r is easier to compute from 2.431 than 
from 2.438 or 2.439. We shall illustrate this by making explicit 
calculations for a Euclidean 3-space with spherical polar co- 
ordinates 

x x = r, x 2 = 0, x 8 = <t>. 
The metric is 



2.532. (dx^+ixWy+ix* sin x* dx*)\ 

and consequently the metric tensor is 
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2.533. a n = 1, a,22 = (x 1 ) 2 , a zz =(x l sin * 2 ) 2 , 

023= #81 = 012= 0. 

Then the function w occurring in 2.431 is 

2.534. w - (p l ) 2 + (x 1 sin * 2 />») 2 , 
and so 2.431 read explicitly 

2.535. / 2 =— ((aW) - sin x 2 cos x 2 (x l p*) 2 , 
/*= sin 

where = dx l /du, p 2 = dx*/du, p*= dx?/du. After performing 
the differentiations, we have 

<JW /d&Y dx l dx* 

2.536. /^(^^-Wsin^cos^^j ^TuTu 

dh? dx?dx* 
/, = (*W)^ + 2(*i)»sin**cos*>^ 

dxtdx 1 

Comparing these expressions with 2.438, and noting that the 
coefficient of (dx l /du)(dxydu) in/,, say, is [12, 2] + [21, 2] = 
2 [12, 2], we immediately read off the Christoffel symbols of 
the first kind. The complete table of all non-vanishing symbols 
of the first kind is as follows: 

[mn, 1] : [22, 1] = - x 1 , [33, 1] x 1 (sin **)'; 

2.537. [*»», 2] : [33, 2] = -Wsin x* cos x*, 

[12,2] = *>; 

[m», 3] : [23, 3] = (jc 1 ) 2 sin ** cos x*, 

[31, 3] - x 1 (sin **)*. 
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Noting that 

a ll = 1, a 22 =7TT*, a** = 



W (^sinx 2 ) 2 ' 
2.538. 

a 31 = a 12 = 0, 

we can derive from 2.537 the Christoffel symbols of the second 
kind. However, we shall illustrate a more direct method of 
obtaining them. This method is useful since we often require 

the {^m} butnot the ^ mn% r ^ as ' for instance » in the compu- 
tation of the curvature tensors which are discussed in the 
following chapter. 

Since /*« a mn f nt we can immediately obtain the f* from 
2.536. In the special, but important, case of an "orthogonal" 
metric (a m » = 0 when m 5* n), the/" 1 are obtained by dividing 
the corresponding expressions for the f m by the coefficient of 
the second order derivative. Thus we have 

d 2 x l /dx*\* /dx?\ 2 
, «o ft A. dhci • . 2dx 1 dx> 

' " (*i sin 2 dufa + ?fafa- 

Comparing these expressions with 2.439, we read off all 
non-vanishing Christoffel symbols of the second kind: 

{»»} ! {4} - - *'• {m} - ~ * < sta *">"! 
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Exercise. Compute the Christoffel symbols in 2.540 directly 
from the definitions 2.421 and 2.422. Check that all Christoffel 
symbols not shown explicitly in 2.540 vanish. 

Returning to a general Riemannian space, let us note a 
short cut for calculating the contracted Christoffel symbol 



{:}■ 



Using 2.216, we have 
2.541. 2 {r»} = 2a " m t fn ' m ^ 



\dx n T dx r bx m ) 



dx r 

i 

dx r 



d 



or 



(n) d 1 a _ 

2 - S42 ' \rnf = aT> Vo = VS^ Va ' 

assuming that the determinant a is positive. If a is negative, 
2.542 holds with a replaced by —a. 

Exercise. Show that for the spherical polar metric 2.532, we 
have In y/a » 2 In x x + In sin # 2 , and 

*■»«• UK- *{£}-• 

The result 2.542 leads to a useful formula for the "diver- 
gence'' r*|n of a vector T r . By 2.520 we have 



|n a*» 



2.544. r», n = — +4 " Vr» 



ar» / 1 a _\ 
^ + UaV»W rm ' 



or 
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2.545. n.=^(vsn 

Here we have assumed a positive; if a is negative we replace 
it by —a. 

Exercise. Show that for spherical polar coordinates 

2.546. rv = +^(sin*n+^r>. 

Obtain a similar expression for the "Laplacian" AV of an 
invariant V defined by 



2.547. 




|n. 



2.6. Special coordinate systems. Tensor calculus gives 
us a symbolism which avoids reference to particular coordinate 
systems. This "democratic principle" is, in fact, the idea under- 
lying the whole subject. Nevertheless there are occasions when 
special coordinate systems prove very useful. To think of 
Euclidean 3-space for a moment, the formalism of tensor cal- 
culus applies to the most general curvilinear coordinate system ; 
but there are many occasions when it is much simpler to work 
with rectangular Cartesians. In a general Riemannian V N there 
exists no system of coordinates as simple as rectangular Car- 
tesians. But there are several systems with certain simplifying 
properties, and these we shall now discuss. 

First we shall consider local Cartesians. The terms in the 
general form $ = a mn dx m dx n which contain dx l are 

a n (dx l ) 2 + 2a x *dx x dx*+ 2a 13 dx l dx*+. . .+ 2a 1N dx 1 dx N . 

Let us assume that a n is not zero.* Then this expression differs 
from 

aJd X i + a fd X > + ... + a -^ dx »] i 
L 0n an J 

*See Appendix A. 
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by certain terms which contain dx 2 f . . . 9 d% N > but do not contain 
dx l . Thus we may write 

2.601. $ = ei*i 2 + *i, 
where ei= ± 1, to make ei a u positive, 

r &in it "I 

2.602. *i = Vei^n dx 1 + — dx 2 + . . . + — dx N , 

L an 0u J 

and 3>i is a homogeneous quadratic form in dx 2 , . . . , dx N , the 
coefficients being functions of x l 9 x 2 , . . . , x N . 

Applying the same process to * if and so on, we finally get 

2.603. * = €i*! 2 + € 2 ^2 2 + . . . + *N*N*> 

where each c is ± 1 and each * is a differential form of the first 
degree, as in 2.602; we may write 

2.604. *m= b mn dx\ 

In the general case, it is impossible to integrate these differ- 
ential forms ; we cannot obtain a set of coordinates y m such that 
the differentials of these coordinates are given by 2.604. 

But let us fasten our attention on a point 0 with coordinates 
a r ; let us write 

2.605. y m = (&m»)o(**- a"), 

the subscript 0 indicating evaluation at the point 0. Then, by 
2.603 and 2.604, we have at 0 

2.606. # = €idyx 2 + t<4y 2 2 +. . .+ c^dy^ 2 . 

To sum up: It is possible to choose coordinates so that the metric 
form reduces to 2.606 at any one assigned point of space. Such 
coordinates are called local Cartesians.* 

The next special coordinates to be discussed are Riemannian 
coordinates. Let x T be a general coordinate system and let a r 
be the coordinates of a point O. Consider the family of geo- 
desies drawn out from 0; each geodesic satisfies the differential 
equation 

•See Appendix A. 
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- , n „ <*V , ( r \ dx m dx n 

2.607. — + < > = o 

ds* ^\mn) ds ds 

Let p r be the unit tangent vector at 0 to one of these geodesies. 
Then by 2.607, we have at 0 



d*x' I r \ 



d*x r 



where 



«~--ML}+*{; f }{i}: 

There are similar but more complicated expressions for the 
higher derivatives. Consider a point P on the geodesic at a 
distance 5 from 0. Its coordinates may be written in the form 
of power series in s: 

2.610. x r = a r + sp r - \ ^{mn} 

+ i *A* mn9 p»p*p» + 

The coefficients are of course evaluated at 0. 

We define the Riemannian coordinates of P to be 

2.611. x' r = sp r , 

where s is the arc length OP and p r is the unit tangent vector 
at 0 to the geodesic OP. The Riemannian coordinates of 0 are 
therefore x' r = 0. 

The first thing to show regarding Riemannian coordinates 
is that they form a regular system in the neighbourhood of 0, 

dx r 

i.e. we are to show that the Jacobian — 7- 

dx" 

infinite. Substitution from 2.611 in 2.610 gives 

2.612. x'= a*+ x"- *| js'«*'» + £4 rmn <x»»x'»x' •+ . . 
and so 



is neither zero nor 
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a * r ~ i r ) , 

2.613. ^r.= <- {4 

Thus at 0 the Jacobian is 



2.614. 



dx r 

= ** = 



and in the neighbourhood of 0 it is neither zero nor infinite. 

We shall now prove the fundamental property of Rieman- 
nian coordinates: At the .origin of Riemannian coordinates, the 
Christoffel symbols of both kinds and the first-order partial deri- 
vatives of the metric tensor all vanish. 

Consider the geodesies drawn through 0, the origin of 
Riemannian coordinates. Along each of them the equation 

d 2 x' r ( r )'dx' m dx' n 

2.615. 77 + < > -r- -r-= 0 

ds 2 \mn) ds ds 

is satisfied. Here the primed Christoffel symbol is calculated 
for the metric tensor a' r8 corresponding to the Riemannian co- 
ordinate system x' r . Now substitute from 2.611 in 2.615, re- 
membering that p r is constant as we pass along the geodesic 
since it represents a quantity calculated at the fixed point 0. 
It follows that 

2.616. 1 1 \ p m p n - 0 



\mn) 



along the geodesic. Therefore at 0, where the ratios of the p's 
are arbitrary (corresponding to the arbitrary direction of the 
geodesic there), we have 

2.617. { T >' - 0. 

Hence, by 2.426 and 2.425, we have 



da' 



2.618. [mn, r\ = 0, ^jjr = 0 

at 0. This establishes the result italicized above. Note that 
2.617 and 2.618 hold only at the point 0, and not elsewhere. 
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We recall from 2.5 that the absolute and covariant deriva- 
tives differ from their leading terms (ordinary or partial deri- 
vatives) only by the addition of certain terms each of which 
has a Christoffel symbol as a factor. It follows immediately 
that at the origin of Riemannian coordinates absolute and co- 
variant derivatives reduce to ordinary and partial derivatives. 

This is a very useful result. Let us use it to prove the state- 
ment regarding the absolute and covariant derivatives of pro- 
ducts, made (but not proved) in 2.5 (p. 53). One particular 
case will serve to show the method. 

Consider the statement 

2.619. (F'Srmh = 7^5™+ r<S rm] t. 
At present, we do not know whether it is true or not. However, 
we recognize that each side is a tensor, and the equation must 
be true in all coordinate systems, if it is true in one. Let us fix 
our attention on some arbitrary point 0. Take Riemannian 
coordinates with 0 as origin. At 0, the tentative equation 2.619 
becomes a statement connecting partial derivatives instead of 
covariant derivatives. We know this statement to be true from 
elementary calculus. Therefore the general statement 2.619 
is true. 

The above argument is typical of the way in which Rieman- 
nian coordinates may be used to avoid a great deal of tedious 
calculation with Christoffel symbols. 

Exercise. Prove that if a pair of vectors are unit orthogonal 
vectors at a point on a curve, and if they are both propagated 
parallelly along the curve, then they remain unit orthogonal 
vectors along the curve. 

Exercise. Given that X r is a unit vector field, prove that 

X r |aX r = 0 and X r X r{ , = 0. 
Is the relation X r | t X* = 0 true for a general unit vector field? 

We proceed now to another special coordinate system — 
normal coordinates or orthogonal trajectory coordinates. Rieman- 
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nian coordinates have certain analogies with Cartesian co- 
ordinates; normal coordinates have some resemblance to spher- 
ical polars, but neither analogy is to be pressed too far. 

Consider a singly infinite family of surfaces, i.e. subspaces 
of (N - 1) dimensions, in a Riemannian N-space. Their equa- 
tions may be written 

2.620. x r = f(u\ u\...,u N ' 1 ; Q, 

where the u's are parameters defining the position of a point 
on a particular surface, and C is a parameter which is constant 
over each surface. If we eliminate the u's and solve for C we 
get a single equation of the form 

2.621. F(x\ * 2 , . . . , xP) = C. 

This single equation represents the whole family of surfaces, 
the value of the constant C determining the particular surface. 

For an infinitesimal displacement in one of these surfaces 
we have 

dF 

2.622. T^dx n = 0. 



If we define 



2.623. X n = , X m — a mn - n , 



dF dF 

ym n mn 

dx»' A dx» 
the equation 2.622 may be written 

2.624. a mn X m dx n = 0. 

According to 2.317, this expresses the orthogonality of the 
vector X r and any infinitesimal displacement in the surface. 
In fact, the vector X r (defined in 2.623) is a normal vector to 
the surface. 

We now seek the orthogonal trajectories of the family of 
surfaces 2.621, i.e. a family of curves cutting the family of 
surfaces orthogonally. At each point an infinitesimal displace- 
ment dx r along such a curve must have the direction of X r . 
Thus it is a question of solving the ordinary differential 
equations 
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2.625. 

dx N X N 

for x l , . . . , x N ~ l in terms of the remaining coordinate x N . 
Under very general conditions these equations will have a 
solution with a sufficient number of constants of integration 
to give one curve through each point of space. In brief, a singly 
infinite family of surfaces in Riemannian N-space possesses a 
family of orthogonal trajectories. 

In the above argument the coordinate system was general. 
We shall now see how a normal system of coordinates is defined. 
We start with a singly infinite family of surfaces. We define 
x to be a parameter which is constant over each surface. On 
one of the surfaces we set up a coordinate system *\ . . . , x N -1 . 
We shall use the convention that Greek suffixes have the range 
1 to N — 1 ; thus we refer to these coordinates as x p . 




Fig. 3. Normal co-ordinates in 3-space* 

The coordinates of any point P in space are now assigned 
in the following way. The coordinate x N has the value belong- 
ing to the surface passing through P. We pass along the ortho- 
gonal trajectory which passes through P until we meet the 
surface on which xf are assigned. We attach to P the values 
of x p corresponding to the intersection of the orthogonal tra- 
jectory with this surface (Fig. 3). 
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Consider now two vectors at any point. One vector X r is 
tangent to the orthogonal trajectory and the other Y r is tan- 
gent to the surface of the family. Since the coordinates x? 
remain constant as we pass along the orthogonal trajectory, 
we have 

2.626. X p = 0. 

Since X s remains constant as we move in one of the surfaces, 
we have 

2.627. Y N = 0. 

But from the basic property of orthogonal trajectories, these 
two vectors are orthogonal, so that a mn X m Y n = 0. By virtue 
of 2.626 and 2.627 this reduces to 

2.628. a Np X N Y> - 0. 

Since X N does not vanish and Y* are arbitrary, we deduce that 

2.629. a Np = 0. 

This is the characteristic property of normal coordinate sys- 
tems. The metric form is 

2.630. $ = a ftff dx fM dxr+ a NN (dx N )* 

Exercise. Deduce from 2.629 that 

2.631. a*>= 0, a NN = l/a NN . 

On any one of the surfaces (which is itself a V N ~i) the 
metric form is 

2.632. = a^dofdtf. 

The coefficients are functions of the coordinates x p and also 
contain x N as a parameter. Since the surface is a Riemannian 
space, it will have its own tensor technique, which is related 
to the tensor technique of the parent iV-space but is not to be 
confused with it. In the tensor calculus of the surface we con- 
sider only transformations of the coordinates x" 9 instead of the 
whole set x T . 

If we write down the symbol a*", what do we mean by it? 
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Either it stands for the conjugate of the tensor a p9 in V N - U or 
it stands for some of the components of the conjugate of the 
tensor a r9 in V N . If these two things were different from one 
another, the notation would be confusing. Actually they are 
the same, as we shall now see. 

To make it quite clear what we are doing, let a' pv be the 
conjugate of a po . in V N - U and aT be some of the components 
of the conjugate of a r9 in V N . Now, as in 2.204, 

2.633. a mr a m *= 

and if we take r and 5 in the range 1, . . . , N — 1, this gives 

2.634. a mp a wr = aj, 
or, by 2.629, 

2.635. 

These equations determine a po . But 

2.636. <W*"** = 

and these equations determine a' p<r . Hence 

2.637. a' p<r = a p % 
which is the required result. 

The next question is this: Do the Christoffel symbols of 
V N -i coincide in value with the Christoffel symbols of V N 
when the indices of the latter lie in the range 1, . . . , N — 1? 
It is easy to see that they do; we have (indicating the symbols 
for V N -i with a prime) 

2.638. {;}'={;}. 

As for the other Christoffel symbols in V N , we have 

da 

2.639. [pN,*]-[*N,p] - -[p«r,JV]= J^, 
[pN,N]--[NN,p)~ [NN,N] 
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\Ncf = *° £*» \P«) = -2a NN dx N > 

( N \ L **M. / P I i a > 

\N P i~2a NN dx> '\NNf 



ph — fiil 



dx* 

NN 



( N \ 1 d&Nft 

\NN) 2a NN dx N 



Consider a set of quantities which transform according 
to the tensor law 

dx" do? 

2.640. T'tf = Qx ,a dx'P 

if we transform the coordinates x l % x 2 , . . . , x N "~ l , without 
changing x N . We shall refer to the set of quantities as the 
components of a subtensor. Since the transformation is of the 
form 

x ,a =f a) (a*,..., x*- 1 ), 

2.641. x ,n _ 

we have 



2.642. 











IP' °« 






1, 












dx' a ~ °* 


dx' N ~ 


1. 



It follows that if we split up a tensor T rs of V N into the groups 
of components 

T po T pN , T Nf> , T NN , 
then, for the transformations 2.641, 

T p<r is a covariant subtensor of the second order, 

T pN , T Np are covariant subvectors, 
T NN is a subinvariant. 
Let us look into the covariant differentiation of subtensors 
with respect to the metric form a fJiy do(fdx v . We shall denote 
this type of differentiation with a double stroke. We shall 
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illustrate by examining the covariant derivative of a covariant 
subvector. Then, remembering 2.638, 

Now 



2.644. 




and so, by 2.639, 



2.645. 



We also have 
2.646. T ma 



and 
2.647. 



T «\\$ + 



1 da 



2a NN dx 



N * N 



dx 

dJ\ 
dx 



m \t 

?"{A}^"{/a} rw 



**' * a dx Nlp ~2a NN dx' T » 



dx 1 
djj, 
dx' 



W r * dx' T ' 



dT a 
dx N 



{Tn} 



dx N ~hx NT ^ T • 
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Exercise. Show that 

2.648. r> = rv + r^J*. 

2.649. r |. - ^ - ^ aje * t + ^ dje . r , 

2.650. r |N =^ + ^ a "#^- ^ a ""^ r * 

The above relations hold for a normal coordinate system. 
There is a special type of normal coordinate system, namely, 
a geodesic normal coordinate system. This will be described 
below, but first we must establish an important property of 
geodesies. 

Let us take a surface V N -i in V N , and draw the geodesies 
normal to V N -\. Let us measure off along all these geodesies 
the same length. The points so obtained give another surface 




Fig. 4. Construction of geodesic normal coordinate system. 

V N ~i (Fig. 4). The essential fact we wish to prove is this: 
All the geodesies normal to V^-i are also normal to V^-i. 

Let P, Q be adjacent points on and let P', be the 
points where the geodesies through P, Q cut Let us look 
back to the formula 2.410. It is a formula for the variation in 
the length of a curve when the curve receives a small displace- 
ment. When it was obtained in 2.4 we had in mind curves with 
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common ends points, but actually this condition was not used 
in obtaining the formula in question. In applying the formula 
to the case now under consideration, we put 8L = 0, since 
PP' = QQ' by construction. Further, the integral on the right 
hand side vanishes because PP' is a geodesic. Thus we have 



2.651. 




where 8x r at u = u x represents the infinitesimal displacement 
PQ and 5x r at u = u 2 represents the infinitesimal displacement 
P'Q'. Let us take the parameter u equal to the arc length along 
the geodesies. Then 2.415 hold, and 2.651 reduces to 



2.652. 




Here p m is the unit tangent vector to the geodesic. But the 
contribution from P vanishes, since the geodesies cut V N -i 
orthogonally. Hence 

2.653. (a mn p m dx n ) P > = 0. 

Since 8x r is an arbitrary displacement on V' N - U it follows that 
the vector p r is perpendicular to V' N ^ X ; the result is proved. 

We now define a geodesic normal coordinate system as 
follows. We start with an arbitrary surface V N -i and assign 
over it a coordinate system x p . To assign coordinates to an 
arbitrary point, we draw through the point the geodesic which 
cuts V N -x orthogonally. The first N - 1 of the coordinates 
are defined to be the coordinates of the point where this geo- 
desic meets V N ^; the last cordinate x N is the arc length of 
the geodesic. 

It is clear that the geodesic normal coordinate system is a 
special case of the normal coordinate system, and so all the 
relations given above hold good. But there are other simpli- 
fications. As we go along a parametric line* of .x N we have 

*A parametric line is a curve along which only one coordinate changes. 



1 2.6 Orthogonal Coordinates 71 

2.654. ds* = €^a^(dx^) 2 , 

where is the indicator of the parametric line. But dx N - 
by the definition of x*. Hence 

2.655. *Nf a NN ^ e N . 

These equations are additional to 2.629 and 2.631. Equations 
2.639 hold, of course, for a geodesic normal system, but there 
are some obvious simplifications since the derivatives of a NN 
vanish. 

For a geodesic normal coordinate system, the metric form 

is 

2.656. * - a^dxT + * N (dx N )*. 

Exercise. Write down equations 2.643 to 2.650 for the special 
case of a geodesic normal coordinate system. 

The special types of coordinates considered above — local 
Cartesians, Riemannian coordinates, normal coordinates, and 
geodesic normal coordinates — all exist in a general Riemannian 
space of N dimensions. Let us now consider orthogonal coor- 
dinates for which the parametric lines of the coordinates are 
perpendicular to one another at every point. For an infini- 
tesimal displacement d a) x r along the parametric line of a 1 , 
we have 

^(D* 2 = dQ)*? = . • . » d^x**** Of 
and for an infinitesimal displacement d {2 )X r along the para- 
metric line of a 2 , we have 

d(2)% 1 = d^x? ==... = d( 2 )X N « 0. 
The condition of orthogonality 

a m nd(x)X m d {2 )X n = 0 

reduces to 

ai2d(i)X 1 d (2 )X a - 0, 
and so au— 0. Taking into consideration the other pairs of 
parametric lines, we see that the coordinate system is orthogonal 
if, and only if. 



72 



RlEMANNIAN SPACE 



2.657. 



^mn= 0 for m n. 



The corresponding metric form is 

2.658. * - «i(W) 1 +^(W^) t +. . .+ e N (h N dx N )\ 
where the c's are +1 or -1 and the h's are functions of the 
coordinates. 

Orthogonal coordinates do not exist in a general Rieman- 
nian space of N dimensions, and consequently they cannot be 
used in general arguments. They do exist, however, in special 
types of space, and in particular in Euclidean 3-space, where 
polar coordinates, confocal coordinates, and other orthogonal 
systems are familiar. They also exist in special types of 
Riemannian 4-space occurring in the general theory of rela- 
tivity. In such cases they have distinct advantages when de- 
tailed computations are required, since the conditions 2.657 
reduce the number of components of a^n from \N(N + 1) to 
N, so that in 7 4 we have only 4 components instead of 10. 

2.7. Frenet formulae. With any point on a twisted 
curve in Euclidean 3-space there is associated an orthogonal 
triad consisting of the tangent, principal normal, and binormal, 
and two numbers, the curvature and the torsion. We shall 
now extend these ideas to the case of a curve in a Riemannian 
space of N dimensions.* 



be the equation of the curve, 5 being the arc length measured 
from some point on the curve. Then 



is the unit tangent vector , and we have 

♦We shall use an indefinite metric form, but we shall for simplicity 
exclude the possibility that any of the vectors encountered has a null- 
direction. We shall also exclude the possibility that any of the curvatures 
vanishes. However, these possibilities will be discussed after the general 
formulae have been set up. 



Let 



2.701. 



x r = x r (s) 



2.702. 




§ 2.7 Frenet Formulae 73 

2.703- am»X w X tt = €, 

where * is the indicator of the direction of the tangent. Differ- 
entiation gives, by 2.530, 

2.704. X n — = 0, 

which shows that d\ r /6s is perpendicular to the tangent. The 
unit vector X (1) r codirectional with 6\ r /6s is called the unit first 
normal, and the magnitude of S\ r /Ss is called the first curva- 
ture Thus we have 

5X r 

2.705. — «= K (1) X ( i) P , € (1) X a) nX (1) n = 1, 

where € ( d is the indicator of X (1) r . This is the first of the Frenet 
formulae. 

Let us now define a unit vector X (2 ) r and a positive invariant 
K(2) by the equations 

5X (1) r 

2.706. — — = K (2 )X (2 ) r *~ €€<l)*(l)X r , € ( 2)X ( 2)«X (2 ) n - 1, 

where € (2 ) is the indicator of X( 2 ) r . This vector X( 2 > r is perpen- 
dicular to both X r and X(i) f ; for we have, by 2.706, on multi- 
plication by X„ X ( i )r , respectively, 

8X (1) » 

2.707. K m \ 2 )*K = -^X n + € (1) JC (1) , <C ( 2)X(2) n X( 1)n = 0, 

since X ( i) r is a unit vector perpendicular to X r . In the first of 
these equations we may put 

5X (1) » 5X tt 

2.708. 17" Xn = ~ X ( 1 >*"{7 ** ~ € <»*<i>' 

so that the stated perpendicularities follow. The vector X( 2 ) r 
is called the unit second normal and ic (2 ) is called the second 
curvature* 

Let us next define a unit vector X( 3 ) r and a positive 
invariant k (3) by the equations 

♦Sometimes called torsion. 
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S\ 2) T 

2.709. -jj- - k^X^'- € ( i)6 (2) it (2) X a) ', e (3) X ( 3 )n X (3) »= 1, 

where « (3) is the indicator of X (3) '. It is easily proved in the same 
way that X (3) ' is perpendicular to all three vectors X', X (1) r , and 
Xtf)'; it is called the unit third normal and k {3) is called the third 
curvature. 

Consider the sequence of formulae 

5X(jif — i) r 

X (0 ) r = X r , JC (0 ) = 0, € (0 ) = €, 

«(jf-D \m -i) tt X (if . 1)n = 1, 
(Jf - 1, 2, . . .) 
in which there is no summation with respect to repeated capital 
letters. These formulae for M = 1, 2, and 3 coincide respec- 
tively with 2.705, 2.706, and 2.709. It is easily proved by 
mathematical induction that the whole sequence of vectors 
defined by 2.710 are perpendicular to the tangent and to one 
another. The vectors X (1) r , X (2) r , . . . , are the unit first, second, 
. . . , normals, and the invariants k (2) , . . . , are the first, 
second, . . . , curvatures of the curve. 

It would appear at first sight that the formula 2.710 defines 
an infinite sequence of vectors. This cannot be the case, how- 
ever, because at a point in V N we can draw only N mutually 
perpendicular vectors. Therefore 2.710 with M - N cannot 
yield a vector X w r with non-zero components. In fact, we 
must have * w - 0, so that for M = N 2.710 reads 

2-711 gX <*-*> r 

6S HN-2) <W_i) K(N-l) X(tf-2) • 

This equation terminates the sequence. 

The complete set of Frenet formulae may be written 

2 ' 712 * 5S ~ *W)X(Jo r - HM- 2)«(Jf- l)«(if- l)X(l/_ 2 ) r , 

t(ii-i) X(w-«" X (Jf _ n „ = 1, (M = 1, 2, . . . , N), 
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where we define 

2.713. X (0 ) r = X f , K (0 ) « 0, K iN) = 0. 

Exercise. For positive definite metric forms, write out ex- 
plicitly the Frenet formulae for the cases N - 2, N « 3, iV=4. 

In the above discussion it was assumed that the successive 
curvatures could be determined with non-zero values. But there 
is no reason to suppose that this will necessarily be the case. 
The equation 2.705 gives 

2.714. k (x) 2 = € (i) a «»^7"^7» Hi) - ± 1- 

If S\ r /8s — 0 (which means that the curve is a geodesic), then 
jc(d = 0. Even though the separate components do not all 
vanish, we shall have jt (1) = 0 if 6\ r /8$ is a null-vector. (This 
can occur only with an indefinite metric form.) In either case, 
2.705 fails to define the normal vector X(i) r , and so the pro- 
cedure breaks down. If we get past the first stage with > 0, 
it may happen that jc (2 ) = 0, and the procedure breaks down 
at the second stage. In such cases we have a truncated set of 
Frenet formulae. Let us illustrate by the case where *(i)> 0, 
«(2)> 0, *(3)= 0. Then the Frenet formulae are 
S\ r 

ds - *<i)W. 
8X (1) r 

2.715. = K(2)X( 2 ) r - €€(l)«(l)X r , 

8X (2) r 

ds € (l) € (2)«C(2)X(l) r . 

Other normal directions remain undefined, but we can fill in 
a complete set of mutually perpendicular vectors by taking 
at a point on the curve unit vectors X( 3 ) r , . . . , X(# _ x f mutually 
perpendicular and perpendicular to X r , X(i) r and X< 2 ) r . If we 
subject X( 3 ) r , . . . , X(#_ !) r to parallel propagation along the 
curve, the set of N — 1 vectors remain unit vectors, mutually 
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perpendicular and perpendicular to the vectors X r , W X (2 > r 
The formulae 2.712 are satisfied with 

Ktf)- *(4) — X(iv-1)= 0. 

Exercise. In a Euclidean space 7# , the fundamental form is 
given as * - dx n dx*. Show that a curve which has k (2) = 0 and 
*(D - constant satisfies equations of the form 

x r = A r cos + B r sin + C, 
where 4 r , B r , C are constants, satisfying 

A'A' = B r B r = ~ 2 , = 0, 

so that 4 r and B r are vectors of equal magnitude and perpen- 
dicular to one another. (This curve is a circle in the iV-space.) 

SUMMARY II 

Metric form: 

$ = a mn dx m dx n t ds* = ea mn dx m dx n . 
Metric tensor and conjugate tensor: 

<*mn=a»m> a mn =a ntn , a mr a m * = 8* r . 
Magnitude of vector: 

X*= ea mn X>»X\ 
Condition of orthogonality: 

0. 

Raising and lowering suffixes: 

X m = a™X ny X m - a mn X*. 
Christoffel symbols: 



r i i / dflmr , da nr dd mn \ ( r ) 

[mn ' r]= *(-^ + 6^--£F)> {mn\ = a " [mn ' s] - 

jds = 0, 



Geodesic: 

S \ ds 



d dw dw dx r 



Summary II 
dx m dx n dx m dx n 



d 2 x r ( r ^d^dxT _ dx m 
~d? + \mn) ds ds " °' amn ds ds 

Geodesic null line: 



<Px r ( r ) dx m dx n dx m 
dtf + \mn) du du " °' du 



dx n dx? 
du 



Absolute derivative: 



Su du \mnf du f 

du du \rn) m du * 
Covariant derivative: 

a r9{ t - 0, a r *\t «= 0, «k«0. 

Local Cartesians: 

$ = €i(iyi) 2 + e 2 (dy*) 2 +. . .+ e N (dy N )* at origin. 

Riemannian coordinates: 

[mn 9 r] - 0, <{ > - 0, — - Oat origin. 

Normal coordinate system: 

$ = a^dofdx" + a NN {d*F)K 

Geodesic normal coordinate system: 
$ = a^dx" + * N (dx")K 

First normal X (1) f and first curvature of a curve: 

dx r r 8X (0 ) r 

= \o) r f 6$ = *(i)\i) r i *<i)*(i)»*<D* = !• 
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EXERCISES II 



1. For cylindrical coordinates in Euclidean 3-space, write 
down the metric form by inspection of a diagram showing a 
general infinitesimal displacement, and calculate all the 
Christoffel symbols of both kinds. 

2. If a T9 and b r9 are covariant tensors, show that the roots 
of the determinantal equation 

|Za r# - * r# |» 0 

are invariants. 

3. Is the form 

dx?+ Sdxdy + 4dy*+ ds? 
positive-definite? 

4. If X T , Y r are unit vectors inclined at an angle 0, prove 



Sin 2 0 - (armfisn- Qrr&mn)X r Y*X m P\ 

5. Show that, if 0 is the angle between the normals to the 
surfaces x x = const., x*= const., then 



6. Let x l , x 2 , oc* be rectangular Cartesian coordinates in 
Euclidean 3-space, and let x l , be taken as coordinates on a 
surface **= f (x l t x 2 ). Show that the Christoffel symbols of the 
second kind for the surface are 



the suffixes taking the values 1, 2, and the subscripts indicating 
partial derivatives. 

7. Write down the differential equations of the geodesies 
on a sphere, using colatitude $ and azimuth <t> as coordinates. 
Integrate the differential equations and obtain a finite equation 

A sin $ cos 4> + B sin 0 sin <f> + C cos 0 = 0, 
where A,B,C are arbitrary constants. 



that 



cos 0 = 



VW 22 ' 
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8. Find in integrated form the geodesic null lines in a V% 
for which the metric form is 

(ix 1 )*- B*[(d*?)*+(d*?)*]> 
R being a function of x l only. 

9. Show that, for a normal coordinate system, the Chris- 
toffel symbols 

[ P N, <r], [p<r, M, [pJST, M, JV] 

have tensor character with respect to transformations of the 
coordinates x l , . . . , x**~ \ 

10. If 0, 0 are colatitude and azimuth on a sphere, and we 
take 

x l = 6 cos <t>, x 2 ^ I? sin 
calculate all the Christoffel symbols for the coordinate system 
x 1 , a? and show that they vanish at the point 0 = 0. 

11. If vectors T* and S r undergo parallel propagation along 
a curve, show that T*S n is constant along that curve. 

12. Deduce from 2,201 that the determinant a «= |a, 
transforms according to 



mn 



13. Using local Cartesians and applying the result of the 
previous exercise (No. 12), prove that, if the metric form is 
positive-definite, then the determinant a - jo*,*) is always posi- 
tive. 

14. In a plane, let x l 9 x* be the distances of a general point 
from the points with rectangular coordinates (1, 0), (—1, 0), 
respectively. (These are bipolar coordinates.) Find the line 
element for these coordinates, and find the conjugate tensor 

15. Given $ = a mn dx m dx n t with a u = a 2 i= 0 but a u ^ 0, 
show that * may be written in the form 
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where * 2 is a homogeneous quadratic form in dx\ dx* 9 ... t dx N , 
where € - ± 1 such that €a M > 0, and where 

*i - (26a w )-* [ a 1% (dx* + dot) + (a u + a u ) d**+... 

+ (flw+ a 2N )dx N ] t 
**= (2€a 12 )-* [a 12 (- dx*+ dx*)+(a lt - a 28 ) + . . . 

16. Find the null geodesies of a 4-space with line element 

where y is an arbitrary function of x f y, z 9 1. 

17. In a space the metric tensor is a mn . Show that the 
null geodesies are unchanged if the metric tensor is changed 
to bmn, where b mn = ya mn , y being a function of the coordinates. 

18. Are the relations 

true (a) in curvilinear coordinates in Euclidean space, (b) in a 
general Riemannian space? 

19. Consider a V# with indefinite metric form. For all 
points P lying on the cone of geodesic null lines drawn from 
0, the definition 2.611 for Riemannian coordinates apparently 
breaks down. Revise the definition of Riemannian coordin- 
ates so as to include such points. 



CHAPTER III 



CURVATURE OF SPACE 

3.1. The curvature tensor. The idea of curvature is 
simple and familiar in Euclidean geometry. A line is curved if 
it deviates from a straight line, and a surface is curved if it 
deviates from a plane. However, it is usually possible to dis- 
cover whether or not a surface is curved by purely intrinsic 
operations on the surface. Let us think of the simplest of curved 
surfaces — a sphere. Imagine a two-dimensional being who 
moves in the spherical surface, and cannot perceive anything 
outside that surface. The operations he performs consist solely 
of measurements of distances (and hence angles) in the surface. 
From their geodesic (shortest-distance) property he can con- 
struct the great circles on his sphere. If he measures the angles 
of a spherical triangle formed of great circles, he finds that the 
sum of the angles is greater than two right angles. This result 
tells him that his two-dimensional region is not a plane. 

This simple example illustrates our point of view in dis- 
cussing the curvature of Riemannian space. Curvature is re- 
garded as something intrinsic to the space, and not as some- 
thing to be measured by comparison of the space with another 
space. Nor do we think of the Riemannian space as necessarily 
embedded in a Euclidean space, as we are tempted to do when 
we discuss the intrinsic geometry of a sphere. 

In creating a geometrical theory of Riemannian iV-space, 
we have to generalize our familiar concepts in two ways. First, 
we have to pass from three to i\f dimensions; secondly, we have 
to consider the possibility of an intrinsic curvature, such as is 
found in a surface drawn in Euclidean 3-space. 
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We define flatness as follows: A space is said to be flat if it 
is possible to choose coordinates for which the metric form is* 

3.101. $ = €t(dx*)*+ e 2 (dx*)*+ ... + 
each c being +1 or — 1. 

A space which is not flat is called curved. 

Exercise. Explain why the surfaces of an ordinary cylinder 
and an ordinary cone are to be regarded as "flat" in the sense 
of our definition. 

Our next task is to develop a test to tell us whether a given 
space is flat or curved. By "given space" we mean a space in 
which the metric form a mn dx m dx* is given. The question 
is: Can we, or can we not, by transformation of coordinates 
reduce $ to the form 3.101? 

We attack this question by means of the formulae for 
covariant derivatives given in 2.5. Let T T be an arbitrary 
covariant vector field. Its covariant derivative is given by 
2.521: 

3.102. T r]m - |£ - i * \ T p . 

dx m \rm) p 

This is a covariant tensor of the second order, and we can 
obtain its covariant derivative by means of the formula 2.523, 
In writing a second-order covariant derivative, we omit all 
vertical strokes except the first: thus 

3.103. r,.-^-{ r i,}r„-{.«,}r„ 

Interchanging m and n and subtracting, we get (since 

/ « \=| S I) 
( mn ) \ nm ) " 

♦It should be clearly understood that a space V N is flat only if it is pos- 
sible to reduce $ to the form 3.101 throughout 7# . Every space is elemen- 
tarily/lot in the sense that it is always possible to reduce # to the form 
3.101 at a single assigned point. This was done in 2.606. 
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Curvature Tensor 



83 



3* 104* T r \mn T r \nm 



dxXdx" {r P m} Tp ) {r»}(a*" {«4 rp ) 

dx m \dx n \rnf V \rmj\dx n 12") V 
The partial derivatives of the components of T, cancel out, 
and we get 

3*105* T T \ mn — T , r | nfn = R t rmnT 9 i 

where 

— *—£{/„}-£{,'.} 
+i'U' \-i p \l'Y 

\rn )\ Pm\ \ r m j \pn) 
Now is an arbitrary covariant vector and the left-hand side 
of 3.105 is a covariant tensor of the third order. It follows from 
the tests of 1.6 that R* rm n has the tensor character shown. It 
is called the mixed curvature tensor. 

Exercise. What are the values of R*rmn in an Euclidean plane, 
the coordinates being rectangular Cartesians? Deduce the 
values of the components of this tensor for polar coordinates 
from its tensor character, or else by direct calculation. 

Let us now suppose that a vector field IPfa , v) is given over 
a 2-space V% with equations x r — x r (u, v) f immersed in a 
Riemannian V N . By taking absolute derivatives along the 
parametric lines of u and v respectively, we obtain the vector 
fields 

8u 9 dv 

These fields may in turn be differentiated absolutely, yielding 
fields 

S 2jr $ZJ*r $2 JV 

8u 2 ' dutiv' dvdu* dv* 
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If we were dealing with the usual partial differentiation oper- 
ators (d/du, d/dv) 9 the order in which the operators are applied 
would be a matter of indifference, i.e. 

d 2 jT _ d 2 !^ 

dudv dvdu * 

(We say that these operators commute.) However, the result 
3.105 might lead us to suspect that the operators (d/8u, 8/Sv) 
do not commute in general. A straightforward calculation, 
based on 2.511, leads to 

3.107. l4--.ii_« I? mPmn T* 0x dx 



SuSv SvSu ' du dv * 

Thus the operators (d/du, S/Sv) do not commute in general. 
The formulae 3.105 and 3.107 are important. 
We are now in a position to give a partial answer to the 
question raised above regarding the flatness of a space. If the 
space is flat, then there exists a coordinate system such that 
3.101 is true. But then the Christoffel symbols vanish, and 
hence by 3.106 all the components of the curvature tensor 
vanish. Hence the conditions 

3-108. i?!nnn= 0 

are necessary for flatness. These conditions are also sufficient, 
but we shall postpone the proof of this to 3.5. 

A word with regard to the structure of the formula 3.106 
will help if we wish to remember it. The curvature tensor 
involves derivatives of the metric tensor up to the second order 
and the expression 3.106 starts with differentiation with respect 
to the second subscript. Noting the relative heights of the 
suffixes, we have then no difficulty in remembering the first 
term. To get the second term, interchange m and n. The first 
Christoffel symbol in the third term is the same as that in the 
first term, except that s is replaced by the dummy p; the rest 
of the term then fits in uniquely so as to preserve the heights 
of unrepeated suffixes and to show the repeated suffix once as 
a superscript and once as a subscript. To get the last term, 
interchange m and ». It is, of course, unwise to attempt to 
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remember too many formulae, but the curvature tensor plays 
such an important part in tensor calculus that it is worth while 
paying special attention to it. 

The mixed curvature tensor has some symmetry properties. 
First, it is skew-symmetric in the last two subscripts: 



• mm* 



3.109. #%n= - Sfr 

Secondly, it has a cyclic symmetry in its subscripts: 

3.110. R*rmn+ &mnr+ R?nrm = 0. 

These results are easy to show from 3.106. The work may be 
shortened by using Riemannian coordinates with origin at the 
point in V N under consideration. Then the Christoffel symbols 
vanish, and 

3.111. R*rmn= — j f w }""^{ fW ,}' 

This formula holds only at the origin of the Riemannian co- 
ordinates. 

We may lower the superscript of the mixed curvature tensor 
in the usual way, and get the covariant curvature tensor, or 
Riemann tensor. 

3.112. Rprmn = a P9 R?rmn* 

A little manipulation with Christoffel symbols leads x to the 
formulae 

3.113. Rr*mn = — [SW, r] - r l 

+ {s P rnY'»>> ] -{s P nY™>*> 

p .-/_^!!L | d*a rm _ d*a, n \ 

3.114. «r.«» 3 \e x 'dx m dx T dx n dx*dx* dx r dx m / 

+ a™ ([rn,p] [sm, g\-[rm, p] [sn, q]). 
The covariant form of the curvature tensor has the symmetries 
already given for the mixed form, but it has others. It is skew- 
symmetric with respect to its first two subscripts, and sym- 
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metric with respect to its two pairs of subscripts. All the sve 
metry properties are listed as follows: 

3.115. i?r«nn= -2?.m», ^r.«n= -2?,.„ m , R rtmn = R mnr „ 

3.116. R rtmn+ Rrnnt+ Rrnm _ o 

Exercise. Show that in a F, all the components of the a 
variant curvature tensor either vanish or are expressible i] 
terms of Run. 



How many independent components has the tensor R rtmn ? 
We cannot answer this question by simply counting the equa- 
tions 3.115 and 3.116, because they overlap. We reason as 
follows. By the first two of 3.115 a component vanishes unless 
r ?£ s and m n. Denote by (rs) a combination r, s, with r 
and s distinct and with no consideration of order. The number 
of (rs) is 

M - $N(N - 1), 
N being the number of dimensions of the space. There is of 
course the same number of combinations (mn). If the first two 
of 3.115 were the only conditions on 2?„ m „, we would have 
M* independent components. But the last of 3.115 cuts down 
this number by the number of combinations of M things taken 
2 at a time, viz. $M (M - 1). Thus if the three relations of 
3.115 were the only identities, we would have for the number 
of independent components 

3.117. M*-\M(M- 1)=1 S M(M+1) ~$N(N- l)(N*-N+2). 
Turning to 3.116, it is easy to see that unless r, s, m, n are all 
distinct the identity is included in 3.115. Further, we get only 
one identity from a given combination. Thus 3.116 give a 
number of new identities equal to the number of combinations 
of N things taken 4 at a time, i.e. 



3.118. ^ N(N - 1)(N - 2)(iV - 3). 
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Subtracting this number from 3.117, we get this result: The 
number of independent components of the covariant curvature 
tensor in a space of N dimensions is 

3.119. iiW- 1). 

The following table shows how rapidly the number of inde- 
pendent components increases with N: 

Number of dimensions of space 2 3 4 5 
Number of independent compo- 
nents of R r8mn 1 6 20 50 . 

In addition to the relations 3.115, 3.116 satisfied by the 
covariant curvature tensor, there are certain identities satisfied 
by its covariant derivative. Consider the covariant derivative 
of 3.114, calculated at the origin of Riemannian coordinates; 
it is the same as the partial derivative, i.e. 

3.120. 

Rrzmn\t * + dX^x'dX* dx*dx r dx m ) - 

Permuting the last three subscripts cyclically, and adding, we 
obtain 

3.121. Rr8mn\t+ Rr 9 nt\m+ Rr*tm\n= 0. 

This is a tensor equation, and so it is true in general, since it 
is true for one particular coordinate system. The subscript r 
may be raised in the usual way, giving 

3.122. R?8mn\t+ R?int\m+ R? itm^** 0. 

This is known as the Bianchi identity. It may also be derived 
from 3.106, using Riemannian coordinates. 



Exercise. Using the fact that the absolute derivative of the 
fundamental tensor vanishes, prove that 3.107 may be written 
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3.123. fir - fir = R TP dx m dx» 

6u8v SvSu rpmn Ifalh' 
where T r is any covariant vector and T p = a p *T q . 

3.2. The Ricci tensor, the curvature invariant, and the 
Einstein tensor. We may contract the mixed curvature tensor 
3.106 and so obtain a covariant tensor of the second order 

3.201. /? _ ©» 
or equivalently 

3.202. i? = a «nD 

- tv rm~ (* J\ 9rmn , 

It follows from the identities 3.115 that R rm is a symmetric 
tensor. It is called the Ricci tensor. 
By 3.106 we have 

3.203. 

Rrm ~d^{r «} ~ ^{r m} + {/«} {p w} ~ {/„}* 
Now, by 2.541, 

3.204. / * l = jj_ ma , 

assuming o to be positive, and so 
3.205. 

If a is negative, 3.205 holds with a replaced by -a. This form 
makes the symmetry of the Ricci tensor obvious. 

Taking its symmetry into consideration, the number of 
independent components of the Ricci tensor in a space of N 
dimensions is $N(N + 1). Thus there are 3 components if 
N = 2, 6 components if N = 3, and 10 components if N = 4. 
In the case N = 2 (e.g. in the intrinsic geometry of a surface 
in Euclidean 3-space) we have 
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3.206. 2? u = a 22 i?2ii2, Ru= a 12 JR 2 i2i, #22 = a u £i22i- 
But, for N « 2, 

022 &21 M ^11 

3.207. a 11 -—, a u - - — , a M = — , 

a a a 

and so 

^ 2?11 i?X2 i?22 -Rl212 

3.208. — = — = * 

an ai2 #22 a 

Thus, in a 2-space, the components of the Ricci tensor are 

proportional to the components of the metric tensor. This is 

not true in general in spaces of higher dimensionality. 

The curvature invariant R is defined as 

3.209. R = a mn R mn = R\- 

It follows from 3.208 that f or N = 2 we have 

2 

3.210. R = — - -Run- 

a 

This result, like 3.208, is restricted to two-dimensional space. 
This shows that familiarity with the properties of curved sur- 
faces in Euclidean 3-space is not of much assistance in under- 
standing the properties of curved spaces of higher dimension- 
ality — there are too many simplifications in the case N = 2. 

There is an identity of considerable importance in the 
theory of relativity, which is obtained from the Bianchi identity 
in the form 3.121. We multiply that equation by a rn a' m ; this 
gives 

3.211. a 9m R sm \t- a 8m R B t lm - a rn Rr tln = 0. 

(Use has been made of the skew-symmetry of Rr SnM with re- 
spect to the last two subscripts.) This may be written 

3.212. R [t - 2R"t\n = 0, 
or 



3.213. (R n .t - £TO|«= 0. 

The Einstein tensor G* t is defined by 
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3.214. CT t - R» t - J S «ie. 
Thus 3,213 may be written 

3.215. G? <fn - 0; 

this may be expressed in words by saying that the divergence of 
the Einstein tensor vanishes. 



3.3. Geodesic deviation. Imagine a two-dimensional 
observer living in a two-dimensional space. He wants to explore 
the properties of his space by measuring distances. From the 
property of stationary length he is able to construct geodesies. 
What can he find out by following one geodesic? Not very 
much. We are so used to thinking of 2-spaces as surfaces im- 
mersed in a Euclidean 3-space that we are inclined to think of 
the geodesies of a 2-space as curved lines (e.g. the great circles 
on a sphere). But when we consider a 2-space in itself there is 
no master curve with which to compare a geodesic of the 2- 
space; the idea of the curvature of a geodesic disappears— 
indeed we regard the geodesic as the "straightest" curve we 
can draw in the 2-space. 

Thus, as our two-dimensional observer travels along a 
geodesic, he has nothing interesting to report, except for one 
possibility: the geodesic may meet itself, as a great circle on 
a sphere meets itself. This is a property of the space "in the 
large," i.e. it does not belong to the domain of differential 
geometry. 

Much more interesting results are obtained if the observer 
considers not one geodesic, but two. Suppose that these two 
geodesies start from a common point and make a small angle 
with one another. Consider two points, one on each geodesic, 
equidistant from the common point; we shall call such points 
"corresponding points/' How does the small distance between 
corresponding points vary as we move along the geodesies? 
This is the problem of geodesic deviation, and if we can solve it 
we get a good insight into the nature of the space. 

Think, for example, of the application of the method of 
geodesic deviation to a plane and to a sphere. In a plane, the 
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distance between corresponding points on the two geodesies 
(straight lines) increases steadily, being in fact proportional 
to the distance from the common point of the two geodesies. 
In a sphere, the distance between corresponding points on the 
two geodesies (great circles) increases at first, but after a while 
it has a maximum value, and then decreases to zero. Thus the 
study of geodesic deviation enables us to distinguish very 
simply between a plane and a sphere. 

Exercise. Would the study of geodesic deviation enable us to 
distinguish between a plane and a right circular cylinder? 

To introduce the idea of geodesic deviation as simply as 
possible, we have talked about a 2-space. The same idea applies 
in V Nf and we shall now develop basic formulae for this general 
case. 

Consider a singly infinite family of geodesies in V Nf forming 
a V 2 . Let u be a parameter varying along each geodesic of the 
family, and let v be a parameter constant along each geodesic 
of the family, but varying as we pass from one geodesic to 
another. The equations of V% may be written 

3.301. x r = x r (u f v)\ 

the geodesies are the parametric lines of u in V 2 . 

Let us make the parameter u more precise in the following 
way. Draw a curve AA' in V% (Fig. 5) cutting the geodesies 



orthogonally, and let u be arc-length measured along each 
geodesic from AA*. Then, since the curves v — const, are geo- 
desies in V N9 we have all over V%, by 2.513, 




Fig* 5. Geodesic deviation. 



3.302. 



Su 
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where dx'/du; p* is the field of unit tangent vectors to the 
geodesies, satisfying the equation 

3.303. a mn p m p»= ± l # 

Consider two adjacent geodesies of the family, C and C % 
with parameters v and v + dv. We shall say that points P on C 
and P' on C are corresponding points if they have equal values 
of *, i.e. are equidistant from the cross-curve 44'. Let be 
the infinitesimal vector PP',. so that 

3.304. ,r =0?L dVt 

dv 

In setting up the geodesic normal coordinate system in 2.6, we 
had occasion to compare two adjacent geodesies. With a slight 
change in notation to suit the present case, the equation 2.653 
may be written 

3.305. a mn p^ n = 0; 

the equation holds at the point P. This equation tells us that 
the deviation rj r is perpendicular to C. Equation 3.305 may 
also be written 

3-306. a mn = 0. 

du dv 

This equation holds all over V 2f since P may be any point 
on V%. 

Let us now see how if changes as we pass along C. We have 

3.307. S Jl^±(^L) dv , 
hu Su\dv/ 

since dv is a constant for the pair of geodesies, C and C. 
Now 

3.308. 6 dx ' - av + { r \^ m ^° _ * ag 
and so 3.307 may be written 



3.309. 



§3.4 



Equation of Geodesic Deviation 



93 



We take the absolute derivative of this equation with respect 
to u, and use 3.107. Thus 



The first term on the right-hand side vanishes by 3.302. Re- 
arranging the terms, a*id replacing u by s (arc length along 
the geodesic) we obtain the equation of geodesic deviation 



We recall that rf is the infinitesimal normal displacement to 
the neighbouring geodesic, and p T is the unit tangent vector to 
the geodesic. 

Equation 3.311 contains N ordinary differential equations 
of the second order for the N quantities if. These equations 
determine i? r as functions of 5 if the initial values of if and 
brf/hs (or drf/ds) are given. 

Exercise. For rectangular Cartesians in Euclidean 3-space, 
show that the general solution of 3.311 is rj r = A r s + B r 9 where 
A r ,B r are constants. Verify this result by elementary geometry. 

3.4. Riemannian curvature. The great charm of class- 
ical geometry lies in the interplay of visual intuition and pre- 
cise analytical arguments. In passing to a Riemannian N- 
space, much of the intuition must be left behind. But it is 
worth an effort to seek to build up in this general geometry at 
least a shadow of that type of thought which has proved so 
powerful in the differential geometry of ordinary surfaces. To 
this end the curvature tensor itself is of little use. The concept 
of Riemannian curvature is much more helpful. Since we wish 
our definition to be applicable to a space of indefinite metric 
form, we must first clear out of the way some preliminaries 
connected with indicators. 



3.310. 



d V = lWdv 



S« J Su Sv 




3.311. 
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Let X'and P'be two vectors, given at a point. Write 

3.401. Z'^AX'+BY*, 

and let A, B be invariants which take arbitrary values We 
say that the vector Z r so denned is coplanar with X r and Y r 
The totality of infinitesimal displacements in the directions 
defined by these vectors Z r determine an elementary 2-space at 
the point. 

Suppose now that X r and Y 9 are orthogonal unit vectors 
with indicators e(X) and «(F) respectively. Let Z r and W be 
two more unit vectors, orthogonal to one another and coplanar 
with X T and Y r ; let their indicators be e(Z) and t(W) respec- 
tively. We shall prove* that 

3.402. <X)e(Y)= *(Z) t (W). 
We have 

3.403. Z r = AX'+ BY*, W r = A'X r + B' Y\ 
and hence 

3 404 e(Z) = a *»»Z mz% ~ AU(X)+ Bh(Y), 

<W)= a mn W«W*= A«e(X)+ B%(Y). 
We have also 

3.405. 0 = a mn Z»W*= t (X)AA'+ e(Y)BB'. 
Consequently 

3.406. *(Z) t (W) = [€(X)A*+*(Y)B*\[ e (X)A'*+ € (Y)B'*\ 

-[<X)AA'+ e(Y)BB r \* 
= *(X)e(Y)(AB'- A'B)\ 
Since the indicators are each ± 1, it follows that 3.402 is true 
and also 

3.407. AB'- A'B = =bl. 

We now define the Riemannian curvature associated with an 
elementary 2-space V 2 to be the invariant 

♦This may also be easily proved by Sylvester's theorem (see Ap- 
pendix A). 
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3.408. K = €(X)€(y)2? r8 ^F'X-F*, 

«Aer« X% Y r are orthogonal unit vectors in V% and e(X), e(Y) 
their indicators. . 

Let us show that K does not depend on the particular pair 
of orthogonal unit vectors chosen in V%. If Z r , W are two other 
orthogonal unit vectors, the corresponding Riemannian curv- 
ature given by 3.408 is 

3.409. K' = e(Zr)€(WRr™nZ'W'Z m W». 

To compare this with 3.408, we use 3.402 and 3.403. Using the 
symmetry equations 3.115, we easily obtain 

3.410. Rr, mn Z'WZ~W»=(AB'- A'B)*R r *nX'Y'X~Y*, 
and by virtue of 3.407 we have K'= K, as required. 

It is sometimes advisable to express K in terms of any two 
vectors in the elementary 2-space, rather than a pair of ortho- 
gonal unit vectors. If T» V r are any two vectors in the elemen- 
tary 2-space, then 

To prove this we write 

3.412. r= AX'+ BY% if = A'X'+ B'Y* 

where X r , Y r are orthogonal unit vectors in the elementary 

2-space, The numerator in 3.411 becomes 

(AB'- A'B)*R r9m nX'Y'X m Y», 
and the denominator becomes 

€{X)€(Y)(AB'~ A'B)*. 

The truth of 3.411 is then evident. 

When the given manifold is of two dimensions (N - 2), 
the elementary 2-space at a point is unique. Thus, with any 
point of a V* there is associated a unique Riemannian curva- 
ture K. If this V% has a positive definite metric, we can set up 
here a connection between the formalism of tensor calculus and 
a familiar concept of differential geometry. Let us recall that a 
surface in Euclidean 3-space has two principal radii of 
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curvature * say Rl and R t . The Gaussian curvature of this 

K2 IS 

3.413. c = 1 

-Ki-Ra 

The great contribution of Gauss to differential geometry was 
his proof that G can actually be expressed in terms of intrinsic 
properties of the surface, without reference to the 3-space in 
which it lies. He established, in fact, a result which may be 
stated as follows: 

3 - 4 14- G - Mm E/S. 

Here 5 is the area of a small geodesic quadrilateral, and E the 
excess of the sum of its angles over four right angles. 

Now suppose that we take a vector in V t and propagate 
it parallelly (cf. equation 2.512) round the sides of a small 
geodesic quadrilateral. On completion of the circuit, the vector 
will have undergone a small change which, as will be seen in 
3.5, is given by equation 3.519. From this formula it is not 
hard to calculate the small angle through which the vector has 
been turned: it turns out to be KS, where K is the Riemannian 
curvature and S the area of the quadrilateral.f But under 
parallel propagation along a geodesic, a vector makes a con- 
stant angle with the geodesic; following the vector round the 
small quadrilateral, it is easy to see that the angle through 
which the vector has turned on completion of the circuit is E, 
the excess of the angle-sum over four right angles. Hence 

3.415. KS = E. 

Comparison with 3.414 gives K = G: for a Vt with positive 
definite metric, the Riemannian curvature is equal to the Gaussian 
curvature, defined by 3.414. 

The above geometrical interpretation of the Riemannian 
curvature K holds only in a space of two dimensions with a 

*Cf . C. E. Weatherburn, Differential Geometry, I (Cambridge University 
Press, 1939), Sect. 29. 
tSee equation 3.533. 
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positive definite metric. To get an interpretation in V N , we 
refer to the equation of geodesic deviation 3.311. Let p r be the 
unit vector in the direction of the deviation if, and let ij be the 
magnitude of V\ so that 

3.416. r? r = i?M r > 0«nM m M n = «(/*)• 

Let us substitute this in 3.311; we get 

where £ r is the unit tangent vector to the geodesic from which 
the deviation iy r is measured. Now from the second of 3.416 
we have 

3.418. - «(,). fc i - 0, J=JL + = 0. 
Hence, if we multiply 3.417 across by Mr, we get 

3.419. «G0 p 9 + VHr?£ + v*(fi)«»)K - 0, 

as* osr 

where K is the Riemannian curvature for the 2-element de- 
fined by if and p r . Let us suppose that the two neighbouring 
geodesies involved in the geodesic deviation start from a com- 
mon point 0, and let s be measured from 0. Then > 0 as 
5 > 0, and so by 3.419 we have 

3.420. lim ??= 0. 

Now return to 3.417 and let 5 tend to zero. On account of 3.420 
and the fact that dy/ds does not tend to zero at 0 (if it did, the 
geodesies would not separate at all), we deduce 

3.421. Km S j£ = 0. 
Hence, by 3.418, 



3.422. 



lim M r?!£- 0. 
*>o fa 2 
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We return to 3.419, divide by „ and let * tend to zero. This 
gives 

3.423. liml^? = _ tK 

where 6 is the indicator of either geodesic (the same for both 
since they are adjacent) and K is the Riemannian curvature 
corresponding to the 2-element defined by the two geodesies. 

Suppose now that we expand ij in a power series in s, the 
distance from the common point of the two geodesies. If we 
define 0 by 

3.424. $ = ]im!tl t 

it is easy to see that the expansion takes the form 

3.425. r, = e( s -fr Ks * + „^ 

This formula gives us an insight into the geometrical mean- 
ing of the sign of K. For simplicity, take a space with positive 



eK>0 




o 




eK=0 




eK<0 



Fig. 6. Behaviour of diverging geodesies, relative to the sign of eK. 

definite metric, so that e = 1. The quantity 0, defined by 3.424, 
is the small angle between the two geodesies at their common 
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point— this follows at once from the formula 2.309 which de- 
fines angle. Thus the term 0s on the right of 3.425 represents 
the deviation with which we are familiar in Euclidean space. 
When we bring the next term into consideration, we see that 
a positive Riemannian curvature implies a convergence of the 
geodesies, and a negative Riemannian curvature a divergence 
(convergence and divergence being interpreted relative to the 
behaviour of straight lines in Euclidean space). 

The behaviour of the geodesies relative to the sign of e£ 
is shown in Fig. 6. 

3.5. Parallel propagation. We shall now discuss some 
questions connected with parallel propagation. By definition 
(cf. equation 2.512) a vector with contravariant components 
T r is propagated parallelly along a curve * r = x r (u) provided 
the following equation is satisfied: 

3.501. — = 0. 

Su 

If r r = armT", then 3.501 is equivalent to 

3.502. ^ - 0. 

Su 

Reference may be made to 2.511 and 2.515 for the definition 
of the operator S/Su. 

Let us now investigate how the result of parallel propa- 

'(T') ( 




Fig. 7. Parallel propagation of vector from A to B along different paths, 

C\ and C%, 

gation of a vector depends on the curve along which the pro- 
pagation is carried out. Let A, B (Fig. 7) be two points in V N , 
and Ci, C 2 two curves joining them. On each of these curves 
let us take a parameter u running between the same limits 
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«i, « 2 for both curves. We may then write as the equations of 
the two curves 

3.503. Ci: *'= /-(«), C s : *'= g'(«), « x ^« ^ „ s , 
with « = «i at ^ and « = «, at 5. Let us take any vector 
(rOo at A and propagate it parallelly to B, using first the 
curve Ci and secondly the curve C 2 as path of propagation. 
Let the resulting vectors at B be (7*), and (!*)• respectively. 
We seek to evaluate the difference 

3.504. (4r)a-(r)i-(r)t 

Let us construct a continuous family of curves joining .4 
and B, the curves & and & being members of the family.* 
Let the parameter « vary between the same limits u u « 2 for 
all these curves; and let v be a parameter which is fixed on 
each curve, and varies continuously from v = Vi on Ci tov=v t 
on Ct. Then the equations of the family may be written; 

3.505. *' _ h r (u, v), 

We may also regard 3.505 as the equations of a F 2 on which 
« and » are coordinates. Note that 

3.506. h T (u, vi) = f(u), h r {u, v%) = 

* r («2, ») = y (« 2 ) = g '(« 2 ), 

and hence 

3.507. — = 0 

dv 

for u = ui and for « = « 2 . 

♦This can always be done if V N is simply connected (like an infinite 
plane or the surface of a sphere). But if V N is multiply connected (like the 
surface of an infinite cylinder or a torus), it is possible to join A and B by 
curves which cannot be continuously transformed into one another. Curves 
which can be so transformed are called reconcilable. We shall understand 
that the curves &, Ct are reconcilable. 
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Starting with the vector (r r )o at A, let us propagate it 
parallelly along all the curves v = constant. This gives us a 
vector field P^ti, v) over F 2 , single-valued except possibly at 
B. This field satisfies 

3.508. — - 0, 

Su 

and consequently 

3.509. = 0. 

SvSu 

Furthermore, we have 
ST r 

3.510. — = 0 for u = Ui, 
dv 

since T* is independent of v at A, and 3.507 holds. We now 
take a second vector Y r , choosing it arbitrarily at B, and pro- 
pagating it parallelly back along the curves v = constant to A. 
This defines a vector field Y r (u 9 v) f satisfying 

3.5H. S Jl = 0 

Su 

over V* 

Consider the invariant T^Yr. Since Y r is single-valued at B, 
we have 

3.512. (AT r ) B (Y r )B = TY-C^Fr)) dp 
This last integrand may be written 

3.513. 7,) -(>pr,) + \"U^y\ iu . 

\ Sv /u -«» \ dv /« -«i J U\ du\ Sv / 
The first term on the right vanishes, by 3.510. The second term 
reduces as follows, use being made of 3.511 and 3.107: 
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3.514. 

rf(?*)*-r— »* 

Juidu \ to / JutSuSv 

The first part of the integrand vanishes by 3.509. When we 
substitute back through 3.513 in 3.512, we get 

3.515. (A7^ ) B (Y r ) B = f f Yr&pmnT* — dudu, 

JJ bu dv 

the double integral being taken over the 2-space V* between 
the curves & and C*. This formula gives us the effect of path on 
the result of parallel propagation, since (Y r ) B is arbitrary. 

We shall use this result to investigate the effect of propa- 
gating a vector parallelly around a closed circuit. Still using 
the same notation and Fig. 7, we have at B the three vectors 

We recall that the first two of these vectors are the results 
of parallel propagation of (T*)* at A along Ci and C% respec- 
tively. Let us propagate these three vectors back along C% to A. 
Now it is obvious from the form of the equations of parallel 
propagation that if we propagate a vector parallelly along a 
curve from A to B, and then propagate it parallelly back along 
the same curve from B to A , we arrive back at A with precisely 
the same vector as we started with. Let us denote by (POo-h 
(Ar r )A the vector obtained by propagating the vector (rOo 
around the circuit formed of Ci and C% reversed. Then, under 
parallel propagation back along C 2 , the three vectors mentioned 
above come to A with the values 

(Do+(AD il , (no, {Y r ) Af2 
the final notation being used to indicate that Y r has been pro- 
pagated along C% to A. Since parallel propagation does not 
alter the invariant rF fl it follows that 

3.516. (Ar),(F r ) A , 2 = - (AT*) B (Y r ) B . 

For the right-hand side of this equation we have the expression 
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3.515, and so, in a sense, 3.516 gives an evaluation of the effect 
(AT r ) A of parallel propagation around a closed circuit. How- 
ever, we can improve the statement by noting that we can 
choose (Y r ) A i2 arbitrarily, provided we then determine Y r at 
B by parallel propagation along C 2 . With this in mind, let us 
restate our result as follows: 

Let A be any point in and V* a 2-space passing through A 
(Fig. 8). Let C be a dosed curve on passing through A, with 



Fig. 8. Effect of parallel propagation round closed circuit G + C 2 , illust- 
rating equation (3.517). 

Path of propagation of T r shown 

Path of propagation of Yr shown 

a certain sen§e indicated on it. Let B be any other point on C, 
joined to A by a set of curves lying in V*. Let (F r ) 0 be chosen 
arbitrarily at A, propagated parallelly to B along C, but against 
the assigned sense of C, and then propagated parallelly from B 
back towards A along the given set of curves. Then, as a result of 
parallel propagation around C in the assigned sense, any vector 
T r assigned at A receives an increment AT* satisfying 



the double integral being taken over the part of V% bounded by C. 

If the circuit C shrinks toward zero size, the principal part 
of the preceding integral may be written 




3.517. A7\(F r ) 0 = - I I YrR[ pm nT* — — dudv 9 




3.518. 
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Since (F r ) 0 is arbitrary, we see that for an infinitesimal circuit 
in the form of an infinitesimal parallelogram with adjacent 
edges d {V) x r 9 d (2) x r 9 the infinitesimal increment in T r may be 
written 

3.519. AT r = -R: pmn T*d (1) x m d {2) x\ 

We draw an important conclusion from 3.515. If R*p mn = 0, 
the integral vanishes. But ( Y r ) B is arbitrary ; therefore (AP")* - 
0. In words, if the curvature tensor vanishes, then the result of 
parallel propagation of a vector is independent of the path of pro- 
pagation. Equivalently, if the curvature tensor vanishes, a 
vector is unchanged by parallel propagation around a closed 
circuit. It is easily seen that these statements apply to both 
contravariant and covariant vectors. 

We recall the definition of a flat space given in 3.1. (cf. 
equation 3.101). In that section we saw that the condition 
3.108 — the vanishing of the curvature tensor — is necessary for 
flatness. We shall now show that that condition is also suffi- 
cient, i.e. if the curvature tensor vanishes, then there exists a 
coordinate system such that the metric form is as in 3.101. 
But first we need to prove the following theorem: 

// R'.pmn^ 0 in V N , a vector (T r )o assigned at a point A 
defines a vector field T T throughout V N by parallel propagation no 

matter what paths of propagation are used. Thenj T n dx n 9 where 

B is any second point in V N , is independent of the path of integ- 
ration joining A to B. 

The truth of the first sentence in this theorem has already 
been established. To prove the second statement, we take two 
curves Ci and C 2 joining A and B 9 and fill in a family of curves 
as in 3.505 and Fig. 7. For any one of these curves (»= constant) 
we write 



3.520. 




Then 
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3.521. ^=ri(r n *L n> W 

dv J U1 dv\ du / 

J hi dv du Jui Bv du 

Now dT r /dv = 0, since T r is propagated parallelly along all 
curves in V N . Also, using 8T r /Su = 0, we have 

3.522. \ U, T n ^ d u^\ Ut T n ^ du 
J ui dv du J «i du dv 

J«,aA / L dv In 

since d* r /&> = 0 at 4 and at 5. Therefore dl/dv = 0, and so 
I(v) is independent of a. Consequently the integral has the 
same value for Ci and C 2 ; the theorem is proved. 

In a V N with J?r pmn = 0 we shall now set up a system of 
coordinates for which the fundamental form is as in 3.101 
We take a point A 9 and at A we take a set of N orthogonal unit 
vectors X {m)r . At A these satisfy 

3.523. a**X {m)v X Wq = E mn , 

where E mn = 0 f or m n 9 and E mn = € „ for m = n, e n being 
the indicator of the vector X\ n) . We define throughout V N 
N vector fields by parallel propagation of X {m)r . Then the 
relations 3.523 are satisfied throughout V N . We define at any 
point P 

3.524. y r = X (r)n <&*\ 

As we have seen above, the value of y r at P is independent of 
the choice of the curve of integration AP. Therefore, for an 
arbitrary infinitesimal displacement of P we have 

3.525. dy r = X (r)n dx n t 
and so 

3.526. B = X ""' 



Curvature 

Hence by 3.523, 

3.527. a*«^^ = 

We may use y r as a system of coordinates in V N . Let b mn be 
the corresponding fundamental tensor, and b mn its conjugate 
tensor. But the latter is a contravariant tensor, and so, by the 
law of tensor transformation, 

3.528. b mn = a^^^ = E mn 

dx*dx* 

From this it easily follows that 6 wn = E mn , and so the metric 
form is 



3.529. 3> = e l (dy 1 y+ € 2 (dy 2 )*+. . .+ t N (dy N )\ 

But this is of the form 3.101. Thus we have proved that the 
conditions l^pmn— 0 are sufficient for flatness. 

It remains to clear up a point in connection with equation 
3.415. We wish to show that, if N = 2 and the metric form is 
positive definite, a vector is turned through an angle KS after 
parallel propagation around a small rectangle of area 5. 
Let P be any point, and X r , /x r two perpendicular unit vectors 
at P. Let us construct a small rectangle, two sides of which 
emanate from P in the directions of X r and n r . If the lengths 
of these sides are <Zs ( i), ds (2 ), respectively, we may put, in 3.519, 
d {X) x m = \ m ds ( i } , d (2 )X n = n n ds {2 ). Then ds (V> ds (2 )= 5, the area 
of the rectangle (or, to be precise, its principal part), and 
3.519 may be written 

3.530. Ar r = - i?: J)mn r* , x m M m 5. 

Since the angle between two vectors is unaltered by parallel 
propagation, we can compute the angle through which T r is 
turned by taking T r = X r . Then, multiplication of 3.530 by /x r , 
gives, on account of 3.408, 



3.531. MrAr r = KS. 

Hence, since ix r T r = jt*rX r = 0, we have 
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3.532. /ir(r r + AT r ) = KS. 

The magnitude of a vector is unchanged by parallel propa- 
gation; hence the magnitude of T^H- AT r is the same as that 
of X r , viz. unity. If 0 is the angle through which T r is turned, 
counted positive in the sense of passage from X r to n r , then 
Pr(T r + A7^)= cos (| tc — 0) =sin 0, and so, replacing sin 0 
by 0, since we are interested only in the principal part, we have 

3.533. 0 = KS, 

the required result, from which 3.415 follows. 



SUMMARY III 
Non-commutative property of covariant differentiation: 

Tj\m n T r \nm = R?rmnT 9 . 

Non-commutative property of absolute differentiation: 

duSv SvSu ' pmn du dv 
Parallel propagation round a small circuit: 

Mixed curvature tensor: 

R ' rmn== ^{rn} " i^{rw} + { rn } {/m } 

Covariant curvature tensor: 

2 \dx*dx m dx r dx n dx'dx* dx r dx m ) 
+ a*«([rn, p][sm, q] - [rm, p)[sn, q]). 

Identities: 

Rramn ~ ~~Rarmni Rramn = Rranmt Rramn = Rmnrai 
Rramn~\~ Rrmn*~\~ Rrnsm ~ 0. 

Number of independent components in V N : -j^iV^iV 2 — 1). 
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Conditions for flatness: i? ramtt = 0. 
Bianchi identity: 

Ricci tensor: 

Rrm— i?mr = R*rmn 

dx n \rm) ^ \ r n )\mp ) 

Einstein tensor: 

G"t - *?i - * d^R, G\ n = 0. 

Geodesic deviation: 
SV 

+ R[m*nP m y 9 P n = 0. 

Riemannian curvature: 

X = e(X)e(Y)Rr, m nX*VX<"Y» 

Spherical excess: E=KS. 



EXERCISES III 



1. Taking polar coordinates on a sphere of radius a, cal- 
culate the curvature tensor, the Ricci tensor, and the curvature 
invariant. 

2. Take as manifold V 2 the surface of an ordinary right 
circular cone, and consider one of the circular sections. A 
vector in V 2 is propagated parallelly round this circle. Show 
that its direction is changed on completion of the circuit. Can 
you reconcile this result with the fact that V 2 is flat? 
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3. Consider the equations 

CR mn - 0a mn )X»= 0, 

where R mn is the Ricci tensor in a V N (N > 2), a mn the metric 
tensor, 0 an invariant, and X n a vector. Show that, if these 
equations are to be consistent, 0 must have one of a certain 
set of N values, arid that the vectors X r corresponding to 
different values of 0 are perpendicular to one another. (The 
directions of these vectors are called the Ricci principal direc- 
tions.) 

4. What becomes of the Ricci principal directions (see 
above) if N - 2? 

5. Suppose that two spaces V N , V' N have ipetric tensors 
a>mn, a'mn such that a' mn = ka mn , where k is a constant. Write 
down the relations between the curvature tensors, the Ricci 
tensors, and the curvature invariants of the two spaces. 

6. For an orthogonal coordinate system in sl V* we have 

ds 2 = anidx 1 ) 2 + a 22 (<W 

Show that 

!rt 1 I" 3 / 1 3022 \ , d / 1 dau \l 

a " 12 2 Va ldx l \ y/a dx\ ) dx 2 \Va dx 2 / J 

7. Suppose that in a V* the metric is 

ds 2 = (hidx l ) 2 +(hdx 2 ) 2 +(hzdx*)\ 
where hi, h*, hz are functions of the three coordinates. Cal- 
culate the curvature tensor in terms of the h's and their deri- 
vatives. Check your result by noting that the curvature tensor 
will vanish if hx is a function of x 1 only, hi a function of x 2 only, 
and hz a function of # 8 only. 

8. In relativity we encounter the metric form 

$ = e^[(dx 2 ) 2 + sinV(<ftc 3 ) 2 ] - c y (dx*) 2 , 

where a and y are functions of x l and x* only. 
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Show that the complete set of non-zero components of the 
Einstein tensor (see equation (3.214)) for the form given above 
are as follows: 

G{ - *- a (-i-i7i)+e-*\ 

+ «~ T (i^ + ia 4 2 - ia 47 4), 

= = - i a 4 . 

The subscripts on a and 7 indicate partial derivatives with 
respect to x 1 and a 4 . 

9. If we change the metric tensor from a mn to a mn + b mn> 
where b mn are small, calculate the principal parts of the incre- 
ments in the components of the curvature tensor. 

10. If we use normal coordinates in a Riemannian V N , the 
metric form is as in equation 2.630. For this coordinate system, 
express the curvature tensor, the Ricci tensor, and the curva- 
ture invariant in terms of the corresponding quantities for the 
(N — l)-space = const, and certain additional terms. Check 
these additional terms by noting that they must have tensor 
character with respect to transformations of the coordinates 

•Vy«V,*».,«V • 

11. Prove that 

where is not necessarily symmetric. 

12. Prove that the quantities 

+ ttJ^P M*™"" ~ am ' an ' )] 



can be expressed in terms of the metric tensor and its first 
derivatives. 
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SPECIAL TYPES OF SPACE 

4.1. Space of constant curvature. A general Rieman- 
nian space of N dimensions is bound to remain somewhat 
elusive as far as geometrical intuition is concerned. It is only 
when we specialize the type of space that simple and inter- 
esting properties emerge. We shall devote this section to spaces 
of constant curvature, passing on in the next section to the 
more specialized concept of flat spaces. 

We lead up to the idea of a space of constant curvature by 
defining an isotropic point in a Riemannian space. It is a point 
at which the Riemannian curvature is the same for all 2- 
elements. This means that the quantity K in 3.411 is inde- 
pendent of the choice of the vectors £ r , if. So, if we define the 
tensor r r8mn by the equation 

4. 101 . Trsmn = Rramn ~ K(a rm dan ~ &rn dam) , 

we have 

4.102. r ramn £^w= 0. 

This is an identity in £ r , iy r , and so 

4.103. Tramn+ T m8rn + T rnma + T mn ra= 0. 

On examining 4.101, we see that the tensor T r9mn satisfies 
the same identical relations 3.115, 3.116 as Rramn- Thus 

4.104. T rsmn = T armn = T r8nm — T mn rai 

4.105. Tramn'h 7Vmna"h Trnam~ 0. 

From the equations 4.103, 4.104, and 4.105 it is possible to 
show that Tramn vanishes. This is done in the following steps. 
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First, by 4.104, we may change 4.103 to 

4-106. Trsmn+ T rnfn8 = 0, 

and, by 4.105, this may be changed to 

4*107* T ramn — T rman — Trsnm = 0, 

or 

4.108. 2T ramn - Trmsn= 0. 

Interchanging m and s, and adding the resulting equation, 
we get 

4.109. Trsmn+ T rm9n = 0. 

Adding this to 4.108, we get T r8mn = 0. Thus, it follows from 
4.101 that at an isotropic point the Riemannian curvature satisfies 

4.110. K(a rm a 9n - a rn a tm ) = Rr Bmn . 

Since a F 2 is isotropic (although in a rather trivial sense), the 
equation 4.110 holds throughout any V 2 . 

Exercise. Deduce from 4.110 that the Gaussian curvature of 
a V* with positive-definite metric is given by 



G = 



#11 «22 — 012 2 



Now wo come to a remarkable theorem, due to Schur: 
If a Riemannian space V N (N > 2) is isotropic at each point in 
a region, then the Riemannian curvature is constant throughout 
that region. In brief, isotropy implies homogeneity. 

The proof of this theorem is based on 4.110, valid at each 
isotropic point, and Bianchi's identity in the form 3.121. We 
wish to deduce from 4.110 that K is a constant. Covariant 
differentiation of 4.110 with respect to x* gives 

4.111. 2£| t (a r m0«n— 0rn#«m)= Rr 9 mn\h 

since the covariant derivative of the metric tensor vanishes. 
Permuting the subscripts m, n, t cyclically, and adding, the 
right-hand side disappears by 3.121 and we have 
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4.112. K\t (a rm Q>sn — dm, Asm) 

+ K\ n {a r td 8m — a r?n a st ) = 0. 
Multiplication by a rm a 8n yields 

4.113. (iV - 1)(N - 2)J£,«*= 0. 

But N > 2, and so J£| t = 0; but this is simply dK/dx'= 0 and 
so K is a constant. Schur's theorem is proved. 

A space for which K is constant (with respect to choice of 
2-element at a point, and therefore by Schur's theorem with 
respect to choice of point) is called a space of constant curvature. 
The basic relation for a space of constant curvature is, as in 
4.110, 

4.114. Rrsmn = K(a rm a 8n — am^sm), 

where K is the constant curvature. 

It will be observed that in the proof of Schur's theorem we 
found it necessary to assume N > 2, and were led to 4.114 
with K a constant. As already seen, 4.114 holds everywhere 
in any V 2 , K being in general not a constant, but a function 
of position. 

Exercise. Prove that, in a space V N of constant curvature K, 

4.115. R mn = -{N - l)Ka mn , R - -N(N - 1)K. 

The study of geodesic deviation in a space of constant 
curvature is interesting. We go back to the general equation 
of geodesic deviation 3.311 and substitute, by 4.114, 

4.116. R' 8mn = K(d^a 8n — 5 r n a 8m ). 

Noting that the unit tangent vector p r is perpendicular to the 
deviation vector ij r f so that a 9m p*rj m = 0, we see that the 
equation of geodesic deviation reduces to 

4.117. ^ + eKrj r = 0, 
ds 2 

where e is the indicator of the tangent to the geodesic. 
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This is not as simple an equation as might appear at first 
sight. We recall that Ptf/bs 1 is a complicated thing, involving 
Christoffel symbols and their derivatives. So any hope of 
treating 4.117 as a linear differential equation of the second 
order with constant coefficients seems over-optimistic. How- 
ever, a simple device enables us to do this very thing. We 
introduce a unit vector field X Ti propagated parallelly along 
the geodesic, so that 8X r /Ss = 0. If we multiply 4.117 by X r , 
with of course the usual summation convention, the resulting 
equation may be written 

4.118. + € *(^ r ) " 0. 

The general solution of this is 

4.119a. X r i? r = A sin s\^K + B cos sVTE, if eK > 0, 
4.119b. X r i/ r = As + B 9 if K = 0, 

4.119c. X T ri r = A sinh sV-eK + B cosh s\^d£,ti *K<0, 

where A and B are infinitesimal constants. 

Consider now two adjacent geodesies drawn from a common 
point, from which we shall measure s. For s = 0, we have 
*7 r = 0, and so the above equations become 

4.120a. X rV r = A sin sVdt, if *K > 0, 

4.120b. X r y r = As, if K = 0, 

4.120c. X r ri r = A sinh sV^^eKt if *K < 0. 

There is a remarkable difference between 4.120a and the other 
two equations. For 4.120a we find X r if= Owhen s = ir/-\/^K t 
but for the other equations X r v\ r vanishes only for s = 0. Since 
X r may be chosen arbitrarily at any one point of the geodesic, 
it follows that r/ r = 0 in the case 4.120a when s = w/\/eK. 
Thus, if eK > 0, two adjacent geodesies issuing from a point 
intersect again at a distance 
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4.121. 5 1 



from the initial point. 

Exercise. By taking an orthogonal set of N unit vectors pro- 
pagated parallelly along the geodesic, deduce from 4.120a that 
the magnitude rj of the vector if is given by 

4.122. v - C | sin sVdt |, 

where C is a constant. 

Let us investigate the consequences of the result expressed 
in 4.121, assuming that the metric form of the space of constant 
curvature is positive-definite, so that e = 1, and that the space 
is of positive constant curvature {K> 0). Consider the family 
of all geodesics drawn out from a point 0. Any two adjacent 
geodesics of this family intersect at a distance 

4.123. 



Vk 

It follows that all the geodesics drawn out from 0 meet at a 
common point (say 0'). From 4.122 it follows that the small 
angle at which two adjacent geodesics separate at 0 is 

4.124. x - (p) - CVK, 
and the angle at which they meet at O' is 

4.125. x '= « CVK. 

Thus x = x'« Hence it follows that, since all geodesics issuing 
from O fill all possible directions at 0, all the geodesics coming 
in at 0' fill all possible directions at 0'. If we continue on any 
one of these geodesics, we shall arrive back at 0 after travel- 
ling a further distance tt/^K. 

The situation described above is familiar in the case of a 
sphere. All geodesics (great circles) drawn from a pole O meet 
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again at the opposite pole 0'. The geodesic distance 00' is 
v/\^K = irR, if R is the radius of the sphere. But in a space 
of positive constant curvature a remarkable thing may occur 
of which we are not warned by our familiarity with the geo- 
metry of the sphere. The point 0' may be the point 0 itself. To 
distinguish the two cases, the following terms are used: 

Point 0' different from 0: the space is antipodal (or spherical). 

Point O f coincident with O: the space is polar (or elliptic). 
A mere knowledge of the line element or metric form does 
not tell us whether a space is antipodal or polar. It is a pro- 
perty "in the large." Given the metric form, we can find by 
direct calculation whether this form is positive-definite and 
whether the space is of positive constant curvature. If it is, 
then the space is either antipodal or polar, but we cannot tell 
which without further information. 



r 




% 

Fig. 9a. Antipodal, or spherical, Fig. 9b. Polar, or elliptic, 

2-space. 2-space. 



To make the concept of a polar space more real, let us 
consider a model of such a space. The simplest model of an 
antipodal space is a sphere constructed in ordinary Euclidean 
space of three dimensions (Fig. 9a). Let us slice this sphere 
along the equator, throwing away the northern hemisphere 
and retaining the southern hemisphere. Let us agree that points 
A, B (Fig. 9b) at the ends of an equatorial diameter shall be 
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regarded as identical. Then a geodesic (great circle) coming up 
from the south pole 0 to A jumps across to B and continues 
from B to 0. All the geodesies (great circles) drawn out from 
0 return to 0, and do not intersect until they get back there. 

We shall now use the idea of geodesic deviation to find an 
expression for the fundamental form in a 3-space of positive 
curvature K. We shall assume the metric form to be positive- 
definite. 

Since any such Riemannian space is infinitesimally Eucli- 
dean, we can fix the initial direction of a geodesic OP issuing 
from a point 0 by means of the usual polar angles relative to 
an orthogonal triad at 0 (Fig. 10). Further, we can appeal to 
Euclidean geometry to get an expression for the small angle x 
between two adjacent geodesies OP, OQ with directions (0, <£), 




Fig. 10. Line element PQ, in a 3-space of constant curvature. 

(0 + d6 9 <t> + d<t>) respectively. The value is 

4.126. x - (d6*+ sinW)*- 

This follows from the fact that this expression represents the 

distance between adjacent points on a unit sphere in Euclidean 

3-space. 

Let us attach to P the coordinates r, 6, <£, where r is the 
geodesic distance OP, and to the adjacent point Q the co- 
ordinates r + dr, 0 + dd, 4> + d<i>. Let PN be the perpen- 
dicular dropped from P on the geodesic OQ. Then 
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4.127. ON=OP = r, NQ = dr, NP - 

where rj is the magnitude of the geodesic deviation. By 4.122 
we have 

4.128. n - Csin (r/R), R = 

R being the "radius of curvature" of the space. As in 4.124, 
the angle x is C/R. Comparison with 4.126 gives 

4.129. C = R(dO*+ sinW<£ 2 )*. 

From the infinitesimal right-angled triangle PNQ we have 

PQ 2 = NQ*+ NP 2 . 
Hence, denoting by ds the infinitesimal distance PQ, we have 

4.130. ds*= dr*+ R* sin 2 ^^ (d0*+ sin>ed<t> 2 ). 

This is the expression in polar coordinates for the line-element or 
metric form of a space of positive constant curvature l/R\ We 
note that if r = tR and dr = 0, then ds = 0. This means that 
points at the common distance r = wR from 0 have zero dis- 
tance between them, i.e. they are coincident. This meeting 
point of the geodesies drawn from O is the pole opposite to 0 
if the space is antipodal, or the point O itself if the space is 
polar. 

Exercise. Examine the limit of the form 4.130 as R tends to 
infinity, and interpret the result. 

4.2. Flat space. In 3.1 we defined a flat space, and saw 
that the vanishing of the curvature tensor is a necessary con- 
dition for flatness. In 3.5 we saw that this condition was also 
sufficient for flatness. This means that if the curvature tensor 
vanishes, it is possible to choose coordinates y r so that the 
metric form may be written, as in 3.529, 

4.201. $ - *i(d yi )*+ e 2 (dy 2 y+. . .+ e N (dy N )*, 

where the e's are +1 or -1. The presence of these e's is a 



§4.2 



Line Element 



119 



nuisance notationally, so we resort to the subterfuge of intro- 
ducing coordinates which are imaginary when the correspon- 
ding e's are negative. We write 

4.202. Si= -vAi^i* *2= VWa, . . . , *n= V^nVn* 
and obtain 

4.203. $ = dz n dz n . 

Any system of coordinates for which 3> takes this form will be 
called homogeneous. In the Euclidean plane or 3-space rectang- 
ular Cartesian coordinates are homogeneous coordinates; but 
no imaginary coordinates occur in those cases because the 
metric form is positive-definite. In the space-time manifold of 
relativity one of the four homogeneous coordinates is imag- 
inary, as shown in 4.230 below. 

If we look back to the argument by which 3.529 was ob- 
tained, we see that there was considerable arbitrariness in the 
way the coordinates y r were defined. It is obvious, in fact, that 
infinitely many systems of homogeneous coordinates exist in 
a given flat space. We shall now show that a linear trans- 
formation 

4.204. Z m = Amn&n~)r Amy 

transforms homogeneous system z r into another homogeneous 
system z r provided the coefficients of the transformation satisfy 
certain conditions. 

Exercise. Show that a transformation of a homogeneous 
coordinate system into another homogeneous system is nec- 
essarily linear. (Use the transformation equation 2.507 for 
Christoffel symbols, noting that all Christoffel symbols vanish 
when the coordinates are homogeneous). 

The coordinates z T are homogeneous if and only if 



4.205. $ «- dz m dz m . 

But from 4.204 we have 
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4 - 206 - dz' m dz' M = A mp A mq dZpdz q9 

and $ is given by 4.203 since z r are homogeneous. We deduce 
that z r are homogeneous if and only if 

4 *207. A mp A mq dz p dz q = dz m dz m , 

identically in the <fe's. We can write 

4 * 208 * dz m dz m = S pq dzpdz q9 

where 5 p<r is the Kronecker delta defined in 1.207, with both 
suffixes written as subscripts for reasons which will appear 
later. Since the quadratic form on the left of 4.207 is to be 
identical with the quadratic form on the right of 4.208, and 
since the coefficients are symmetric in p and g, we obtain, as 
necessary and sufficient conditions for the homogeneity of z rf 

4.209. A mp A mq = 8 pq . 

A linear transformation 4.204 whose coefficients satisfy 4.209 
is said to be orthogonal. We may state this result: Given one 
homogeneous coordinate system z rf all other coordinate systems z r 
obtained from z r by an orthogonal transformation are also homo- 
geneous. Conversely, if a linear transformation carries one homo- 
geneous coordinate system into another homogeneous coordinate 
system, the transformation is necessarily orthogonal. 

Exercise. If z r , 4 are two systems of rectangular Cartesian 
coordinates in Euclidean 3-space, what is the geometrical 
interpretation of the constants in 4.204 and of the orthogon- 
ality conditions 4.209? 

We shall now prove a useful theorem: If A mn satisfy 4.209, 
they also satisfy 

4-210. A pm Aqm = S pq . 

To prove this, we multiply 4.204 by A mp and use 4.209. This 
gives 

4 - 211 - A mp z m - z p + A mp A m , 

which may be written 
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4.212. z P = A mp z m + A' P , A' P = -A mp A m . 
Hence 

4.213. dzpdzp = A mp A n pdz^dz' n . 

But since 4.209 is satisfied, by assumption, the transformation 
is orthogonal and so 

4.214. dz p dzp = dz'pdzp = imndz m dz n 

identically, and hence, by comparison of 4.213 and 4.214, we 
obtain A mv A np = « mn , which is 4.210 in different notation. 
The result is established. 

The Jacobian of the transformation 4.204 is the deter- 
minant | A mn |. (Refer to 1.202 for the definition of the Jaco- 
bian.) By the rule for the multiplication of determinants we 
have 

| A mn \ 2 = | A mn \ • | A»\ = | A mn A m8 \ - | S tta | - 1. 

Hence | 4 wn | is either +1 or -1. We shall call an orthogonal 
transformation positive* or negative according as the Jacobian 
is +1 or -1. There is a notable difference between the two 
types of transformation. A positive orthogonal transformation 
may be regarded as the result of the application of an infinite 
number of infinitesimal transformations, each positive ortho- 
gonal, starting from the identical transformation z m = z m . At 
each stage, the Jacobian of the resultant transformation is +1. 
Such a procedure is impossible in the case of a negative ortho- 
gonal transformation, because the Jacobian of the identical 
transformation is +1* and it cannot change to -1 in a con- 
tinuous process. The positive orthogonal transformation cor- 
responds to a translation and rotation of axes in the Euclidean 
plane or 3-space. A negative orthogonal transformation cor- 
responds to a translation and rotation of axes, followed by the 
reversal in direction of an odd number of axes, i.e., a reflection. 

Let us now consider geodesies in a flat space. Using homo- 
geneous coordinates, we see that the fundamental tensor is 



•"Positive" transformations are also called proper. 
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4 ; 215 - 0m« = dmn- 

Since these values are constants, all the Christoffel symbols 
vanish, and the differential equations 2.424 of a geodesic 
reduce to 



4.216. ^Er= 0. 

ds 2 



Integration gives 

4.217. = arf Zr = arS + j8r> 

as 

The constants a r are not independent of one another. We have 
dz m dz m = eds 2 , where e is the indicator of the geodesic, and 
hence 

4 * 218 * <i m a m = €. 

In a general curved space, the determination of the geo- 
desic distance between two points requires the integration of 
the differential equations of the geodesic. In general this cannot 
be done explicitly, and so the concept of the finite distance 
between two points plays a very minor role in the geometry 
of curved spaces. In flat space, on the other hand, the differ- 
ential equations of a geodesic are already integrated in 4.217. 
An explicit expression for finite geodesic distance follows easily. 
If we pass along a geodesic, giving to the arc length * a finite 
increment As, we have, from the last of 4.217 and from 4.218, 

4.219. Az r = a r As, Az n Az n = eAs 2 . 

Thus the finite geodesic distance As between two points in flat 
space is equal to the square root of the absolute value of the sum 
of the squares of the finite coordinate differences Az r . 

The fact that the differential equations of a geodesic can 
be integrated as in 4.217 makes the geometry of a flat space 
very much simpler (and richer in interesting results) than the 
geometry of a curved space. Many terms familiar in ordinary 
Euclidean geometry in three dimensions can be given signi- 
ficant and simple definitions in a flat space of N dimensions. 
We shall now make some of these definitions. 
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A straight line is defined as a curve with parametric equa- 
tions of the form 

4.220. Z r = A r U + B n 

where the A's and B's are constants and u is a parameter. 
For such a curve we have 

4.221. dz r = Ardu, eds*= dz n dz n = AnA n du 2 , 

ds = 's/eAnAndu. 
Unless AnA n = 0, it follows that dz r /ds is constant; hence 4.216 
is satisfied, and so the straight line is a geodesic. If A n A n = 0, 
it follows from 2.445 and 2.446 that the straight line is a 
geodesic null line. Thus the totality of straight lines includes 
all geodesies and all geodesic null lines. 
A plane is defined by the equation 

4.222. A n z n + B = 0, 

where A n and B are constants. It is easy to see that this surface 
(itself a space of N — 1 dimensions) has the familiar property 
of the plane in Euclidean 3-space, viz., the straight line joining 
any two points in a plane lies entirely in the plane. 

A plane may also be called an (N — l)-flat. This name 
suggests the definition of an (N — 2)-flat, an (N — 3)-flat, and 
so on. An (N — 2)-flat is defined as the totality of points whose 
coordinates satisfy the two linear equations 

4.223. A n z n +5 = 0, CnZn + D = 0. 
An (N — 3)-flat hats three equations, and so on. 

Exercise. Show that a one-flat is a straight line. 

A sphere is defined by the equation 

4.224. z n z n = ± R\ 

R being a real constant, called the radius of the sphere. If the 
metric is positive definite, the + sign must be chosen in 4.224. 
If the metric is indefinite either sign may be chosen, and there 
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exist two families of spheres; these spheres have the unex- 
pected property of extending to infinity. 

In developing the geometry of a flat space of N dimensions, 
one naturally tries to carry over the familiar theory of three- 
dimensional Euclidean geometry as far as possible. A warning 
is not out of place regarding some possible properties of a flat 
space of dimensions: 

(1) The metric form may not be positive definite. In such 
cases we find points which are at zero distance from one 
another, but which are not coincident. 

(2) The number of dimensions may be greater than three. 
In such cases a 2-flat, although in some ways analogous to the 
Euclidean plane, does not divide the space into two parts. 

(3) The space may be topologically different from Eucli- 
dean space. For example, we can have a flat 2-space which has 
the topology of a torus; such a 2-space has a finite area. 

In any serious discussion of flat spaces, the possibilities (1) 
and (2) must be considered. The situation (3) is extremely 
interesting, but we shall not discuss it further. In what follows 
we shall suppose that the space has Euclidean topology. This 
means that the coordinates y r , for which the fundamental form 
is as in 4.201, take all values from — » to + «> , and that to 
each set of values of y r there corresponds one distinct point. 

Let us briefly consider a flat space of three dimensions with 
an indefinite metric form reducible to 

4.225. $ = dy\ + dy 2 2 - d& 

The corresponding homogeneous coordinates are 

4.226. zi = y x , = y 2 , z% = iy*. 

Turning to the general equations 2.445 and 2.446 for geodesic 
null lines, we see at once that the geodesic null lines drawn 
from the origin have the equations 

4.227. Z r = A r U, AnA n = 0. 

Hence all points on this family of geodesic null lines satisfy an 
equation which may be written in either of the following forms: 
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4.228. z n z n = 0, yf + y\ - y\ - 0. 

Comparing the former equation with 4.224, we recognize that 
this surface is a sphere of zero radius. However, on account of 
the indefinite character of the metric form, it does not consist 
of a single point, like a sphere of zero radius in Euclidean space. 
The second equation of 4.228 shows that this surface is a cone; 
it is called a null cone. It extends to infinity, since the equation 
is satisfied by yi= 0 and any equal values of y 2 and y 3 . 

There is of course a null cone with vertex at any point; we 
took the vertex at the origin for simplicity in obtaining 4.228. 

It is possible to make a model of the null cone 4.228 in 
Euclidean 3-space. Let y r be rectangular Cartesian coordinates 
in Euclidean 3-space. The null cone then appears as in Fig. 11. 




Fig. 11. The null cone in space-time. 



It is a right circular cone, with a semi-vertical angle of 45°. 
In using this model we must bear in mind that the Euclidean 
line element dyl+ dy%+ dy% of the Euclidean space in which 
we make the model has no significance in the geometry for 
which the metric form is 4.225. 

In the special theory of relativity, space-time is a four- 
dimensional space with an indefinite metric form, reducible to 
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4.229. dyl + dyl + dyl- dyl 

by suitable choice of coordinates. Of the four real coordinates 
y r , the first three are rectangular Cartesian coordinates in the 
physical space of the observer, and the fourth y 4 is ct, where c 
is the constant velocity of light and / is the time as measured 
by the observer. The homogeneous coordinates are 

4.230. zi= y u z 2 = y 2 , z 3 = y s , z 4 = £y 4 = ict. 

The imaginary character of z 4 explains the introduction of the 
concept of "imaginary time" into the theory of relativity. It 
is merely a notational convenience, in order that we may use 
homogeneous coordinates. 

A point in the space-time manifold is called an event. The 
history of a free particle is represented by a geodesic, and the 
history of a light ray is represented by a geodesic null line. 
Rays of light issuing in all spatial directions from an event 
give us a null cone, which therefore represents a light wave. 
Since space-time has four dimensions, a null cone cannot be 
represented in a Euclidean 3-space, as in Fig. 11. However, if 
we consider only events occurring in a single plane in the 
observer's space, the corresponding space-time manifold has 
only three dimensions, and the representation is possible. It 
is clear from Fig. 11 that this null cone divides space-time into 
three portions, which are called the past, the present, and the 
future, relative to the event represented by the vertex of the 
null cone. 



Exercise. Show that the null cone with vertex at the origin in 
space-time has the equation 

4.231. £ + yl+ yl- yl = 0. 

Prove that this null cone divides space-time into three regions 
such that 

a. Any two points (events) both lying in one region can 
be joined by a continuous curve which does not cut the null 
cone. 
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&. All continuous curves joining any two given points 
(events) which lie in different regions, cut the null cone. 

Show further that the three regions may be further classified 
into past, present, and future as follows: If A and B are any 
two points in the past, then the straight segment AB lies 
entirely in the past. If A and B are any two points in the 
future, then the straight segment AB lies entirely in the future. 
If A is any point in the present, there exists at least one point 
B in the present such that the straight segment AB cuts the 
null cone. 

4.3. Cartesian tensors. Contravariant tensors were de- 
fined in 1.3 and covariant and mixed tensors in 1.4. The defini- 
tions were based on the formulae of transformation of the 
components corresponding to a general transformation of the 
coordinates x' r - f(x\ x 2 , . . x N ), as in 1.201. These definitions 
did not involve the metrical geometry of the space in which 
x ,r and x r are coordinates. However, the geometry appeared 
quickly in Chapter n, and the tensor concept proved of great 
service in the study of Riemannian space. Although special 
coordinate systems were introduced in 2.6, they were used only 
for special purposes. 

But when we came to the study of flat spaces in 4.2, we 
found it advantageous to use homogeneous coordinates because 
in terms of them the metric form was particularly simple. As 
long as we keep to homogeneous coordinates, the transforma- 
tions involved are not general transformations, but orthogonal 
transformations, as expressed in 4.204 and 4.209. For the dis- 
cussion of flat spaces it is therefore wise to review our defini- 
tions of tensors. To avoid confusion, we keep the word 1 'tensor' ' 
(unqualified) to denote quantities transforming according to 
the laws set down in Chapter I when the coordinates undergo 
a general transformation, and define as Cartesian tensors quan- 
tities which transform according to the same laws when the 
coordinates undergo an orthogonal transformation, i.e. when 
we pass from one set of homogeneous coordinates to another. 
In accordance with the notation used in the present chapter, 
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homogeneous coordinates will be denoted by z r , and the ortho- 
gonal transformation, with the relations between the coeffi- 
cients, will be written 

4.301. z' m - A m nZn + A m% A mp A mq = 8 pq . 

In using the transformation laws of Chapter i for Cartesian 
tensors we are of course to substitute z f or x in the partial 
derivatives, and depress the superscripts on the *'s so that 
they become subscripts on the z's. 

We use the word "Cartesian" because homogeneous co- 
ordinates in a flat space are analogous to rectangular Cartesian 
coordinates in a Euclidean plane or 3-space, and indeed reduce 
to rectangular Cartesians when the space reduces to the 
Euclidean plane or 3-space. 

In order to qualify as a tensor, a set of quantities has to 
satisfy certain laws of transformation when the coordinates 
undergo a general transformation. This is a much more strin- 
gent condition than that which we impose on a set of quan- 
tities in order that it may qualify as a Cartesian tensor; in the 
latter case only orthogonal transformations are involved. Con- 
sequently, every tensor is a Cartesian tensor, but the converse is 
not true. (This is an abuse of language comparable to the fol- 
lowing: "All horses are black horses, but the converse is not 
true." To avoid it, we might call the tensors of Chapter i 
"complete tensors." A simpler plan is to regard the expression 
"Cartesian tensor" as a single noun, not divisible into "Car- 
tesian" and "tensor.") 

Let us now investigate Cartesian tensors more closely. As 
in 4.212, the transformation 4.301 may be written 

4 - 3 °2. *» = A mn z' m + A' n . 

From 4.301 and 4.302 we obtain 

4.303. ^JH = a - -??ZL . 

dz n Amn ~te- m 

This relation leads to a remarkable simplification in the theory 
of Cartesian tensors. For Cartesian tensors there is no distinction 
between contravariant and covariant components. To establish 
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this, consider the transformation formula 1.305 for a contra- 
variant tensor of the second order. With the change from x 
to z noted above, this reads 

4.304. T ,r * « T mn - — * 

0Z m OZ n 

By 4.303, this may be written 

4.305. r»=r»-^^- 

But this is the formula 1.408 for the transformation of a 
covariant tensor of the second order, viz. 

A . - - dZ m OZfl 

4.300. i r« — 1 mn —r — r 

aZ r as « 

Similar results hold for mixed tensors and tensors of other 
orders. In every case the law of transformation remains unchanged 
when a subscript of the tensor is raised or a superscript lowered. 
Consequently there is no point in using both superscripts and 
subscripts when dealing with Cartesian tensors. We shall use 
subscripts exclusively, and the words "contravariant" and 
"covariant" disappear. We have already anticipated this plan 
in writing the Kronecker delta in the form 5 m n> and also in 
writing the coordinates z T with a subscript. If we restrict the 
orthogonal transformation 4.301 by deleting the constant A my 
the coordinates z r are themselves the components of a Car- 
tesian tensor of the first order, i.e. a vector. If we restore the 
constant A m , this is no longer true, but the finite differences 
Az r of the coordinates of two points are the components of a 
Cartesian tensor. 

Since the metric form in a flat space is 

4.307. * = dz m dz m% 
the metric tensor is 

4.308. a mn — S mn . 

The conjugate tensor, previously written a mn 9 is seen without 
difficulty to be precisely a m n itself, i.e. the Kronecker delta. 
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Thus the artifice of lowering and raising suffixes, introduced in 
2.2, ceases to have any significance, because the artifice now 
involves merely multiplication by the Kronecker delta, which 
does not alter the tensor at all. 

Since a mn are constants, all Christoffel symbols vanish, and 
the elaborate formulae for the differentiation of tensors (see 
2.5) become extremely simple. The situation may be summed 
up by saying that ordinary or partial derivatives of Cartesian 
tensors are themselves Cartesian tensors. There is therefore no 
point in retaining the notations 



we shall write instead 



dT r _ 

d^' Irt ' m ' 

usibg a subscript m, preceded by a comma, to denote partial 
differentiation with respect to the coordinate z m . 

A word of warning may be given here. It may be desirable, 
in dealing with a flat space, to use coordinates other than 
homogeneous coordinates, just as we frequently use polar co- 
ordinates in a plane. Once we abandon homogeneous coordin- 
ates, we must revert to general tensors. In fact, the technique 
of Cartesian tensors is available only when both the following 
conditions are fulfilled: 

(i) The space is flat. 

(ii) The coordinates are homogeneous. 

In 4.2 we saw that there are two types of orthogonal trans- 
formations— positive transformations with \A mn \ = +1 and 
negative transformations with \A mn \ = -1. We are about to 
introduce tensors which are Cartesian tensors in a restricted 
sense, i.e. they obey the tensor laws of transformation with 
respect to a positive orthogonal transformation, but not with 
respect to a negative one. We shall call such quantities oriented 
Cartesian tensors. 



§ 4.3 Permutation Symbols 131 

Let us start with the simplest caser— a flat space of two 
dimensions. Consider the permutation symbols* e mn defined by 

a €11= 0, €12= 1» 

4.309. * e _ n 

€21= "~1> €22— V. 

These quantities do not involve any coordinate system, any 
more than the Kronecker delta does. Nevertheless, it is profit- 
able to associate them with a coordinate system z T . The per- 
mutation symbols associated with another coordinate system 
z' r will be marked with a prime (€' m „), but will be defined by 
the same formulae 4.309. Let us test € mn for tensor character by 
seeing whether the equation 

4.310. 

is true. 

By 4.302, the right-hand side of 4.310 may be written 

tmnA rmA 9n 

or, by 4.309, 

A r iA 8 2— A r iA a l. 

Explicitly, the values of these quantities are as follows: 
r = 1, s = 1; AxiAu- AitA n = 0; 
r = 1, 5 = 2; AiiAn— -4i2^2i= \A pq \ ; 
r = 2, s = 1; 421^12- ^22^4ii= - \A pq \ ; 
r = 2, s = 2; A 2 iAn— ^22^21= 0. 

If the orthogonal transformation is positive (as we shall now 
suppose), we have \A pq \ = 1. Then the four components of 
the right-hand side of 4.310 are equal respectively to the four 
components of the left-hand side of that equation, as given by 
4.309. Therefore, in a space of two dimensions e mn are the com- 
ponents of an oriented Cartesian tensor. 

In a space of three dimensions permutation symbols e mnr 
are defined by the following conditions: 

(i) € mnr = 0 if two of the suffixes are equal. 

♦For a general discussion of the permutation symbols, compare 7.1. 
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(ii) e »nr — 1 if the sequence of numbers mnr is the sequence 
123, or an even permutation of the sequence, 

(iii) € ronr = —1 if the sequence of numbers mnr is an odd 
permutation of the sequence 123. 

This definition tells us that the non-zero components of €mnr 
are as follows: 

4,311. 6 m = € 2 31= €312= 1, € i3 2 = € 2 18= € 3 21 = ~ 1. 

We shall now show that e mnf are the components of an oriented 
Cartesian tensor, that is, 

4 312 J — * ^ Zm dz r 

dz' 9 dz' t dz' u 

This can be proved directly as we proved 4.310 in two dimen- 
sions but the work is tedious to write out. We therefore adopt 
a more general method. Consider the equation 

4 * 313 * \ A Pq \ = *mnrA lm A 2n A Zr \ 

it is true, because the right-hand side consists of products of 
elements of the determinant \A pq \, one element from each row, 
with the proper sign prefixed according to the algebraic rule 
for the expansion of a determinant. Now if we permute the 
suffixes 1 and 2 in the right-hand side of 4.313, forming the 
expression 

4 * 314 * emnrA 2m A ln A Zr9 

we have the expansion of the determinant formed from 
\A pq \ by interchanging the first and second rows. Therefore 
the expression 4.314 is equal to - \A pq \ . If we make further 
permutations of the suffixes 123, the resulting expression will 
be equal to \A pq \ if the total number of permutations of the 
suffixes 123 is even, and it will be equal to - \A pq \ if the total 
number of permutations is odd. Therefore the expression 

is equal to \A pq \ if stu is an even permutation of 123, and equal 
to - |4 pg | if stu is an odd permutation of 123. Moreover, the 
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expression 4.315 vanishes if two of the numbers stu are equal 
to one another, for then we have the expansion of a deter- 
minant with two identical rows. These statements establish 
the identity of the expression 4.315 with the expression 
€«**Mp«|» and so we have 

4.316. €aiv|<4pg| = *mnrA 8m AtnA ur . 

This is a purely algebraic result for any set of quantities 
A mn . Let us suppose that these quantities are the coefficients 
of a positive orthogonal transformation, so that \A pq |= 1. 
Since the permutation symbols are defined by the same rules 
for all coordinate systems, we may write = e' atu , and so 

4.317* 9tu~ *mnrA ain At n A un 

which is the same as 4.312. Therefore in a space of three dimen- 
sions the permutation symbols e mnr are the components of an 
oriented Cartesian tensor. 

The definition of the permutation symbols is immediately 
extended to cover the case of a space of N dimensions. In V N 
the permutation symbol has N suffixes, 

and vanishes unless they are all different from one another. 
It is equal to +1 or —1 according as the number of permu- 
tations required to transform m\m* . . . m N into 12 ... N is 
even or odd. There is no difficulty in extending the above proof 
to establish that the permutation symbols in V N are the components 
of an oriented Cartesian tensor. It is obvious that the product 
of two permutation symbols is a Cartesian tensor which is not 
oriented. Any permutation symbol is, of course, skew-sym- 
metric in any pair of suffixes. For example, in four dimensions 

Exercise. In a space of two dimensions prove the relation 

4*3 18. Gmptmq = $pq» 

On account of the depression of all suffixes to the subscript 
position for Cartesian tensors, contraction is carried out at the 
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subscript level. Thus, if X n is a vector, M„ is an invariant. 
So also is !„,„, the divergence of the vector X n . If X n and F„ 
are two vectors, then X n Y n is an invariant, the scalar product 
of the vectors. Further, if T mn and S mn are two tensors, then 

Una — T mnS ms 

is a tensor. Similar remarks apply to oriented Cartesian tensors. 
For example, € wnr e wnr is an invariant; its value is 6. 

Quantities familiar in ordinary vector theory can be recon- 
structed with great ease in the present notation, which has 
five advantages over the ordinary notation. These advantages 
in most cases outweigh the slightly greater brevity of the 
ordinary notation. The advantages may be listed as follows: 

1. The notation is explicit, i.e., it shows each component 
instead of using a single symbol to denote a vector. 

2. The vector or invariant character of the expressions is 
immediately obvious to the eye. 

3. The notation covers tensors as well as vectors. 

4. There is no restriction to a positive definite metric form 
or line element. 

5. Extensions to spaces of more than three dimensions are 
easy. 

The treatment of oriented Cartesian tensors involving 
permutation symbols is particularly interesting. The vector 
product P m of two vectors X m and Y m in three dimensions is 
defined by 

4.319. P m = e mnr X n Y r . 

The analogous formula for two dimensions is 

4-320. P = e mn X m Y n ; 

this tells us immediately that X t Y 2 - X 2 Y t is an oriented 
Cartesian invariant. Equation 4.320 suggests a formula in 
three dimensions 



4.321. P = € mnr X n Y n Z r . 

This is the mixed triple product of three vectors; the formula 
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tells us at once that it is an oriented Cartesian invariant, since 
it is formed by contraction from oriented Cartesian tensors. 

It is interesting to see what happens to the idea of the 
vector product when we pass to a space of four dimensions. 
The following formulae suggest themselves: 

4.322. P = €mnr*X m YnZ r W„ 

4.323. Pm ~ GmnraXnYrZsi 

4.324. Pmn = ^mnrsXrY 9i 

4.325. 

Equation 4.322 gives us the four-dimensional analogue of the 
mixed triple product; it tells us that the determinant formed 
from four vectors is an oriented Cartesian invariant. Equa- 
tions 4.323 and 4.324 give us two extensions to four dimensions 
of the familiar vector product 4.319. In 4.323 a vector is formed 
from three given vectors; in 4.324 a skew-symmetric tensor is 
formed. 

Exercise. Write out the six independent non-zero components 
of P mn as giyen by 4.324. 

The operator curl is important in ordinary vector analysis. 
In a space of three dimensions the curl of a vector field is de- 
fined by the formula 

4.326. Y m = € mnr X r , n . 

In two dimensions the analogous formula is 

4.327. Y = €}B n X niW , 

yielding an invariant. In four dimensions the analogous oper- 
ation applied to a vector field yields a skew-symmetric tensor 
of the second order: 

4.328. Y mn = ^fnnrgX 8 , r * 

The following relation is very useful for the treatment of 
continued vector multiplication in three dimensions: 
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4*329. CmrsCmpq = d rp 8 sq — S rq S tp . 

This may be verified by writing out all components numer- 
ically, but the following procedure is a little shorter: The left- 
hand side is zero unless the numbers r, s are distinct and (p, q) 
is a permutation of (r, s), viz. p = r, q = s or p = s, q = r. 
In the former case the left-hand side is 1, and in the latter case 
— 1. Precisely the same remarks apply to the right-hand side, 
and thus 4.329 is established. 

Exercise. Translate the well-known vector relations 
A X(B XC) = B (A • C) - C (A • B), 
V X (V X V) - v (V • V) - v*v, 

into Cartesian tensor form, and prove them by use of 4.329. 

4.4. A space of constant curvature regarded as a sphere 
in a flat space. An ordinary sphere can be regarded in two 
different ways. First, as a surface in Euclidean space of three 
dimensions, its curvature being put in evidence by the fact 
that a tangent line at any point deviates from the surface. 
Secondly, as a 2-space, without consideration of any points 
other than the points in the 2-space itself. In this case the 
curvature is put in evidence by measurements made entirely 
in the surface, these measurements showing that the angle-sum 
of a geodesic triangle exceeds two right angles. 

We think of an JV-space of constant curvature primarily as 
a manifold in itself. We do not think of going out of the manifold , 
as we do when we step off an ordinary sphere into the sur- 
rounding Euclidean space. However, we now inquire whether 
it is not possible to consider a space of constant curvature as a 
surface embedded in a flat space of one more dimension, just as 
an ordinary sphere is embedded in Euclidean 3-space. 

Let us take a flat space V N with metric form which reduces 

to 

4.401. $ = dz n dzny 

for homogeneous coordinates z T . The equation 
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4.402. z n z n = C 

defines a sphere V N _i in V Nf C being a constant. This equation 
may be solved for z* N : 

4.403. *V= C - ZpZ^. 

(Greek suffixes have the range of values 1, 2, . . N — 1.) For 
any infinitesimal displacement in V N ~i we have 

4.404. z N dz N = — 

and so the metric form of F# for a displacement in F^-i 
i s 

4.405. $ = <^/fe M +(<fe#) 2 

« djyfe M + z^dz^z^dzJz^N 
dptdZudZy, 

where 

4.406. a „ r =V +77^77- 

The coordinates z p are iV — 1 coordinates in the manifold 
V N -i \ a M „ is the metric tensor of that manifold. It is not hard 
to calculate the Christoffel symbols of V N -i for this system 
of coordinates. Direct computation from 2.421 with Greek 
suffixes gives 

4.407. [»v, Pi = + r 2 • 

c - z^ 9 (c - z^y 

Consider the point P on the sphere with coordinates z p = 0, 
z N = C*. Denoting values there with the subscript 0, we have 

4.408. p] 0 = 0, 

(~- [/»% p] ) = C^%^ pv • 

/O 

Hence, by (3.113) with Greek suffixes, we have for the 
Riemann tensor of V N - at P 
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4.409. (2? w „) Q = C- l (U w - Mvp) 

= (^(a^p- a M<r a,, p ) 0 . 
Comparison of this result with 4.110 shows that P is an iso- 
tropic point of V N -i with Riemannian curvature Cr l at that 
point. This has been proved only for a special point P with 
coordinates 3 P = 0, z N = CK However, by means of an ortho- 
gonal transformation 

4.410. Z m = A mn Z ny A mp A mq = & pq , 

the coordinates of any point on V N - t may be given these 
values. (The situation is essentially the same as if we were 
dealing with an ordinary sphere in Euclidean 3-space. We 
could rotate the axes of rectangular Cartesian coordinates so 
that two of the coordinates of any assigned point P on the 
sphere become zero.) It follows that every point of V N - X is an 
isotropic point with Riemannian curvature C"K Since the 
radius R of the sphere is defined by R 2 = C, we have this result : 
A sphere of radius R in a flat V N is itself a space of N - 1 
dimensions with constant Riemannian curvature 1/R 2 . 



SUMMARY IV 
Space of constant curvature K: 

Rrsmn = K{a Tm a 9n — a r n0«m), 

ds*=dr*+R* sin 2 ^ (dO* + sin 2 6 d<t> 2 ), K = \/R*. 
Flat space with homogeneous coordinates: 

$ — dz n dz n . 

Orthogonal transformation: 

= A mn Z n + A mi AfnpAmq = dpq] 

z m = A nm z n + A m9 A pm A qm = 5 pq . 
(Positive transformation if |i4 mn | = 1.) 
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Cartesian tensors: 

T* - T ^ Zm ** Zn — T A A 
dZr dz s 

Scalar product: X n Y n . Divergence: X», tt . 

In three dimensions: 

*mr8*mpq = $rp$ *q Srq$*p» 

Vector product: emnrX n Yr. Curl: emnrX rtn . 



EXERCISES IV 

1. Show that, in a 3-space of constant negative curvature 
— 1/R* and positive-definite metric form, the line element in 
polar coordinates is 

ds*= dr*+ R 2 sinh 2 ^ (dd*+ sinW</> 2 ). 

2. Show that the volume of an antipodal 3-space of positive 
definite metric form and positive constant curvature is 
2w t R z . (Use the equation 4.130 to find the area of a sphere 
r = constant in polar coordinates. Multiply by dr and inte- 
grate for 0 ^ r ^ wR to get the volume.) What is the volume 
if the space is polar? 

3. By direct calculation of the tensor R r8 mn verify that 
4.130 is the metric form of a space of constant curvature. 

4. Show that if V N has a positive-definite metric form and 
constant positive curvature K, then coordinates y r exist so that 

ds3 _ dy»dy>» 

(l + iKy*y»y 

(Starting with a coordinate system x r , which is locally Carte- 
sian at 0, take at any point P the coordinates 



y r = £ r -Ltan (WX), 
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where p r are the components of the unit tangent vector 
(dx r /ds) at 0 to the geodesic OP and r is the geodesic distance 
OP.) 

5. Show that in a flat V N the straight line joining any two 
points of a P-flat (P < N) lies entirely in the P-flat. 

6. Show that in four dimensions the transformation 

z[ = zi cosh <t> + iz 4 sinh <f> f 
i t 

Z* = Z2, Z z = Z& 

z[ = — izi sinh <f> + js 4 cosh 0, 
is orthogonal, <f> being any constant. Putting zi= z 2 = y, 
s 3 = 2, 24= tanh <t> — v/c, obtain the transformation con- 
necting (*', y, /') and This is the Lorente transfor- 
mation of the special theory of relativity. 

7. Prove that in a flat space a plane, defined by 4.222, is 
itself a flat space of N — 1 dimensions. 

8. Show that in a flat space of positive-definite metric form 
a sphere of zero radius consists of a single point, but that if 
the metric form is indefinite a sphere of zero radius extends to 
infinity. 

9. Prove that in two dimensions 

*mn*pq = 8mp$nq ~~ $mq8np* 

10. If, in a space of four dimensions, F mn is a skew-sym- 

A 

metric Cartesian tensor, and F mn is defined by 

A 

Finn— \ *r*mnF rSf 

prove that the differential equations 

<Pmn.r+ Pnr.m+ F rm , n = 0 

may be written 

A 

F mn.n = 0. 

11. Write out explicitly and simplify the expressions 

F mnF mnt GmnrsFmnFrs, 

where P OTW is a skew-symmetric oriented Cartesian tensor. 
What is the tensor character of these expressions? 
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12. Show that in a flat space with positive-definite metric 
form all spheres have positive constant curvature. Show that 
if the metric form is indefinite then some spheres have positive 
constant curvature and some have negative constant curva- 
ture. Discuss the Riemannian curvature of the null cone. 

13. Show that in any space of three dimensions the per- 
mutation symbols transform according to 



J , 77 

« mnr — e $tu J ~ . 



., dx* dx* dx" 



dx' m dx' n dx' r 



or 



dx' m dx 1 * dx' T 



J' = 



J = 



\ dx fp 
I dx* 

dx 9 



dx 1 * 



dx* dx* dx u 

Using the result of Exercises II, 12, deduce that in a Rieman- 
nian 3-space the quantities i/ OT » r and i; mnr denned by 

Hmnr = «mnrV Oi V*** = (mnr/V a, O = |<Zp,| , 

are components of covariant and contravariant oriented tensors 
respectively. 

14. Translate into Cartesian tensor form and thus verify 
the following well known vector relations: 



V • (+V) 
VX(*V) 

V • (UXV) 
VX(UXV) 

V (U-V) 

vx(w>) 

V • (VXV) 
VX(VXV) 

V • r =3, 
VXr = 0, 



<frV • V + V • V*. 

<pVXV - VXV0, 

V-(VXU) - U-(VXV), 

V • VU - U • VV + UV • V - w • u, 

U-vV +V-VU+UX(VXV)+VX(VXU), 

o, 
o, 

w • V - v*v, 



V -Vr = V, 

where r is the vector with components equal to the Cartesian 
coordinates Si, Zz, z 9 . 

15. Prove that 

*amn*ortH" € a»»« e o»r = tamr^anf 
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APPLICATIONS TO CLASSICAL DYNAMICS 

5.1. Physical components of tensors. Tensor calculus 
came into prominence with the development of the general 
theory of relativity by Einstein in 1916. It provides the only 
suitable mathematical language for general discussions in that 
theory. But actually the tensor calculus is older than that. It 
was invented by the Italian mathematicians Ricci and Levi- 
Civita, who published in 1900 a paper showing its applications 
in geometry and classical mathematical physics. It can also 
be used in the special theory of relativity, which is that simpler 
form of the theory of relativity covering physical phenomena 
which do not involve gravitation. Thus tensor calculus comes 
near to being a universal language in mathematical physics. 
Not only does it enable us to express general equations very 
compactly, but it also guides us in the selection of physical 
laws, by indicating automatically invariance with respect to 
the transformation of coordinates. 

The present chapter is devoted to the use of tensor calculus 
in classical mechanics. The 1 'space 1 9 of classical mechanics is 
a Euclidean space of three dimensions. In choosing a system 
of coordinates, as a general rule it is best to use rectangular 
Cartesians. If we restrict ourselves to these, the only trans- 
formations we have to consider are orthogonal transformations. 
If we further restrict ourselves to axes with one orientation 
(say right-handed axes), the Jacobian of the transformation 
is +1. The tensors which present themselves are then oriented 
Cartesian tensors, and the equations of mechanics are tensor 
equations in that sense. 
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On the other hand, if we are dealing with problems in which 
certain surfaces play an important part, it may be advisable 
to abandon Cartesian coordinates in favour of other systems 
in which the equations of the surfaces in question take simple 
forms. Thus, if a sphere is involved, spherical polar coordinates 
are indicated ; if a cylinder is involved, cylindrical coordinates. 
In order to take into consideration all possible systems of curvi- 
linear coordinates, it is wise to forget that we are dealing with 
a flat space and consider general transformations of coordinates 
as in 1.2. With respect to such transformations the entities of 
mechanics (velocity, momentum, and so on) behave like ten- 
sors in the general sense, and the equations of mechanics are 
tensor equations in the general sense. To help in distinguishing 
rectangular Cartesians from curvilinear coordinates, we shall 
write z T (with a subscript) for rectangular Cartesians, and x r 
(with a superscript) for curvilinear coordinates. The Latin 
suffixes have the range of values 1, 2, 3, since we are dealing 
with a 3-space. 

Consider any familiar vector, such as the velocity of a 
particle. If we use rectangular Cartesians s r , we may denote 
its components by Z r . We recall that as long as we restrict 
ourselves to rectangular Cartesians, the contravariant com- 
ponents of a vector are the same as the covariant components. 
Thus we are entitled, if we like, to write Z r = Z r . The quan- 
tities Z r are called the physical components of the vector along 
the coordinate axes. 

If we now introduce curvilinear coordinates x r , we may 
define a contravariant vector X r and a covariant vector X r by 
the transformation formulae (cf. 1.302 and 1.402) 

5.101. X'= Z'—, X r = Z,^. 

dZ 9 dX r 

These quantities are called the contravariant and covariant com- 
ponents of the vector in question for the coordinate system x r . 
We do not use the word "physical" in connection with these 
components, because in general they have no direct physical 
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meaning; indeed they may have physical dimensions different 
from those of the physical components Z r . 

So far we have considered the physical components of a 
vector along the coordinate axes, and also its contravariant 
and covariant components for a curvilinear coordinate system. 
We shall now introduce a third set of components, namely, the 
physical components in assigned directions, and, in particular, 
the physical components along the parametric lines of ortho- 
gonal curvilinear coordinates. 

Let x r be a curvilinear coordinate system with metric tensor 
a mn . Let X r be the vector whose components are under dis- 
cussion, and let X r be an assigned unit vector. We define the 
physical component of the vector X r in the direction of X r to be 
the invariant a mn X m \ n . By the usual rules for raising and 
lowering suffixes, we have 

5.102. a mn X m \» = X n \ n = X n \». 

Let us now introduce rectangular Cartesians z r and see what 
this definition means. Let Z T and £ r be the components of X T 
and X r respectively in this coordinate system. Then, since the 
expressions in 5.102 are invariants, we have 

5.103. X»X„ - Z*f w = Z n f n . 

But Z n f n is the scalar product of the vectors Z r and f r . It is, 
in fact, the projection of Z r on the direction of f r , and so is 
the component of Z T in that direction, the word "component" 
being used in the sense commonly understood in discussing 
the resolution of forces, velocities, and other vectors in mech- 
anics. Thus the invariant a mn X m \ n represents the physical 
component of X r in the direction of X r in the usual sense of 
orthogonal projection. 

Now suppose that the curvilinear coordinates x r are ortho- 
gonal coordinates, so that as in 2.658 the line element is 

5.104. ds 2 = (hidx 1 )^ (M* 2 ) 2 + (h z d**)*. 

Let us take the unit vector X r in the direction of the parametric 
line of x l , so that 
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5.105. X* = dx l /ds, X 2 = 0, X* = 0. 
Since it is a unit vector, we have 

5.106. 1 - a mw X m X n = AftX 1 )*, 
and so 

5.107. X*= 1/hi. 

Lowering superscripts by means of the metric tensor of 5.104, 
we have also 

5.108. Xi= hi, X 2 = 0, X 8 = 0. 

Hence, by 5.102, the physical component of the vector X r 
along the parametric line of x 1 is X x /hi or hiX 1 . Collecting sim- 
ilar results for the other parametric lines, we have the following 
result: For orthogonal curvilinear coordinates with line element 
5.104, the physical components of a vector X r are 

5.109. Xi/hu X 2 /h 2 , Xz/fa, 
or equivalently 

5.110. faX 1 , h%X\ h*X*. 

Let us now consider the components of a tensor of the 
second order. We start with rectangular Cartesians z r , then 
pass to general curvilinear coordinates x r , and finally specialize 
these to orthogonal coordinates. Usually in mechanics the 
components Z r8 for Cartesians z r present themselves first. We 
call them the physical components along the coordinate axes. 
Then for curvilinear coordinates x r we define contravariantand 
covariant components by the transformation equations 

g far dz 9 dz r dz B 

X = Z dZr dz 9 
TS dx m dx n 

We can define mixed components also, using the fact that for 
a Cartesian tensor it is permissible to push a suffix up or down : 

5.112. X^=Z^£?I=Z„*^. 

dz r dx n dz r dx n 
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Next, we introduce two unit vectors (which may coincide), 
with contravariant components X r , ix r in the curvilinear co- 
ordinates, and define the physical component of the tensor along 
these directions to be the invariant 

5-113. X mn X« M n . 

Finally, taking x r to be orthogonal curvilinear coordinates, we 
select the unit vector X r along a parametric line, and the unit 
vector ii r along the same parametric line or along another. 
We obtain from 5.113, by the same type of argument as we 
use for a vector, nine physical components along the parametric 
lines. These physical components are expressed in terms of 
covariant components as follows: 

Xii/h\, Xu/hih 2f Xxz/hjizy 

5.114. X 21 /h 2 h u X 22 /h\, X 2Z /h 2 h z , 
X31/A3A1, X32/A3A2, Xz Z /hl 

In terms of contravariant components they are as follows: 

h\X* f hJiiX**, hhzX**, 

5.115. h\X*\ h 2 hzX™, 
hzfoX* hzh 2 X**, h\X*\ 

The procedure set out above is logical. It enables us to pass 
from the physical components along coordinate axes to contra- 
variant and covariant components in curvilinear coordinates, 
and finally to physical components along parametric lines of 
orthogonal coordinates. However, the procedure may be con- 
siderably shortened by making proper use of the tensor idea. 
To illustrate this, we shall now consider a simple fundamental 
problem. 

Problem : To obtain, for spherical polar coordinates (r, 0, 
contravariant and covariant components of velocity, and also 
the physical components along the parametric lines. 

Taking z r to be rectangular Cartesians, and putting x 1 — r, 
x 2 = 6, </>, we have the transformation 
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2i= x 1 sin x 2 cos x? f 

5.1 16. 22= x l sin x 1 sin ac 8 , 
zs= se 1 cos x\ 

The physical components of velocity along the coordinate 
axes are 

5.117. V r - rfZr/A 

Let i> r and v r be the contravariant and covariant components 
of velocity. The formulae 5.101 tell us that 

5.118. v'= V, — , v r = V.^. 

dz 9 dx r 

To carry out these computations we need the 18 partial deri- 
vatives dz s /dx r and dx r /dz 9J to be calculated from 5.116. We 
sidestep this complicated calculation in the following way. 
We look at the formula 5.117, and ask ourselves: Is there any 
simple contravariant or covariant vector which reduces to 
dzr/dt when the coordinates are reduced to rectangular Car- 
tesians? The answer is immediate: dx r /dt is such a contra- 
variant vector. So we boldly write 

5.119. v r = dx r /dt, 

and justify this statement as follows. Equation 5.119 is a tensor 
equation, and so it is true for all coordinate systems if it is true 
for one. But it is true for rectangular Cartesians by 5.117, since 
V r and v r are different representations of the same vector, and 
so also are dz r /dt and dx r /dU Therefore 5.119 is true, in the 
sense that it gives the values of v r demanded by 5.118. 

To get the covariant components v ff we introduce the metric 
tensor a w ». The line element in spherical polars is 

5.120. ds 2 = dr*+ rW+ r 2 sin 2 $ d<t> 2 

- (dx l )*+ (*W) 2 + (x l sin x* dx 3 ) 2 , 

and so 

5.121. a n - l f att=(x l )* f a u = (x l sin 

a mn = 0 for w ^ n. 
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Lowering the superscript in the usual way, we get 

5.122. v r — a rm v m , 
or explicitly, from 5,119, 

5.123. v x - dx l /dt, vi - (x l )*do(*/dt, v z = (x l sin x*)Hx*/dt. 
Once we have seen our way through this reasoning, we may 
shorten the work by omitting the symbols z r and x r and working 
entirely with r, 0, <t>. We reason as follows: The contravariant 
components of velocity are the time-derivatives of the co- 
ordinates as iii 5.119, and so 

5.124. t^= dr/dt 9 v 2 = d$/dt, v*= d<f>/dt. 

(Note that only the first component has the dimensions of 
velocity — length divided by time; the other two components 
have the dimensions of angular velocity.) The line element is 
as in 5.120, so that 

5.125. aii= 1, 022- f 2 , 088 = r 2 sin 2 0, 

0mn= 0 for m 7* n. 
On lowering the superscripts in 5.124, we get the covariant 
components 

5.126. V!= dr/dt, v 2 = r*dO/dt 9 i> 8 = r 2 sin 2 $ d<f>/dt. 
Comparison of 5.104 and 5.120 gives 

5.127. Ai= 1, h 2 = r, h z = r sin 6. 

Hence, by 5.110, the physical components of velocity along 
the parametric lines of spherical polar coordinates are 

5.128. v r = dr/dt, v 0 = rd6/dt, v+** r sin 0d<f>/dt. 

These components are easily checked by considering the com- 
ponents of a general infinitesimal displacement along the para- 
metric lines. Note that v rt v e , all have the dimensions of 
velocity. 

The preceding problem has been discussed at some length 
to show how tensor ideas are actually used. Tensor theory 
sets up a logical but clumsy procedure. Then, by a little judi- 
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cious guessing, usually very easy, we short-circuit tedious com- 
putations, and arrive quickly at the required answer. We appeal 
to tensor theory to justify the guess and hence the answer. 

5.2. Dynamics of a particle. Our purpose is to discuss 
the dynamics of a particle using general curvilinear coordinates 
x r in ordinary Euclidean space. The plan is to write down 
tensorial expressions which reduce to known quantities when 
the curvilinear coordinates reduce to rectangular Cartesians. 

As we have already seen, the contravariant components of 
velocity are 

5.201. v r = dx r /dt. 

Acceleration is commonly defined as the time-derivative of 
velocity. However, dv r /dt are not the components of a tensor, 
and so cannot represent acceleration in curvilinear coordinates. 
Instead, we write tentatively for the contravariant compo- 
nents f of acceleration 

5.202. / r = fo>7«» 

where 8 indicates the absolute derivative as in 2.511. We verify 
that this is correct, because the expression on the right is a 
vector which reduces to dv r /dt when the coordinates are rect- 
angular Cartesians. 

Let us now carry out an important resolution of acceler- 
ation into components along the tangent and first normal of 
the trajectory of the particle, using curvilinear coordinates. 
If ds is an element of arc of the trajectory, then the unit tan- 
gent vector is 

5.203. X r = dx r /ds. 

Let v r be the contravariant components of the unit first normal 
and k the curvature of the trajectory (reciprocal of the radius 
of curvature). Let us recall the first Frenet formula 2.705, 

5.204. 8X r /to - kv t . 

Let a mn be the metric tensor for the curvilinear coordinate 
system x r , and let v be the magnitude of the velocity, so that 
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5.205. 



v* = a mn »"•»» = v n v n . 



Then 



5.206. 



dt dt \dt/ ' 



and so, by 5.204, 



5.207. 



r = 



— = - ( dxrds \ _ ± 

St St\ds dt) St 



os dt ds 



Thus the acceleration is resolved into a component v dv/ds along 
the tangent and a component kv 2 along the first normal. 

The Newtonian law of motion tells us that the product of 
the mass and the acceleration is equal to the applied force. 
Treating the mass as an invariant, we write tentatively 

5.208. mf = F* 

as the equation of motion of a particle, F* being the contra- 
variant component of force. This is correct, because it is a 
tensor equation which reduces for Cartesian coordinates to 
the law stated above in words. 

The question now arises: How are we to express 5.208 in 
a form suitable for integration, in order that the motion under 
a given force may be determined? In 5.1 we saw how to cir- 
cumvent tedious transformations in computing contravariant 
and covariant components of velocity. The left-hand side of 
5.208 presents no difficulty, since it can be computed from 
5.202. In fact, the explicit form of 5.208 is 



in contravariant form. In covariant form, 5.208 reads 



5.209. 



m 



( d 2 x r ( r \dx 8 dx n \ 
\ dt 2 \s n] dt dt ) 



5.210. 



tnfr = F r% 



or, explicitly, 
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/ d*x* , , ,dx'dx n \ p 
5.211. m { a r t — + lsn,r]- lf J = 

Referring to 2.431 and 2.438, we get, after a change in nota- 
tion, an alternative (and very important) form of 5.210, 
namely, 

d dT dT „ 
5 ' 212 - mf ' m dt^~^ = Fr ' 

where 

5.213. T = %tna pq & p x*, dx*/dt. 

We note that T = Iww 2 , the kinetic energy of the particle. 
The equation 5.212 is called the Lagrangian equation of motion. 
It was obtained by Lagrange long before the invention of the 
tensor calculus. 

However, the question still remains whether F* or F r must 
be computed from the physical components of force along the 
coordinate axes of Cartesians by transformations of the type 
5.101. Happily, a short-cut can be found here also. Consider 
the differential expression 

5.214. dW - F»dx*, 

where F r is the covariant force and dx r an arbitrary infini- 
tesimal displacement. This expression is clearly an invariant. 
If the curvilinear coordinates become rectangular Cartesians, 
dW is the work done in the displacement corresponding to dx r . 
But since the expression is invariant, its value is the same for 
all coordinate systems. Hence the device is to calculate the 
work done in an arbitrary infinitesimal displacement corres- 
ponding to increments dx r in the curvilinear coordinates, and 
read off the coefficients in the linear differential form repre- 
senting the work. These coefficients are the covariant com- 
ponents F r . The contravariant components may then be found 
by raising the subscript by means of the conjugate tensor a mn : 
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S.21S. pr = a rn Fnm 

If the particle has a potential energy V, a function of its posi- 
tion (as it has in many physical problems), then the procedure 
is simpler still. For, in that case, 



dV 



5.216. F r = - 

Bx s 



This is justified by the tensor character of this equation, which 
states (if the coordinates are rectangular Cartesians) that the 
force is the gradient of the potential energy, with sign re- 
versed— the well-known relation by which in fact the potential 
energy may be defined. 

Let us now consider the dynamics of a particle which is 
constrained to move on a smooth surface S. We choose in 
space a system of curvilinear coordinates x r such that the 
equation of 5 is x» = C, a constant. Then x a (Greek suffixes 
having the range 1, 2) form a system of curvilinear coordinates 
on S. The motion of the particle must satisfy the general 
equations of motion, for which we have the three equivalent 
forms 5.209, 5.211, and 5.212, F r or F r being the total force 
acting on the particle, i.e. the resultant of the applied force 
and the reaction which keeps the particle on the surface. Let 
us concentrate our attention on the formula 5.212. Since = C 
throughout the whole motion, we are to put 

5.217. C, x*= 0, x* = 0, 

the dots indicating differentiation with respect to the time. 
It is easy to see that, for the first two components of 5.212, it 
is a matter of indifference whether we make the substitutions 
5.217 before or after carrying out the differential operations 
required in 5.212. With the substitution 5.217, we get 

5.218. T= 

and the equation of motion is 

5.219. L*I-*L- F . 
dtdx a dx a 

Here F a is such that F « dx* is the work done in an infinitesimal 
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displacement on the surface. If the surface is smooth, the 
reaction is normal to the surface, and does no work in such a 
displacement. Consequently F a may be computed from the 
work done by the applied force alone. The quantities F a are 
called the covariant components of intrinsic force. 

The surface S is itself a Riemannian space of two dimen- 
sions, with metric form 

5.220. ds 2 = a^Hy?. 

The motion of the particle on 5 defines the vectors 

dx a ^ Sv a 

5.221. » a =^-, r 

dt U 

where the 5-operation is performed with respect to the metric 
tensor a^. We call v a the intrinsic velocity (contravariant com- 
ponents) and f* the intrinsic acceleration (contravariant com- 
ponents). If we want covariant components, we can get them 
by lowering the superscripts in the usual way with a^. 

The Lagrangian form 5.219 of the equations of motion may 
be transformed at once into either of the following forms: 

5.222. F% w/ a = F a . 

The following important conclusion may be drawn: Given 
the metric form 5.220 for a smooth surface, and the vector F a 
(or F 1 ) of intrinsic force, the study of the motion of the par- 
ticle on the surface may be carried out intrinsically, i.e., with- 
out reference to the Euclidean 3-space in which the surface is 
embedded. 



Exercise. If p* are the contravariant components of a unit 
vector in a surface 5, show that ju a / a is the physical component 
of acceleration in the direction tangent to S defined by /i\ 

Let us pursue further the dynamics of a particle moving 
on a smooth surface 5, treating the question from the intrinsic 
standpoint. Considered as a curve in S, the trajectory has two 
Frenet formulae (cf. 2.712): 
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5.223. 




Here the Greek suffixes have the range 1, 2; X a is the unit 
tangent vector in S; v' is the unit first normal; and * is the 
first curvature. These formulae must not be confused with the 
Frenet formulae of the trajectory in space, of which there are 
three. To avoid confusion, we have written k for the curvature 
of the trajectory considered as a curve in S, to distinguish it 
from k, the curvature of the trajectory in space which appeared 
in 5.204. The curvature k is a measure of the deviation of the 
curve from a tangent geodesic in S; it is usually called the 
geodesic curvature. 

If we carry through in S the transformation made in 5.207 
for space, we get 



Thus the equations of motion 5.219 may be written 



V ds J ' 

If, in particular, there is no applied force, we have F*= 0. 
Multiplying 5.225 first by X a and secondly by v a , we obtain 



Assuming that the particle is not at rest, we have v ^ 0, and 
therefore k = 0. Since this implies that the curve is a geodesic, 
we deduce the following result: Under no applied force, a par- 
ticle on a smooth surface moves along a geodesic with constant 
speed. 

As another special case, suppose that the vector F* in the 
surface is perpendicular to the trajectory and of constant 
magnitude C. Then we may write 



5.224. 





5.226. 




w* = 0. 



5.227. F° = Cv a . 

Substituting in 5.225, we easily deduce 
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5.228. v- = 0, inkv % = C. 

as 

The first equation tells us that the speed is constant; the second 
equation then tells us that k is a constant. This means that 
the trajectory is a geodesic circle on the surface. (On a sphere, 
for example, a geodesic circle is a circle in the ordinary sense, 
but not in general a great circle. On a general surface, a 
geodesic circle is not necessarily a closed curve, nor is it the 
locus of points equidistant from a fixed point.) 

Emphasis is again laid on the essential similarity between 
the dynamics of a particle moving on a smooth surface and the 
dynamics of a particle moving in space. It is true that there 
is one dimension less for the surface, and it is a curved space, 
not a flat one. However, these differences are not noticeable 
in the tensor formulation of the equations of motion. This 
formulation shows us how easily we might set up a dynamical 
theory for a particle moving in a curved space of three or more 
dimensions. However, the theory of relativity has introduced 
a fundamental difference in our concept of time, which makes 
t unsuitable as an independent variable in equations of motion. 

In relativity we deal with a Riemannian 4-space (space- 
time). The equations of motion of a particle are 

5.229. rn— = X r , 

where m is an invariant (the proper mass of the particle), X f 
is the unit tangent vector to the trajectory in space-time, ds 
is an element of arc as defined by the metric of space-time, 
and X r is a vector in space-time corresponding to force in 
Newtonian mechanics; it is called the force 4-vector. 

Exercise. Show that in relativity the force 4-vector X r lies 
along the first normal of the trajectory in space-time. Express 
the first curvature in terms of the proper mass m of the par- 
ticle and the magnitude X of X r . 

Let us return to the dynamics of a particle in Euclidean 
3-space. Let z r be rectangular Cartesians, v r the components of 
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velocity of a particle along the coordinate axes, and F r the 
components of force along the coordinate axes. We define the 
vector moment of the force about the origin to be the vector 

5.230. M T = * rmn z m F n . 

(For the permutation symbol, see 4.311.) With this is associ- 
ated the skew-symmetric tensor moment 

5.231. M r .= t rtn M n = z r F„- z.F r . 

In the same way the vector of angular momentum h r and the 
tensor of angular momentum h rt are defined by 

5 ' 232 - *r= »»€rmnSm»n, 

5.233. h r ,= m(z r v,— s,t> r ), 

where m is the mass of the particle. If we differentiate these 
equations, remember that the acceleration is/ r = dv r /dt, and 
use the equation of motion 5.208, we obtain the following 
equivalent forms for the equation of angular momentum for a 
particle: 

5.234. d jl =Mr or ^ = M rB . 

It is to be noted that now we are tied down to rectangular 
Cartesians. The extension of 5.234 to curvilinear coordinates 
involves complications into which we shall not go. This arises 
from the fact that actually two points are involved— the par- 
ticle itself and the origin about which the moments are taken. 
It is only relations involving a single point and its immediate 
neighbourhood that can be translated easily into curvilinear 
coordinates. 

5.3. Dynamics of a rigid body. It is usual, in discussing 
the dynamics of a rigid body, to use a good deal of physical 
intuition derived from our experience with motions in space. 
Such methods, especially those which employ vector notation, 
are successful in leading us quickly and easily to the differ- 
ential equations of motion. However, the use of spatial intui- 
tion obscures the deeper mathematical structure of the argu- 
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ment, and so fails to open up new trains of thought. The 
situation is parallel to that in geometry. The study of Eucli- 
dean geometry of three dimensions by methods based on our 
spatial intuition does not lead on to new ideas; but once we 
introduce the analytic method, the possibility of discussing 
space of higher dimensionality is opened up. 

Let us then study the dynamics of a rigid body in N- 
dimensional flat space; we have only to put N = 3 in order to 
recover the familiar theory. We shall use homogeneous co- 
ordinates z T . 

Rigidity of a body implies the constancy of the distances 
between the particles which compose the body. Consider two 
points P (l) and P (2) with coordinates s r (l) and * r (2 \ respectively. 
The square of the distance between them is 

5.301- (p(i)p(2))2 = (2m (i) _ Zm (2) KZm (D _ s m (2>). 

If the body undergoes an infinitesimal displacement in time dt, 
the coordinates of a point in the body change from z T to 
z r + dz r , where dz r =(dz r /dt)dt. In view of the rigidity of the 
body, differentiation of 5.301 gives 

5.302. - z m ^){dz m ^- dz m ^) = 0. 
Obviously, if this condition is satisfied for every pair of points, 
the displacement is a possible one for a rigid body. 

The simplest infinitesimal displacement of a rigid body is 
a translation, which is described mathematically by writing 

5.303. dz r = ardt, 

where a r are the same for all points of the body. When we 
substitute 

5.304. <fe r (0 = a4U dz r ^ = a<dt 

in 5.302, the equation is satisfied. This verifies that the infini- 
tesimal translation satisfies the condition of rigidity. 

Consider now an infinitesimal displacement which leaves 
unmoved the particle of the body which is situated at the 
origin (z r = 0). If this is a rigid body displacement, the dis- 
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tance of any point from the origin remains unchanged, and so 
it follows from 5.302 that 

5.305. •g&ff-O, 0. 
When these are used in 5.302, we get 

5.306. 0. 

In a continuous motion of a rigid body, with the origin fixed, 
the displacement dz r of a point with coordinates z r is 

5.307. dz r = v r (z u z 2 , . . t)dt, 

where v r is the velocity at time / of the particle at s r . Then 
5.306 may be written 

5.308. *ffiS?+iM- 0. 

Noting that (the velocity ats ( *>) is independent of the point 
sy , we obtain by differentiation 

5.309. s g = o 

Since may be chosen arbitrarily in the body, without 
changing the choice of z™, and the partial derivative is inde- 
pendent of z { l\ it follows that the partial derivative vanishes. 
Therefore is a linear function of z ( ?. But it vanishes at the 
origin. Therefore it is a homogeneous linear function, and, 
dropping the superscript (1), we may write 

5.310. V r = — (tirmZm. 

The coefficients « rm are independent of the coordinates, i.e. 
they are functions of t only. But as in 5.305, we have 

5.311. z r v r =* 0, 
and so 

5-312. o> rm z r z m = 0. 

From this it follows that <a ra is skew-symmetric: 
5.313. co r ,= — co tr . 



From 5.310 and the vector character of v r and z r (for trans- 
formations which do not change the origin), it follows that co ra 
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is a Cartesian tensor of the second order. It is called the angular 
velocity tensor. It is clear that if v r is given by 5.310 with w rs 
arbitrary but skew-symmetric, then the corresponding motion 
satisfies the condition of rigidity. Let us sum up as follows: 
If a rigid body rotates about the origin as fixed point, the velocity 
of any point z r is given by equation 5.310, in which the coefficients 
co r8 are skew-symmetric functions of the time. 

Exercise. Show that if a rigid body rotates about the point 
2 r = b r as fixed point, the velocity of a general point of the 
body is given by 

5.314. V r = — 0>rm(Zm — b m ). 

Let us now put N = 3 and introduce the angular velocity 
vector 

5.315. « r = h*rmn<*mn* 

Obviously this is an oriented Cartesian tensor. It is easily 
seen that the angular velocity tensor is expressed in terms of 
the angular velocity vector by 

5.316. Wra- «r«n«n. 

Explicitly, the relations are 

5.317. C0i= 0>2Si «2= 0>81» <*>3= «W. 

In terms of the angular velocity vector, 5.310 becomes 

5.318. Vr= *rmn<»>m?ni 

which is the vector product of the vectors <a r and z Y . If we put 
z r = 0c* r in 5.318, it is clear that v r = 0, no matter what value 
0 may have. Thus, in addition to the origin, a line of points 
in the body is instantaneously at rest, given by the equation 

5.319. Sr= 0*>r. 

This line is called the instantaneous axis. 

So far we have considered only the kinematics of a rigid 
body. As a basis for dynamics let us take D'Alembert's prin- 
ciple in the form 
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5.320. 2mf n dz n = 2F n dz n . 

Let us now return to iV-space. The repetition of the suffix 
implies summation over the range 1, 2, . . ., N. The sign 2 indi- 
cates a different summation, viz., a summation over all the 
particles of the rigid body. In 5.320, m is the mass of a typical 
particle, f r its acceleration, F r the external force acting on it 
and dz T an infinitesimal displacement (called a virtual displace- 
ment) which is arbitrary except for the condition that the dis- 
placements must not violate the conditions of rigidity of the 
body. The internal reactions of the body do not appear, since 
they do no work in such a system of displacements. The virtual 
displacements are not necessarily those which actually occur 
in the motion of the body in time dt. 

First, take dz r to be the displacements corresponding to an 
infinitesimal translation. This means that dz r = da r , where da 
are the same for all the particles, but otherwise arbitrary! 
Then 5.320 may be written 

S - 321 - OSmfn - 2F n )da n = 0, 

and it follows that 

s ' 322 « Sw/ r = 2F r . 

These are the equations of motion for translation. They may 
also be written 

5-323. -|[2m» r ] = ZF r , 

dt 

or, in words, the rate of change of the total linear momentum is 
equal to the total external force. 

Next, let us take dz r to correspond to an infinitesimal 
rotation about the origin. This may be done by writing, as in 
5.310, 

S ' 324 ' dZn= - tlQnpZj,, 

where v is an arbitrary infinitesimal invariant, and Q m an 
arbitrary skew-symmetric tensor. Substitution in 5.320 gives 
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5.325. Q n p2(mfnZ P ) = Q np 2FnZ Pf 
and hence, since Q np is arbitrary, 

5.326. 2m(f n Zp- fpZ n ) - 2(F«Z P - FpZ n ). 

We now introduce the tensor moment of forces M nP , and the 
tensor of angular momentum h np , defined by (cf. 5.231, 5.233) 

5.327. M np = 2(z n F p - z p F n ) f h np = 2m(z n v p - z p v n ). 
Since v r = dz r /dt,f r = dv r /dt, equation 5.326 may be written 

5.328. ^-h nP - M np . 

dt 

Thus for a rigid body in N dimensions, turning about a fixed 
point the rate of change of angular momentum is equal to the 
moment of external forces about the origin. 

To compute the angular momentum, we use 5.310, where 
co rm is the angular velocity tensor of the body. Then 

5.329. h np = 2m(a) nq ZqZ p — <a Pq z q z n ) 

J nprq&rq* 

where 

5.330. Jnprq — 

2w(5 n r2ps; fl - S pr Z n Z q ). 
This may be called the fourth-order moment of inertia tensor. 
The equations of motion 5.328 now may be written 

5.331. -j- (Jnprq&rq) ~ M n p* 

dt 

Let us see what becomes of this formula when N = 3. If 
we use 5.316, define the moment vector, as in 5.231, by M,= 
\ €<npM np , and multiply 5.331 by \ e 9np , we get 

5.332. = M., 

dt 

where 

5.333. I 9t = h J nprqGrqt* anp» 
On substituting from 5.330, this becomes 
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S - 334 - *ti - 2m€ ptq € p 9n z q z n , 

or, by 4.329, 

5.335. / t< =s d 9 &mz q z q - Zmztft. 
Explicitly, we have 

/n« 2m(4 + z\), I„- Xm(zl + *?), hi= 2m(s*+s 2 2 ), 

5.336. J 2 ,= j M=s _ Sms^s, J«= I M - - Sw2^ lf 

which will be recognized as the usual moments and products 
of inertia, the latter with signs reversed. The symmetric tensor 
I at is commonly called the moment of inertia tensor. It is inter- 
esting to see how the three-dimensionality of space effects the 
reduction from the fourth-order tensor J nprq to the second- 
order tensor I 9t . 

The equations 5.332 may also be written 

5-337. dh 9 /dt = M 9f 

where 

We note that the components J nprq (and I„) depend on 
the coordinates of the particles of the body, and so are func- 
tions of /. This makes the equations of motion difficult to use, 
and we have recourse to moving axes, which we shall now 
discuss. 

S.4. Moving frames of reference. A moving rigid body 
may be used as a frame of reference. Consider a rigid body (5') 
turning about a fixed point O, and let 4 be rectangular Car- 
tesian coordinates relative to axes which are fixed in S', but 
moving in the space S in which axes z r have been chosen. 
Then any particle has two sets of coordinates, z r relative to 
axes fixed in 5 and 4 relative to axes fixed in S'. We choose 
both coordinate systems to have a common orientation and 
a common origin at 0. Between the two sets of coordinates 
there exist formulae of transformation, which (with the assoc- 
iated identities) may be written 
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g Z r = ArmZmi *r = A mr Z m , 

A mp A mq = dpqy ApmAqm = 5 p? . 

The coefficients A mn are the cosines of the angles between the 
two sets of axes; they are functions of the time t. 

A moving particle has two velocities; a velocity relative to 
S and a velocity relative to S'. The velocity relative to S has 
components v r = z r on the s-axes, and the velocity relative to 
5' has components v r = z r on the s'-axes. We may have occasion 
to describe velocity relative to S' by its components on the 
s-axes, or velocity relative to 5 by its components on the s'- 
axes, and there is possibility of confusion. This will be avoided 
by the following notation: 

z r =v r (S) = components on s-axes of velocity relative to 5, 
v r (S') = components on z-axes of velocity relative to 5', 
v'ris) = components on s'-axes of velocity relative to 5, 
^= v ' r (S f ) = components on s'-axes of velocity relative to S'. 

In passing from v r (S) to v r (S) f we are merely transforming 
a vector from one set of axes to another. Since vectors trans- 
form like coordinates, it follows from 5.401 that 

V r (S) = ArmVm(S) = A r mZm, 

5 - 402 - v r (S') = A mT v' m {S')= A mr z' m . 

Indeed, we may, if we like, regard these equations as defining 
v' r (S) and v r (S') as functions of /, once A mnf z r , and z r are given 
as functions of /. These last three functions are, of course, not 
independent, since the relations 5.401 exist. We have in fact 

5-403. Z T = ArmZm+ A rm Z mi 2 r = A mr Z m + A mr z' m . 

If we multiply the first of these by A rv , we get 

5.404. V p (S') = V P (S)+ ArpArmZtn. 

Similarly, from the second of 5.403, 

5.405. vl(S) = v' p (S')+ AprA^. 

Equations 5.404 and 5.405 give the transformation of velocity 
on passage from S to S' (or vice-versa) as frame of reference. 
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We shall now find out what the coefficients in the above trans- 
formations mean in terms of angular velocity. 

If we follow a particle fixed in its coordinates £ are 
constant and v,{$)= 0. Hence, by 5.402, v r (S>)= 0, and so 
by 5.404 

5.406. v p (S)= - A rp A rm z m . 

Comparison with 5.310 shows that the angular velocity tensor 

of 5' relative to 5 may be written 

5 ' 407 - <»p m (S',S)=A rp A rm ; 

the notation indicates that we are considering the angular 

velocity of S' relative to S. This tensor may also be referred 

to the z -axes; by the formulae of tensor transformation, we 

have 

5.408, <*' st (S',S) - A 8p A tm(apm ( S \S) 

We may check the skew-symmetry of the right-hand sides of 
5.407 and 5.408 by differentiating the identities in 5.401. 

By virtue of the expressions given above for angular velo- 
city, the formulae 5.404 and 5.405 for transformation of velo- 
city on change of frame of reference may be written 

5.409. V »W = + S)^, 

Relative to the original space S may be regarded as a 
rotating rigid body. Since we have several angular velocities 
to consider, it will avoid confusion if we set down our notation 
methodically. 

Axes of Angular 
Symbol reference velocity of relative to 



*>r,(S, S') z s 



s 
s 

S' 
S' 



§5,4 



Rotating Frames 



165 



To find the angular velocity of S relative to S\ we follow 
a particle fixed in S. Then we have z r constant and v r (S) = 0, 
and consequently zv(5) = 0. Then, by 5.405 and 5.408, 

5.410. vUS') - -A pr A mr Zn 

= «pm(5 7 , S)z„. 

But it follows from 5.310 that for a particle fixed in S and 
observed by S' 

5.411. v' p (S') - -c4 m (S,S')C 

Comparing this with 5.410, and remembering that z^ are arbi- 
trary, we see that 

5.412. <4 m (S', S) = -«k(S,S0. 
Similarly 

5.413. 0)^(5', 5) «^(5 f S0. 

In words, JAe angular velocity of S f relative to S is the negative of 
the angular velocity of S relative to S'. It is understood that both 
are referred to the same axes, z or z'. 

If N = 3, we may introduce angular velocity vectors by 
5.315; it follows from 5.413 that 

5.414. u r (S', S) - -w r (5, S'), a>t(S' 9 S) - -«;(5, 5'). 

We started with a " fixed space" 5, and introduced a moving 
rigid body S'. But, as we have seen, we can regard S' as" fixed," 
and think of the motion of 5 relative to it. The two angular 
velocities are the same except for sign, and there appears to be 
a complete equivalence in the sense that either frame may be 
used to describe motions, and neither is to be preferred above 
the other. It is true that this equivalence is complete as far as 
kinematics is concerned. But the two frames are not equivalent 
when it comes to dynamics. If we suppose that S is a New- 
tonian frame, in the sense that the motion of a particle relative 
to it is governed by Newton*s laws of motion, the same will 
not be true of S'. We proceed to investigate this. 
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Using S and 5' to denote the two frames of reference as 
above, and assuming S to be Newtonian, the equation of 
motion of a particle of mass m under the action of a force F r is 

5-415. mf r (S) = F r , 

if components are taken on the s-axes. Here/ r denotes acceler- 
ation. If we take components on the s'-axes, the equation reads 

5.416. mf r (S) = F' r . 

Note that the symbol in parentheses is 5, not S', because it is 
acceleration relative to the Newtonian frame of reference S 
which must appear in the equation of motion. 

We proceed to transform 5.416; by 5.402 and 5.409 

5.417. f r (S) - b r (S) 

= j t [A m rvL(S)] 

= ^{A m r[v^S')+<*US\S)zZ]} 

= A mr f m {S')+ A mr [^(50+^(5', S)z' n ] 

We multiply by A sr and obtain by 5.408 

5.418. A ar f r (S) = fi(S') + o>U$', S)[ vXST) + o>US', S)*l ] 

The left-hand side is the same as f s (S), i.e. components on 
s'-axes of acceleration relative to 5, and so the equation of 
motion 5.416 may be written 

5.419. mfi(S') = Ft + C' s + G' S9 
where the last two symbols are defined by 

K m C *' " m [c ^ (5 ' $ + co ^ (5 '' ^^(S\ S)] z>„ 
5 ' 4Z0 - G' s = 2m^ M (y,5)<(50. 

Thus Newton's law of motion (mass times acceleration equals 
force) does not hold when the rotating body S* is used as frame 
of reference; it is violated by the presence of the two vectors 
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C' s and G' s in 5.419. But, following a common practice, we may 
regard S* as Newtonian provided we add to the real force F' s 
fictitious forces C' s (called centrifugal force) and G f s (called 
Coriolis force). 

Since 5.419 is a vector equation, we may take components 
on the s-axes, and write 

5.421. mft(S') = F* + C, + G 89 

where C t and G 8 are as in 5.420, but with the primes deleted 
from a/, v 1 and z' . The indications of frames of reference remain 
unchanged. 

Exercise. Deduce immediately from 5.420 that the Coriolis 
force is perpendicular to the velocity. 

Exercise. Show that if N = 3 and # (S', S) = 0, then the 
centrifugal force may be written 

5.422. C' s - ma^S', SK(S', S)z' s - wo^S', SK«;(5', 5). 
Deduce that is coplanar with the vectors c^(S', 5) and z' s 
and perpendicular to the former. 

Let us now consider the dynamics of a rigid body S' turning 
about a fixed point 0 under the action of external forces. We 
have already obtained the equations of motion 5.331, but they 
are not in useful form because the components J npr q change 
with time. We shall transform to S'; this will overcome the 
difficulty, since z' p are constants, and hence J' npr q are constants, 
by 5.330. We note that in 5.331 co ra *= w rq (S', S). 

Let us multiply 5.331 by A an Ab P ; then we have 

5.423. AanAbp—lAcnAdpJcdrqU'rqiS', S) ] = M^. 

at 

Remembering the relations in 5.401, and also 5.408, this gives 

5.424. JUrA<(S\S) 

at 
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These are the equations of motion of a rigid body in N-dirnensions, 
referred to moving axes. They are non-linear equations, with 
constant coefficients. 

Exercise. Taking N - 3, show that 5.424 may be reduced to 
the usual Euler equations: 

d , 

S.42S. /ii^KS', S) ~ (A.- /ia)«,(S', SKCS*. 5) - JfJ, 
and two similar equations. 

5.5. General dynamical systems. Let us consider a 
dynamical system the configurations of which are determined 
by N generalized coordinates x r (r « 1, 2, . . iV). Particular 
examples are (a) a particle on a surface (N - 2), (&) a rigid 
body which can turn about a fixed point, as in the preceding 
section {N = 3), (c) a chain of six rods smoothly hinged to- 
gether, with one end fixed and all moving on a smooth plane 
(N « 6). Since the Cartesian coordinates of each particle are 
functions of the generalized coordinates, the components of 
velocity of each particle are linear homogeneous functions of 
the quantities ± r 9 the coefficients being functions of x r . The 
kinetic energy To{ the system is the sum of the kinetic energies 
of the particles which compose it; hence T is expressible in the 
form 

5.501. T = Km*" 1 **, (a nm = a mn ). 

The coefficients are functions of the generalized coordinates. 

The kinetic energy of a system has the same value at any 
instant, no matter what generalized coordinates are used. Thus 
T is an invariant under transformation of the generalized co- 
ordinates, and since * r is an arbitrary contravariant vector, 
the coefficients a mn are the components of a covariant tensor 
(cf. 1.607). 

Let us now think of a configuration-space V N , in which each 
point corresponds to a configuration of the dynamical system, 
the correspondence being one-to-one. Since the quantities x r 
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specify a configuration, they specify a point in V N ; in fact, they 
form a coordinate system in V N . 

Two adjacent configurations or points determine an invar- 
iant quadratic form 



Thus the configuration-space V N is Riemannian, with the 
metric form 5.502. The kinetic energy of a particle is positive 
if the particle is moving, and zero if it is at rest. Hence T is 
positive if any particle of the dynamical system is moving, and 
zero if the whole system is at rest. The system is at rest if, and 
only if, all the quantities £ T vanish. It follows that the form 
5.502 is positive definite. We note that this form may be written 

5.503. ds* =2Tdt*. 

To distinguish it from other possible metric forms in the con- 
figuration-space, we call 5.502 the kinematical metric form or 
line element squared, since it does not depend on the forces 
acting on the system. 

Exercise. Assign convenient generalized coordinates for the 
three systems (a), (6), and (c) mentioned at the beginning of 
this section, and calculate the kinematical metric form in each 
case. 

When the system consists of a single particle moving in 
space or on a surface, the kinematical line element ds is simply 
the geometrical line element of space or of the surface, multi- 
plied by the square root of the mass of the particle. In these 
simple cases, the configuration space is not essentially different 
from the geometrical space in which the particle moves. 

With appropriate terminology, the kinematics of a general 
dynamical system may be made remarkably analogous to the 
kinematics of a particle. We define the generalized contravariant 
velocity vector by 



5.502. 



ds 2 = a mn dx m dx n . 



5.504. 
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The covariant components are 
5.505* v r = a T ff. 

It is not convenient to define acceleration as the ordinary time- 
derivative of velocity, because that process does not yield a 
vector. Instead, we use absolute differentiation as defined in 
2.511. We define the generalized contravariant acceleration vector 
by 

5.506. f =— . 

The covariant components are 

5.507. f r - a r9 f' 

As the dynamical system moves, it passes through a se- 
quence of configurations. Correspondingly, the point in con- 
figuration-space describes a curve or trajectory, with equations 
of the form 

5.508. x r - g r (t). 

We may also use the arc-length of the trajectory as parameter; 
then the equations are of the form 

5.509. x r = h r (s). 

Let X r be the unit tangent vector to the trajectory, so that 

dx r 

5.510. v = -r- 

ds 

Then 

dx r dx r ds ds 

5.511. v r =— =— - - X r ^r. 

at ds dt dt 

Let v be the magnitude of the velocity vector, so that 

5.512. v 2 = a mn v ,n » n , v ^ 0. 
Then, substituting from 5.511, 

/ds\* fds\* ds 

5.513. + - a mn W {-) v= Jr 

and 5.511 gives 
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5.514. v r = v\ r . 

Hence we have the result, familiar in the kinematics of a par- 
ticle, but now seen to be true for a general dynamical system : 
The velocity vector lies along the tangent to the trajectory, and its 
magnitude is equal to ds/dt. 

Turning now to acceleration, we have from 5.506 and the 
Frenet formula 2.705 

dv r 5 dv ^ 8\ r 

dv 5X r dv 

where we have written k for the first curvature of the trajectory 
and v T for the first normal. Since dv/dt = (dv/ds) (ds/dt), we 
have the following alternative forms for the acceleration vector : 

dv dv 

5.516. f =-rX r + fcv 2 v r = v— X r + ki>V. 

dt ds 

As in the kinematics of a particle, we may state for a general 
system: The acceleration lies in the elementary two-space con- 
taining the tangent and the first normal to the trajectory, and has 
the following components: 

dv dv 
along the tangent: — or v — 
at as 

along the first normal: kv 2 . 

Let us now consider the dynamics of the system under the 
action of prescribed forces. The generalized covariant force vector 
X r is defined by the equation 

5.517. Xrdx r = dW, 

where dW is the work done by the forces in an arbitrary infini- 
tesimal displacement dx r . Since dW is invariant, and dx r con- 
travariarit, it is evident that X r is indeed covariant, as anti- 
cipated in the definition. The contravariant components are 
given by 
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5.518. X r = a rt X t . 

If the system possesses a potential energy V, then dW = — dV, 
and 

dV 

5.519. X r = --. 

It is interesting to note that the contravariant components of 
velocity and the covariant components of force appear most 
naturally in setting up the terminology for a general dynamical 
system. 

We shall now find the equations of motion of a general 
dynamical system in terms of the generalized coordinates and 
generalized forces. Suppose that the system consists of P par- 
ticles. Denote the mass of the first particle by Wi= w 2 = m 3t 
and its rectangular Cartesian coordinates by si» s 2 , z z . For the 
second particle, denote the mass by m 4 = m 6 = w 6 , and the 
rectangular Cartesian coordinates by z^ z B , zq. And so on. 
Denote by Zi, Z 2 , Z 8 the components of force acting on the 
first particle, by Z 4 , Z 6 , Z 6 the components of force acting on 
the second particle, and so on. Then, withholding the sum- 
mation convention for Greek suffixes, the equations of motion 
of all the particles are contained in the formula 

5.520. m a z a - Z tt , a - 1, 2, . . 3P. 

Now z a are functions of the generalized coordinates x r , and 
so the kinetic energy of the system is 

5.521. T = § XmX = | 2> a |^ r ^r.x'x: 
Comparing this with 5.501, we have for the metric tensor 

5.522. 0f#= 2 Wa — — . 

The symbolS means summation with respect to a for a = 1,2, 

a 

. . • f 3P. Applying the definition 2.421, we find for the Chris- 
toffel symbols of the first kind 
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dh a dz a 

5.523. [„,,] = Zm—- t . 
We have 

5.524. *.-£..•. i. = S^ + ^,V, 
and hence by 5.523 

5.525. Sw B — z B = a r j* + [st,r] »V 



= a r j* = /r. 

If we multiply the equations of motion 5.520 by dz*/dx f and 
sum with respect to a, we get 

5.526. Sm 8 ^. - S^A- 

From 5.525 the left-hand side is equal to the acceleration f r . 
As for the right-hand side, the work done in an infinitesimal 
displacement corresponding to increments dx r in the gener- 
alized coordinates is 

5.527. dW = 2Z tt <fe a = SZ a ^ f dx r . 

a a 

Comparing this with 5.517 and remembering that dx r are 
arbitrary, we get 

5.528. SZ a ^ f = X r . 

Hence /Ae equations of motion of a general dynamical system are 

5.529. fr=X r orf=X*; 
in words, acceleration equals force. 

It follows from 2.431 and 2.438 that the acceleration may 
also be written in the form 
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dfdT\ dT 
consequently the equations of motion may be written 

5 - 53L dt\dx r ) dx*~ Xr - 

These are Lagrange's equations of motion for a general dynamical 
system. If the system is conservative, so that X r = — d V/dx r , 
than 5.531 may be written in the form 

d ( dL\ dL 
5 - 532 ' dt\w)-ter=0, L-T-V. 



Exercise. Establish the general results 



5.533. v— = X r X r , kv 2 = X r v r . 

Deduce that, if no forces act on a system, the trajectory is a 
geodesic in configuration-space and the magnitude of the 
velocity is constant. 

Lines of force in configuration-space are defined as curves 
which have at each point the direction of the generalized force 
vector X r . Their differential equations are 

5.534. dx r - BX\ 

where 0 is an indeterminate infinitesimal. We assign a positive 
sense to the line of force by making 6 positive. If the system 
possesses a potential energy V, it is easy to see that the lines 
of force are the orthogonal trajectories of the equipotential 
surfaces V = constant; the positive sense on the line of force 
is the sense for which V decreases. 

It is easy to throw 5.517 into the form 

5.535. dW = Xds cos 0, 

where X is the magnitude of the generalized force, ds the 
magnitude of the displacement, and <t> the angle between the 
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displacement and the positive sense of the line of force. It is 
then evident that, if we consider all infinitesimal displacements 
of constant magnitude ds, the work dW is a maximum if the 
displacement is taken in the direction of the positive sense of 
the line of force, and a minimum if the displacement is taken 
in the opposite sense. 

In dynamical systems of physical interest it often happens 
that the lines of force are geodesies in configuration-space. 
When this is the case, the system, if started properly, will 
travel along a line of force. We shall now prove that if the 
system is started with velocity tangent to a geodesic line of force, 
the trajectory will lie along that line of force. 

To prove this, let us look again at the equation of motion 
5.529. Usually we think of the force X r as prescribed, and 
regard the problem as that of determining the trajectory by 
solving a set of differential equations. We recall that f r is an 
abbreviation for a function of the coordinates and their first 
and second derivatives with respect to the time. But we can 
look at the equation the other way round. We can think of the 
motion as prescribed, and the equation as one which determines 
the force under which this motion takes place. If motion and 
force are both prescribed, and the equation is not satisfied, it 
will be possible to satisfy it by introducing an extra force F r , 
given by 

5.536. Y r = f r — X r , 
for then we shall have 

5.537. /r- X r + F r , 

which is of the form 5.529 with X T replaced by X r + Y r . 

Consider now motion along a geodesic line of force. The 
extra force necessary to maintain the motion is 

dv 

5.538. Y r = f r - X r = V~ X r + Klfv T - X T . 

So far the magnitude of the velocity has not been assigned; 
let it be given by 
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5.539. v*= v\ + 2j*X<fc, 

where X is the magnitude of the force. Then 

dv 

5.540. v— = X. 

ds 

Since the trajectory is a line of force, we have Z r = XX r , and 
since it is a geodesic, jc = 0. From these facts and 5.540, we 
see that the right-hand side of 5,538 is zero. This means that 
no extra force is needed to make the system move along the 
geodesic line of force with a velocity of magnitude given by 
5.539. The theorem is proved. 

Exercise. For a spherical pendulum show that the lines of 
force are geodesies on the sphere on which the particle is con- 
strained to move. What does the theorem stated above tell us 
in this case? 

Exercise. A system starts from rest at a configuration 0. 
Prove that the trajectory at 0 is tangent to the line of force 
through 0, and that the first curvature of the trajectory is one- 
third of the first curvature of the line of force. 

So far, in dealing with configuration-space, we have used 
only the kinematical metric 5.502. There is another metric of 
importance, but it exists only for a system possessing a poten- 
tial energy. For such a system we have 

T = ha fnn v m v n , 

• dV 
T = a mn v m f» - a mn v m X» « X m v m * - — tf» V, 

and so 

5.541. |(r+T0 =0, 
or 

5.542. T + V - E; 

thus the sum of kinetic and potential energies is a constant (£). 
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The metric which we are about to introduce is based on 
the concept of action, which is defined by the formula 

5.543. A - jTdt, 

the integral being taken along any trajectory in configuration- 
space, not necessarily one which satisfies the equation of 
motion. However, it is understood that the motion satisfies 
5.542, E being an assigned constant of total energy. Then, 
with ds as in 5.502, we have 

/ds\* ds 

5.544. T = = h\j t ), dt 

and so the action is 



5-545. A =\™=-^JVTds =±\VE-Vds. 

We define the action line element d<r by 

5.546. da = ViE - V ds, 

or, equivalently, the action metric form by 

5.547. da 2 = b mn dx m dx n = (E — V) a mn dx m dx n . 

The basic theorem which makes the action metric of interest 
is the following: A dynamical system possessing potential energy 
V and moving with total energy E describes in configuration- 
space a geodesic with respect to the action metric. This is com- 
monly called the Principle of Least Action, or, more correctly, 
the Principle of Stationary Action. 

In proving this theorem, we must avoid confusion between 
the two metric tensors, a mn and b mn ; we shall distinguish 
Christoffel symbols by suffixes a and b. We note the following 
relations, which are easily established: 

&m»= (E - V)a mnt b™ = ^—y , 

5.548. I r \ =i r \ + 1 ( K »l +5 rW 
\mn)a \mn U 2{E - V)\ m dx n ^ 6 » dx m 

dV\ 

- *mna"—). 
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In order to prove the stated theorem, we start from the 
equation of motion 5.529, which may be written 

d*x r , ( r \ dx m dx n dV 
5.549. -rr +\ m „ ( — — 7-= — a r »— . 

dp {mn ) a at dt dx' 

Substituting from 5.548, this becomes 

ePx T , ( r \ dx m dx n , 1 dV dx h dx r 



5.550. 



Since 



- 4-i f \ — 



dp (mn )b dt dt E -Vdx k dt dt 
dVl 



r V Omn dx™dx»l 

*L 2(£ — V) dt dt J* 



a mn dx m dx n 2T 



2(£ — V) dt dt 2T 

the expression on the right-hand side of 5.550 vanishes, and 
the equation of motion reduces to 

dW ( r \d^dx» dx T 
5 - 551 ' dfi + \mnj bd t dt =4> dt' 

where 

1 dV dx k 1 dV 

5.552. <!>——£_ yQ X h dt ~ -~E=V~dt' 

Equation 5.551 is the general equation of a geodesic (for metric 
tensor b mn ) in terms of an arbitrary parameter (cf. 2.427). 
This proves the theorem. 

From the general theory of Chapter n we know that if the 
action arc-length a is introduced as independent variable, the 
equation of motion, i.e., of the geodesic, simplifies to 

d 2 x r , ( r \ dx m dx n 

From the manner in which we have developed the geometry 
of a Riemannian space from its metric form, it might be thought 
that the metric determined all the properties of the space. But 
we have already seen in 4.1 that there exist two distinct spaces 
of constant positive curvature with the same metric. In general 
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we may say that the properties of a space "in the small" are 
determined by the metric, but that the properties "in the 
large" are not completely so determined. A simple illustration 
is given by a plane and a cylinder immersed in Euclidean 3- 
space. They are both flat manifolds, with the same metric 
forms for suitable choice of coordinates. But they have not 
the same properties in the large. On the cylinder (but not on 
the plane) there exist closed circuits which cannot be con- 
tracted continuously to a point. It is not possible to put the 
points of the cylinder into continuous one-to-one correspon- 
dence with the points of the plane; otherwise stated, supposing 
the surface of the cylinder to be a thin elastic sheet, it is not 
possible to stretch it to cover the plane without tearing it. 
These are intrinsic properties of the manifolds. 

When the points of two spaces can be put into continuous 
one-to-one correspondence with one another, they are said to 
be homeomorphic. For example, the surfaces of a sphere and an 
ellipsoid are homeomorphic; the surfaces of a sphere and a torus 
are not homeomorphic. If this correspondence can be made 
without change of distance between adjacent points, the spaces 
are said to be completely applicable. Thus a portion of a cylinder 
which does not go right round it is completely applicable to a 
portion of a plane. 

Dynamical systems provide interesting illustrations of 
topological properties of this sort. Consider a system which 
consists of a flywheel which can turn about its axis; the axis 
maintains a fixed direction, but can move in a direction per- 
pendicular to itself. This is a system with two degrees of 
freedom, and the kinetic energy is 

5.554. T = \mx 2 + %I6 2 , 

where m is the mass of the flywheel, J its moment of inertia, 
x the displacement of the axis, and 6 the angle through which 
it is turned. The kinematical metric is 

5.555. ds 2 = mdx 2 + Id$ 2 = (dx l ) 2 + (dx 2 ) 2 , 

where x l = y/m x and x 2 = y/l 0. Thus the configuration-space 
is flat. But since an increase of 2w in 0 restores the original 



180 



Dynamics 



configuration, the configuration-space is homeomorphic to a 
cylinder, not to a plane. In fact, the configuration-space is 
completely applicable to a cylinder in Euclidean 3-space. It 
is easily seen that the trajectories under no forces correspond 
to helices on this cylinder. 

Consider now a system consisting of two flywheels rotating 
independently about an axis. The kinetic energy and kinem- 
atical metric are 

5.556. T - \he\ + iM 2 , hdel + i^el 

where I lt I 2 are the moments of inertia and 0 lt 0 2 the angles 
of rotation of the flywheels. Obviously the configuration-space 
is flat. It is homeomorphic to the surface of a torus, because 
the configuration is restored by an increase of 2w in either 
0i or 0 2 . In Euclidean 3-space there exists no surface completely 

applicable to this configura- 
<*3'*4X^ "\ tion-space. 

f \(*|. \) If we resolve a dynamical 

system into its constituent 
particles (say P of them), we 
have a flat space of 3P di- 
mensions. The configuration- 
space of the generalized co- 
ordinates is a subspace im- 
mersed in this flat space. 
Suppose that in the example 
^hSJSS^tSSSr" iustconsideredwereplacethe 

two flywheels by two particles 
of unit mass, constrained to move on a circle of unit radius 
(Fig. 12). If 0i and 0 2 are angles determining the positions of 
the particles on the circle, we have 

5.557. ds* =dS* + dd\. 

Again we have a flat configuration-space with the connectivity 
of a torus. If we introduce the rectangular Cartesian coordin- 
ates of the particles, xu x% for the first particle, and # 8 , for 
the second, we have 
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Xi = cos 0i, X* = sin 0i, 
5*558* « • A 

Xb = COS 02, Xa — Sill 0 2 . 

If we suppose the particles to be free, the configuration-space 
has four dimensions and a kinematical metric 

5.559. ds 2 = dx\ + dx\ + dx\ + dx\. 

When the two adjacent configurations correspond to keeping 
the particles on the circles, this metric reduces to 5.557, as we 
can see at once on differentiating 5.558. It appears therefore 
that in a Euclidean space of four dimensions there exist finite 
closed flat subspaces homeomorphic to a torus. 

y 
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Fig. 13. Representation of the configurations of 
a rigid body with a fixed point — first phase. 

Another interesting dynamical system is a rigid body 
turning about a fixed point. A configuration is determined by 
the values of three Eulerian angles 0, <£, ^, and so the con- 
figuration-space has three dimensions. All possible configur- 
ations are included if we vary the coordinates in the ranges 

5.560. 0 ^ 0 ^ t, 0 ^ 4> < 2*, 0 ^ ^ < 2tt. 

To get an idea of the topology of the configuration-space, let 
us take 0, <£, ^ as rectangular Cartesian coordinates in Eucli- 
dean 3-space (Fig. 13) ; the ranges 5.560 define a rectangular 
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yr= 2tt 




9 = n 

y* * o 

Fig. 14. Representation of the configurations of 
a rigid body with a fixed point — second phase. 

parallelepiped or cuboid. But to the face 0 = 0 there corres- 
ponds only a singly infinite set of configurations, not a doubly 
infinite set; the same holds for 0 = w. To improve our repre- 
sentation of the configuration-space we should therefore com- 
press the faces 0 = 0 and 0 = tt into sharp edges (Fig. 14), 
deforming the cuboid, but with the understanding that each 
point retains the values of the coordinates originally assigned 
to it. Now we have to take into consideration the fact that an 
increase of 2w in either <j> or \f/ restores the configuration. Thus 
the faces <t> = 0 and <t> = 2t correspond to the same configur- 
ations, and these two faces should therefore be brought into 




Fig. 15. Representation of the configurations, of a 
rigid body with a fixed point — third phase. 
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coincidence. If this is done, the original cuboid is changed into 
a ring with sharp edges (Fig. 15). The parametric lines of \p 
run (from 0 to 2ir) through the thickness of the ring. To com- 
plete the representation, we would have to deform again so 
that points for which ^ = 0 and ^ = 2x coincide; a point 
such as A should be brought into coincidence with a point such 
as B. But here our attempt to represent the configuration-space 
in ordinary 3-space breaks down. The best we can do is to 
leave our model in the last form, and remember the coincidence 
of the inside with the outside of the ring. 

So far no metric has been mentioned. For simplicity, let 
us suppose that the momental ellipsoid of the body, relative 
to the fixed point, is a sphere. Then there is only one moment 
of inertia, which we shall denote by I. The kinetic energy is 

5.561. T = § I (6 2 + <j> 2 + ft + 244 cos 0), 
and the kinematical metric 

5.562. ds 2 = / (d$ 2 + d<t> 2 + dft + 2 d<t>d$ cos 0). 

By a short cut, we can show that the configuration-space is of 
constant curvature. If the three principal moments of inertia 
were not all equal it would be possible to give instructions 
about moving the body, without mentioning the coordinate 
system. For example, we could say that the body was to be 
rotated so much about the principal axis of greatest moment 
of inertia. But in our case that cannot be done. Except for 
magnitude, as given by 5.562, all displacements are intrin- 
sically indistinguishable. In other words, configuration-space 
is isotropic. It is therefore of constant curvature (K), by Schur's 
theorem, 4.1. We can find K by another short cut. Motion 
under no forces takes place along a geodesic in configuration- 
space. For the body we are considering, motion under no forces 
consists of rotation about a fixed axis with constant angular 
velocity. In completing a revolution specified by 

0 = const., = const., 0 ^ yp ^ 2tt, 
the representative point in configuration-space describes a 
closed geodesic of length 
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5.563. 



L = j ds - f 0 V/# - 2irs/j. 



Now if, starting from an assigned configuration, we compare 
two rotations about adjacent axes, we see that the two se- 
quences of configurations so obtained have no configuration 
in common except the initial one. Thus in configuration-space 
two geodesies drawn from a point P in adjacent directions do 
not meet again until they meet at P. This means that con- 
figuration-space is a space of constant curvature of the polar 
type, and we know from 4.123 that the length of each closed 
geodesic is 



Equating this value to L as given in 5.563, we get for the con- 
stant curvature the value 



SUMMARY V 

Physical components: 

(X„X» = /x nM n = 1). 
Physical components for orthogonal curvilinear coordinates: 
{Xr/hu X*/h* 9 X>/fo) 9 



5.564. 




5.565. 




or 



(h x X\ h*X*, htX*); 

ds* = (fadx 1 )* + (h<rfx?) 2 + (hsdx*) 2 . 



Dynamics of a particle: 




or 



do 
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d dT dT dx p 

as?-*?- F - T - * ma ><* p * 9 ' * p 

Dynamics of a rigid body in N-dimensions: 

d , n 

Kp- Hm(z n V p — Z P V n ) = J n prqO) rqf 
Jnprq = 2w(6 n r3p3 fl — 5prS»Sg). 

For JV =3: 

d f \ 

Moving frames of reference: 

K = Arm&my Z r = -4 mr^m i 

■AmpAmq — 3pq 9 A pm A q m = Spg, 

0>pq(S f f S) — — 5') = AjnpAmq = — A m qA mp , 

c/pq^S'f tS) ~ — Wpg(5, 5 ; ) = — A pm A q m — AqmApm* 

Kinematical line element: 
<fc 2 = 2Tdfi = a mn dx m dx n ; 
dx r 

dv r d/dT\ dT dv 
Generalized force: 



Conservative system: 



Xr ~ ? Z *dx r 



dV 
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Dynamics of a system : 

fr = X r . 

Action line element: 

dv 2 = b mn dx m dx n , b mn = (E - V)a„ 
da = Ve - Vds. 

Dynamics of a conservative system : 
dhc r 



( r \ dx m dx n 
da 2 ~^\tnn) h da da ^ 



EXERCISES V 

1. If a vector at the point with coordinates (1, 1, 1) in 
Euclidean 3-space has components (3, —1, 2), find the contra- 
variant, covariant, and physical components in spherical polar 
coordinates. 

2. In cylindrical coordinates (r, <f>, z) in Euclidean 3-space, 
a vector field is such that the vector at each point points along 
the parametric line of <£, in the sense of <t> increasing, and its 
magnitude is kr, where k is a constant. Find the contravariant, 
covariant, and physical components of this vector field. 

3. Find the physical components of velocity and acceler- 
ation along the parametric lines of cylindrical coordinates in 
terms of the coordinates and their derivatives with respect to 
the time. 

4. A particle moves on a sphere under the action of gravity. 
Find the covariant and contravariant components of force, 
using colatitude and azimuth, and write down the equations 
of motion. 

5. Consider the motion of a particle on a smooth torus 
under no forces except normal reaction. The geometrical line 
element may be written 

ds*= (a - b cos d) 2 d<l> 2 + b*dd\ 
where <f> is an azimuthal angle and 6 an angular displacement 
from the equatorial plane. Show that the path of the particle 
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satisfies the following two differential equations in which h is 
a constant: 

(a) (a -6cos0) 2 ^ = fc, 

(b) b2 {^J " ( a 6 cos 0 ) 4 A 2 - (<* - * co s 

6. Consider the motion of a particle under gravity on the 
smooth torus of the previous problem, the equatorial plane of 
the torus being horizontal. Taking the mass of the particle to 
be unity, so that V = bg sin 0, show that the path of the par- 
ticle satisfies the following two differential equations: 

(a) (E -V)(a -b cos d) 2 d<l>/da - ft, 

(b) b* (Jj£j = (£ - V)(a - b cos ey/h 2 -(a - 6 cos 0) 2 , 

where £ is the total energy, h is a constant, and <2<r is the action 
line element. 

7. A dynamical system consists of a thin straight smooth 
tube which can rotate in a horizontal plane about one end 0, 
together with a bead B inside the tube connected to 0 by a 
spring. Taking as coordinates r = OB and 0 = angle of 
rotation of the tube about 0, the potential energy V is a 
function of r only. Show that, in configuration-space, all the 
lines of force are geodesies for the kinematical line element. 

8. Show that if a line of force is a geodesic for the kinem- 
atical line element, it is also a geodesic for the action line 
element. 

9. Using the methods of Chapter II and 5.532, show that 
the trajectories of a dynamical system with kinetic energy T 
and potential energy V satisfy the variational equation 

aj*(r- V) dt =0, 

where the family of trajectories considered have common end 
points at t = h and t = h. (This is known as Hamilton's 
Principle.) 
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10. Using the definition 5.335 for J r „ prove that if X r is 
any non-zero vector, then I r9 X r X^ 0, and that the equality 
occurs only if all particles of the system are distributed on 
a single line. 

11. Let Oziz&i and OVi*V 8 be two sets of Cartesian 
axes, parallel to one another. Consider a mass distribution and 
let be its moment of inertia tensors calculated for these 
two axes in accordance with 5.335. Writing I' r , = I r8 + K r8t 
evaluate K ra . 

12. A rigid body is turning about a fixed point. Referred 
to right-handed axes Oz x z&%, its angular velocity tensor has 
components 

0)28= 1, 2, co 12 = 3. 

What are the components of its angular velocity vector o> r ? 
If we refer the same motion to axes Oz'iz' 2 z' z , such that the 
axis Oz\ is Ozi reversed, while 0z& z coincide with Oz\z\, 
what are o>' ra and «' r ? 

13. Consider three rigid bodies, S, S\ S", turning about a 
common point. If all angular velocities are referred to common 
axes, show that the angular velocity tensor of S" relative to S 
is the sum of the angular velocity tensors of S' relative to S 
and of S" relative to S'. 

14. A freely moving particle is observed from a platform S' 
which rotates with angular velocity <a r = nd r z, where n is a 
constant, relative to a Newtonian frame S in which z r are 
rectangular Cartesians. Use 5.421 to find the equations of 
motion relative to S' in terms of coordinates z' r in S', such 
that the axis of z\ coincides permanently with the axis of z z . 

15. If the tensor ( is defined by 5.335 for N dimensions, 
and J nprq is defined by 5.330, establish the following relations: 

Jn Prq = (N - l)- l I„(8nr& Pg - S nq B pr }- d nr I pq + 6 pr / n<r , 
Inq^iN ~ l)~ l (J nppq — SnqJtpp*) —Jnprp. 

16. The motion of a dynamical system is represented by a 
curve in configuration-space. Using the kinematical line ele- 
ment, express the curvature of the trajectory as a function of 
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its total energy £, and deduce that as E tends to infinity, the 
trajectory tends to become a geodesic. Illustrate by considering 
a particle moving under gravity on a smooth sphere. 

17. A particle moves on a smooth sphere under the action 
of gravity. Using the action line element, calculate the Gaussian 
curvature of configuration-space as a function of total energy 
E and height z above the centre of the sphere. Show that if 
the total energy is not sufficient to raise the particle to the top 
of the sphere, but only to a level z = A, then the Gaussian 
curvature tends to infinity as z approaches h from below. 

18. Show that the equations of motion of a rigid body with 
a fixed point may be written in either of the forms 

(a) A , r+o, , mr (5 , ,5)A , « = M' T , 

(b) h'r~ K' rm n V m - M' r , 

where h f r are the components on s'-axes (moving with the 
body) of angular momentum as given in 5.338 and K' rmn is a 
certain moment of inertia tensor. Evaluate the components 
K'rmn in terms of the moments and products of inertia. 

19. A rigid body turns about a fixed 0 in a flat space of 
N dimensions. Prove that if N is odd, there exists at any 
instant a line OP of particles instantaneously at rest, but that, 
if N is even, no point other than 0 is, in general, instantan- 
eously at rest. Show that if N = 4, there are points other than 
0 instantaneously at rest if, and only if, 

20. The equations 5.329 do not determine J nprq uniquely. 
Why? As an alternative to 5.330, we can require J nP r q to be 
skew-symmetric in the last two suffixes. Show that this 
defines J nP rq uniquely as follows: 

Jnprq — \ S m ( 8 nr Z p Z q + d pq Z n Z r — S n q Zp*r — 8pr Z n Z q ) . 

Prove that J nP r q > as defined here, has the same symmetries as 
the covariant curvature tensor (cf. 3.115, 3.116) and that, for 
N— 3, we have 

I*t 5=5 h € «np *trq Jnprqi Jnprq = 2 e snp *trq I at • 
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APPLICATIONS TO HYDRODYNAMICS, ELASTICITY, 
AND ELECTROMAGNETIC RADIATION 

6.1. Hydrodynamics. The mathematical fluid of hydro- 
dynamics is a continuum of moving particles, each of which 
remains identifiable, so that we can speak of following a par- 
ticle of the fluid. The space in which the motion takes place 
is Euclidean 3-space. We shall use rectangular Cartesians z r , 
and later curvilinear coordinates x r . In general, it is easiest 
to use the Cartesians to establish formulae, and then translate 
these (with a little judicious guessing) into a form valid for 
curvilinear coordinates. 

The history of any particle is described by equations of the 
form z r = z r (t), where / is the time. But we have a continuum 
of particles in the fluid, and so we introduce labels to distin- 
guish one particle from another. These labels (which we shall 
denote by a r ) may be the coordinates of the individual particle 
at time t = 0, or they may be arbitrary functions of these 
initial coordinates. The complete history of the whole fluid 
may then be described by equations of the form 

6.101. z r =Zr(a,t), 

where a stands for the set of three labels. The components of 
velocity v r of a particle of the fluid are then given by taking 
derivatives with respect to t, holding the a's fixed, since we are 
interested in the rates of change of the coordinates of an indi- 
vidual particle: 



6.102. 



dZ r 
r dt 
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The above method of describing the motion of a fluid is called 
the Lagrangian method. 

Another (and generally more useful) way of describing the 
motion of a fluid is the Eulerian method. We disregard the 
labels we attach to the particles, and start from the fact that, 
at a definite point and at a definite instant, there exists a 
definite velocity in the fluid; in other words, velocity v r is a 
function of coordinates z n and time t, and we may express this 
by writing 

6.103. »r= »r(z, 

Exercise. A fluid rotates as a rigid body about the axis of z 8 
with variable angular velocity a(t). Write out explicitly the 
three Lagrangian equations 6.101 and the three Eulerian equa- 
tions 6.103. 

Of course, it remains true in the Eulerian method that the 
co-ordinates z r of an individual particle are functions of t, and 
that the velocity is obtained by differentiation, as in 6.102. 
But since we have no occasion in the Eulerian method to refer 
to the labels a T , we shall, for future reference, write 6.102 in 
the form 

dz r 

6.104. Vt= H' 

The acceleration of a particle is the rate of change of v„ 
provided that, in differentiating, we follow a definite particle. 
Thus, if we differentiate 6.103 and use 6.104, we obtain for the 
acceleration f r 

dv r dv r dv r dz t dv T 

6.105. f, - - j = "J + £ - Yt + V " 

where ,s denotes d/dz*. 

Exercise. Compute the components of acceleration for the 
motion described in the preceding exercise. 

What we have calculated above, in deriving 6.105, may be 
called the contorting time-derivative', it is "rate of change moving 
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with the fluid." Sometimes this is emphasized by using the 
symbol D/Dt instead of d/dt 9 to remind the reader that a 
special procedure is involved, but we shall not find this neces- 
sary. For any function F(z, *), the comoving time-derivative 
is 

6.106. — = — 4. p « 

dt at + r " v " 

The density p of a fluid is defined as mass per unit volume 
If the ratio of mass to volume is the same for all volumes in the 
fluid, then the fluid is of constant density. But if this is not 
the case, the definition actually involves a limiting process. 
We take a sequence of volumes enclosing a point P, the se- 
quence shrinking in on P in the limit. The density at P is then 
the limit of the ratio of mass to volume for this sequence of 
volumes. Density is in general a function of position and 
time, and so we write p = p(s, t). The comoving time-deri- 
vative of p is of course 

dp _ dp 

So far we have been working with rectangular Cartesians. 
Let us introduce curvilinear coordinates x r . Now we have a 
contravariant velocity vector 

dx r 

6.108. v r = — 

at 

and a covariant velocity vector* 
6-109. Vr = a r8 v 8 9 

where a r8 is the metric tensor. The simplest way to get the 
acceleration is not to transform 6.105, but to guess the co- 
variant and contravariant forms 

♦To avoid complicating the notation, we use the same symbols v r ,fr 
to denote components for rectangular Cartesian coordinates, and covari- 
ant components for curvilinear coordinates. The context should remove 
any possible ambiguity. 



6.107. = — + O m Vm 
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6.110. 



dV r W 



where the stroke indicates covariant differentiation, as in 2.520 
or 2.521. We verify that these equations are correct, because 
they are vector equations, and they reduce to 6.105 when the 
curvilinear coordinates reduce to rectangular Cartesians. 

For the comoving time-derivative of an invariant, F or p, 
we have 



Exercise. Verify that the operator d/dt does not alter tensor 
character. 

In what follows we shall make use of Green's theorem (also 
known as Gauss' theorem, or the divergence theorem). Con- 
sider a volume F, bounded by a surface S. Let us use rect- 
angular Cartesians z r . Let n T be the direction cosines of the 
normal to 5, drawn outward. Let F be a function of the co- 
ordinates, which is continuous and possesses continuous partial 
derivatives of the first order throughout V. Then Green's 
theorem states that 

6.112. J RhdS - J F tr dV. 

The integral on the left is a surface integral taken over 5, and 
the integral on the right is a volume integral taken throughout 
V. Only a single sign of integration is used for economy in 
notation, because it is obvious from the differential what multi- 
plicity of integral is meant. As usual, F, r = dF/dz r . We as- 
sume that the reader is familiar with the proof of 6.112.* 

The equation 6.112 is often written with a vector function 
in the integrand. Indeed, it follows from 6.112 that 

6.113. J FrftrdS = J F r .JV. 

♦See any book on advanced calculus, or, in particular, R. Courant, 
Differential and Integral Calculus, London and Glasgow, Blackie, 1936, 
p. 384. For a proof of Green's theorem, in generalized form, see chap. 
vii, in particular 7.610. 



6.111. 
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This may be called a divergence theorem, since F rtr is the diver- 
gence of the vector F r . Actually, however, Green's theorem is 
a theorem in analysis, and the question of the transformation 
of coordinates is not necessarily involved. If we like, we can 
replace F in 6.112 by a set of quantities which may be tensor 
components, and write 

6 - 114 - jFsttirdS = fF 9t , r dV. 

But the tensor character of the integrand becomes important 
if we wish to transform Green's theorem to curvilinear co- 
ordinates x r . It is then essential that the integrand be an 
invariant, and the transformation of 6.112 (where F is an in- 
variant) or 6.114 (where F Bt is a tensor of the second order) 
presents difficulties. But 6.113 transforms directly. It is true 
that 




v f n f dt 



6.115- $F r n r ds = / F r lr dV, 

for each integrand is an invari- 
ant, and so the statement is 
true for all coordinate systems 
if true for one — and obviously 
6.115 reduces to 6.113 for rec- 
tangular Cartesians. In 6.115 
n r are the contravariant com- 
ponents of the outward unit 
normal, i.e., n r = dx r /ds, where 
ds is an element of the normal 
to 5. 

We shall now consider the expansion of a fluid. Let V be 
a volume of the fluid, bounded by a surface S. Let S move 
with the fluid, so that it is always formed of the same particles. 
Let us use rectangular Cartesians. Let v r be the velocity. 
Then v r n r is the component of velocity along the outward 
normal, n r being the direction cosines of that normal. As the 
fluid moves, a particle on the surface is displaced obliquely 
(Fig. 16) ; the normal component of its displacement in infini- 
tesimal time dt is v r nrdt. Hence the volume of the thin shell 



Fig. 16. Expansion of a fluid. 
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between the surface 5 at time t and the surface formed by the 
same particles at time t + dt is 

6.116. dtjv r nrdS. 

But this is the increase in the volume 7, and so we have 

6.117. = J v m4S = J v rtr dV y 

by Green's theorem. We divide by the volume 7, and then 
consider a sequence of volumes, all enclosing the point P and 
shrinking down on this point. Then it is easy to see that 

6.118. lim ^77= I"* y) W*7 = *W, 

evaluated at the point P. We define this limit to be the expan- 
sion of the fluid at the point P. Denoting it by 0, we have 

6.119. o <= iw; 

in vector language, this is the divergence of the velocity vector. 

No logical contradiction is implied by choosing the velocity 
v r and the density p as arbitrary functions of position and time. 
But such arbitrary choice will, in general, violate a basic phy- 
sical principle — the conservation of mass. It is, in fact, a basic 
hypothesis of Newtonian mechanics that the mass of any 
system is constant, provided the system is always composed 
of the same particles. (In relativity, the conservation of mass 
is abandoned— hence the source of atomic energy.) 

Let us now investigate the connection between velocity and 
density arising from the conservation of mass. The mass of a 
fluid element is pd 7. As the fluid moves, the volume d V may 
change, but the mass pdV does not. Let us write for the 
volume of a portion of the fluid 

6.120. 7= Jd7 = JV7. 
Following this portion of the fluid, we have 
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the derivatives being comoving derivatives. Dividing by V 
and letting the volume shrink to zero as in 6.118, we get 

6.122. 6= lim m =p ^!V 

"™o V dt p dt\p) 

But 

6.123. U 1 )---^ 
dt\pj fdt' 

and hence 6.122 may be written 

6.124. f t + #-0. 

This is the equation of conservation of mass, traditionally called 
the equation of continuity. By virtue of 6.119, it can also be 
written in the following forms: 

125a. ^ + p, rtr = o, 

The above equations are easily transformed to curvilinear 
coordinates by the usual process of guessing and verifying. 



We have 
6.126. 



In 



6.127b. j t + ( p ^) |r = 0. 

Exercise. Write out 6.126 and 6.127b explicitly for spherical 
polar coordinates. 

The vorticity tensor at a point in a fluid is defined as 

6.128. ft> r , = i(v 9 . r — V r „) 
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for rectangular Cartesian coordinates. Obviously, it is skew- 
symmetric (o>,r= — ' «r«). We can at once transform 6.128 to 
curvilinear coordinates by replacing the comma by a stroke. 
However, it follows from 2.521 that, for any covariant vector V, 

6.129. V 9 \ r - Vr|t- V*,r- F r ... 

Therefore 6.128, as written, represents the vorticity tensor in 
curvilinear coordinates as well as in rectangular Cartesian 
coordinates. 

For rectangular Cartesian coordinates, the vorticity vector is 
defined as 

6.130. 6>r= farmnWmn, 

so that, explicitly, 

6.131. 2«i= i>s.2— fl2.a, 2g>2- fli.s— »s.if 2<o 3 = t>2,i— *>1.2. 
The right-hand side of 6.130 is an oriented Cartesian vector 
(cf. 4.3). To transform to curvilinear coordinates, we must 
investigate the tensor character of the permutation symbol 
€ rmn for general transformations. 

The Jacobian of a transformation from coordinates x to 
coordinates x' may be written 



6.132. 



dx p 



*rmn 



dx r dx m dx n 
dx >1 dx' 2 dx' i ' 



dx 1 * 

If we interchange two of the numerical suffixes, say 1 and 2, we 
change the sign of the expression on the right, without alter- 
ing its absolute value. If we permute 123 into uvw, the effect 
is the same as multiplication by € u *w, or, if we prefer to write 
it so, €'«„«. Thus 

dx r dx m dx 11 

6.133* J t'uvw = € rmn " 



or 

6*134. t'uvw — J l *rmn 



dx ,u dx' v dx ,wJ 
dx r dx m dx n 



dx' u dx'* dx' w * 

If the Jacobian is unity, this becomes the usual transformation 
for a covariant tensor of the third order. In general, a set of 



198 



Hydrodynamics 



quantities transforming as in 6.134 are said to be the com- 
ponents of a relative tensor of the third order of weight — 1. If 
J p occurred instead of J" 1 , we would say that the weight 
was P* 



Exercise. If t rmn is defined in precisely the same way as e rmnf 

dx' u dx' v dx' w 



prove that 
6.135- 



Juvw 



dx r dx m dx n * 
so that e mn is a relative tensor of weight +1. 

Now consider the transformation of the determinant a of 
the metric tensor. We have 











dx m dx n 


6.136. 








amn dx ,r dx' t 



a n 



dx p 



dx' 



dx q 



dx's 



by the rule for the multiplication of determinants. Hence 

6.137. a'= Pa, 

so that a is a relative invariant of weight 2. 

To avoid complications, let us think only of transforma- 
tions for which the Jacobian is positive. Then we have 

6.138. Va' = jVa, 

so that \/ais a relative invariant of weight 1. 
Combining 6.138 with 6.134, we get 

_ - dx r dx m dx n 

6.139. t'uvWa' = (€rm« V ^^a^^^* 

Hence e riBn V a is a tensor (not relative — we may call it absolute 
for emphasis), covariant and of the third order. 

Exercise. Prove that e rmn /\/a is an (absolute) contravariant 
tensor of the third order. 



♦For the general theory of relative tensors, see 7.1 and 7.2. 
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We are now ready to write 6.130 in curvilinear coordinates. 
Tentatively, we put 

Clearly, this is an (absolute) contravariant vector. If we take 
rectangular Cartesian coordinates, we have a = 1, and so 6.140 
reduces to 6.130. Therefore, in view of its tensor character, 
6.140 is the contravariant transform of 6.130 in curvilinear 
coordinates. 

A fluid motion is said to be irrotational if there exists an 
invariant function 0 such that 

6.141. u r = — 4>*r* 



This equation is unchanged in form if 
we pass to curvilinear coordinates. It is 
evident from 6.128 that <a r8 = 0 for an 
irrotational motion ; co r = 0 also. 




So far we have considered only the Fig. 17. Pressure in a 
kinematics of a fluid. Let us now discuss perfect fluid, 
the internal forces. We shall here consider only perfect fluids. 

A perfect fluid is defined as one in which the force trans- 
mitted across any plane element is perpendicular to that ele- 
ment (Fig. 17). The force per unit area is called the pressure, 
and will be denoted by p. This definition does not in itself 
imply that, if two plane elements with different normals are 
taken at a point, the value of p is the same for both of them. 
However, the application of Newton's law of motion (mass times 
acceleration equals force) to a small tetrahedron of fluid does in 
fact establish the fact that the value of the pressure at a point 
is independent of the element across which it is measured.* 
Thus the force across an element of area dS and unit normal n T 
is the vector n T p dS in rectangular Cartesian coordinates, where 
p is a function of position only. 

•Sir H. Lamb, Hydrodynamics, Cambridge, 1932, p. 2. 
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In addition to the pressure, there may be present a body 
force, such as gravity. We shall denote by X r the body force 
per unit mass, so that the body force on an element of volume 
dV is XrpdV. 

To determine the equations of motion of a fluid, we have 
available the principle of linear momentum, which states that 
for any system of particles the rate of change of linear mo- 
mentum is equal to the total external force. For our system, 
let us take the fluid contained in a surface 5 which moves with 
the fluid. Its linear momentum is jpv r dV. To the total 
external force, the body forces contribute jpX r d V. The pres- 
sures across plane elements in the fluid give internal, not 
external, forces. It is only the pressure across the bounding 
surface 5 that gives a contribution to the total external force. 
That contribution is — lpn T dS, the minus sign occurring be- 
cause we are using n T to denote the outward unit normal to 
the surface S. 

Combining these expressions, the principle of linear mo- 
mentum gives 



We bring the differentiation under the sign of integration, 
remembering that pd V is constant on account of the conser- 
vation of mass; at the same time we transform the surface 
integral by Green's theorem, and so obtain 



Combining the integrals into a single integral, we get 



Since this integral vanishes for every volume taken in the fluid, 
the integrand must vanish, and so we get 



6.142. 




6.143. 




6.144. 




6.145. 
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or 

dV r 

6.146. — + V 9 V r .B= X r — p l p. T . 

These are the general equations of motion of a perfect fluid in 
rectangular Cartesian coordinates. In curvilinear coordinates 
they read 

dv r 

6.147. — + *P f |.- X r - p-^.r, 

in covariant form. 

Exercise. Write down the contravariant form of 6.147. 

In the case of irrotational motion (which is by far the most 
important type of motion in the applications of hydrody- 
namics) we have, by 6.141 and 6.146, in rectangular Cartesian 
coordinates, 

d 

6.148. — — (0.r)+ <£.«<£.r«= X r — P~ l p.r* 

It is generally assumed that the density p is a function of the 
pressure p. (The case p = const, is a special case of this.) 
Then, if we define 



6.149. 



-I?- 



P is a function of p f and so (through p) a function of the co- 
ordinates. Hence 

dP 

6. ISO. P.r= ~fyP>r= lT*p.f 

Let us also assume that the body forces X r are conservative 
and can be derived from a potential U such that 

6.151. X r = -U, r . 
Then 6.148 may be written 

6.152. ( ~ + + P + U ) r = °' 
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so that the quantity in parenthesis is independent of the co- 
ordinates. It can be a function of the time / only; so we write 

6.153. + P + U - F(t). 

This is the integral of Bernoulli for irrotational motion. This 
form holds only for rectangular Cartesian coordinates; for 
curvilinear coordinates we have 

d<t> 

6.154. - — + * amn <t>>™<t>>n+ P+ U - F(t). 

The simplest and most important type of fluid motion is 
that in which the density is constant (homogeneous incom- 
pressible fluid). For irrotational motion of this type, the 
equation of conservation of mass 6.125b becomes 

6.155. 0, rr = 0 

for rectangular Cartesian coordinates; in curvilinear coor- 
dinates it reads 

6.156. a mn 4>\mn =0. 
Written explicitly, 6.155 is Laplace's equation 

d 2 4> d 2 <t> d 2 4> 

dz\ + bz\ + dz\ = 0| 

and 6.156 is the transformation of this equation to curvilinear 
coordinates. However, the second-order covariant derivative 
in this expression is sometimes tedious to compute, and 6.156 is 
more conveniently written 

6.157. (Vaa wn *,m).» s = 0. 

Exercise. Verify by means of 3.204 that 6.157 and 6.156 are 
the same equation. 

6.2. Elasticity. The theory of elasticity involves the 
concepts of strain and stress in an elastic solid. The theory of 
strain belongs to geometry; it consists of a systematic mathe- 
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matical description of the deformations which can occur in a 
continuous medium. The theory of stress involves a study 
of the internal reactions which can occur in a continuous 
medium. We shall start by considering strain and stress 
separately, and later link them together by Hooked law. 

Consider a continuous medium, consisting of particles 
which retain their identities. First, the medium is at rest in 
what we shall call the unstrained state. Using rectangular 
Cartesian coordinates z r , we shall suppose that the particle 
situated at the point z r receives a displacement u r (z) f the 
notation indicating that each particle receives a displacement 
which is a function of its coordinates. If the functions u r {z) 
are constants, the whole medium is translated without defor- 
mation. For other special choices of these functions, the 
displacement of the medium may be that of a rigid body. But, 
in general, for arbitrary displacements u r (z), the medium will 
be deformed or strained. 

It is characteristic of a rigid body displacement that the 
distance between any two particles remains unchanged by the 
displacement. It is therefore natural that we should analyse 
a strain in terms of the changes in length of the lines joining 
particles. Consider two particles with coordinates z r , z' r in the 
unstrained state. After strain, their coordinates are respec- 
tively 

Z r + U r (z), Z'r + U r (z'). 

Let Lo be the distance between the particles in the unstrained 
state and Li the distance between them after strain. Then 
the extension e of the line joining the particles is defined to be 

6.201, e = (Li - Lo)/£o, 

i.e., the increase in length per unit length. Let us now see how 
the extension is to be evaluated. 
We have 

6.202. LI = (Z' r - ZrWr - S r ), 

L\ = [4- Z r + U r (z')- Ur(z)][z' r - Z r + U r (z') - «,(*)], 

and hence 
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6.203. Li- L\= 2{z r - z r )[u r &) - u r (z)] 

+ [Ur{z')-U r {z)][u r {*!)- U r (z)]. 

It is clear that we could derive from 6.202 a formal expression 
for e. But it would be very complicated. Let us rather in- 
vestigate the extensions of infinitesimal elements drawn from 
the point z r . To do this, we keep z r fixed, and allow z' r to ap- 
proach it along a curve, the unit tangent vector to this curve 
at z T being denoted by X r . Since, in this process, z r - z r be- 
comes small, we have approximately 

6.204. Urtf)- U r (z) = (*'«- Z 9 ) U r , 9 (z), 

and so 6.204 gives approximately 

6.205. Li- L 2 0 = 2u r , 9 (z)(z r - z r )(z 8 - z 9 ) 

+ (*'.- Z 9 )(Zt - Zt)u r , 9 (z)u r ,t(z). 

But z' r — z r = L 0 X r approximately. So, dividing 6.205 by L\ 
and letting z r approach z r along the curve, we get after a 
change of suffixes, 
Li — Lo 

6.206. lim — z~ 2 — = 2u rt9 (z)\ r \ 9 + u mtr (z)u mt9 (z)\ r \ 9 . 

But even this has not given us the desired value of 6.201. 

To get a simple expression for the extension it is necessary 
to introduce a limitation on the character of the strain. We 
shall consider only small strains, a small strain being one in 
which the derivatives u r , 9 are small. Then the last term on 
the right-hand side of 6.206 is small of the second order, and 
will be dropped. Moreover, we have identically 

^ „ M Li — Lo Li + Lo Li — L 0 

6.207. — 72— = — z • — - 

-J-'O x-»o Lto 

|2 + — — — i ^* ~~ ^° 

\ L 0 / L 0 

On account of the smallness of the strain, the left-hand side of 
6,206 is small because the right-hand side is small. Hence the 
limit of the term on the left of 6.207 is small. Since (Li+L 0 ) /L 0 
!s greater than unity, it follows that the limit of (L t - L 0 )/L 0 
!s small, and 6.207 gives approximately 
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6.208. lim 




= 2e, 



e being the extension of the element in question, i.e. the element 
at z r pointing in the direction X r . Combining this result with 
6.206, we have 

6.209. e = « r , a (s)X r X,. 

We now define the components of strain e r8 by 

6.210. e r ,= i(u r ,B+ u 9tr ). 

It is obvious that these are the components of a Cartesian 
tensor. Equation 6.209 for the extension e may be written 

6.211. e = 6 r «X r X«. 

Thus, if the tensor e r * is given as a function of position through- 
out the medium, the extension of every element is determined. 
But it must be remembered that 6.211 is valid only for small 
strain. 

Exercise. Show that a small strain is a rigid body displace- 
ment if, and only if, e r% = 0. In the case of finite strain, 
deduce from 6.206 the conditions which must be satisfied by 
the partial derivatives of the displacement in order that it 
may be a rigid body displacement. 

If we use curvilinear coordinates x r f the extension of an 
element with direction determined by a unit vector X r is (for 
small strain) 

6.212. e - ar.X'X*, 

where 

6.213. e r9 = %{u r r ). 

This statement is verified at once from the invariant character 
of 6.212. 

In future it will be understood that the strain is small in 
every case. 

Stress is a generalization of the concept of pressure intro- 
duced in 6. 1. We consider the force transmitted across a plane 
element dS, but no longer insist that the force shall be per- 
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pendicular to the element* These ideas apply both to an 
elastic solid and to a viscous fluid. 

Let us use rectangular Cartesian coordinates z r . Let n r be 
the direction cosines of the normal to the element dS, and 
T r dS the force across the element. (We naturally take the 
force proportional to the area dS.) We call T r the stress across 
the plane element, so that stress is force per unit area. In 
general, T r is a function of the coordinates z r which determine 
the position of the element dS, as well as of the direction 
cosines n r which determine the direction of the element. We 
may indicate this dependence by writing 

6.214. r r = F r (z, n). 

We shall next see how this function involves the direction 

cosines. 

Consider any point A in the 
medium and a plane P passing 
through A. Take three mutually 
perpendicular planes, P', P" , P'", 
cutting the plane P in a triangle 
containing A (Fig. 18), so that a 
tetrahedron is formed with A situ- 
ated in one of its faces. Let the 
direction cosine of the normals to 
P, P', P", P'", all drawn outwards 
from the tetrahedron be n r , n'„ n", 
fir \ respectively. The areas, 5, S', S", S'" of the faces of 
the tetrahedron are easily seen to be connected by the relations 

6.215. S f = — Sit 8 n f s , S n = — Sn&ti/ S \ 5 ,//= — Stt 6 tis , \ 

Let us suppose that the medium is subject to a body force 
such as gravity, the force on a volume d V being X r d V. Now 
the rate of change of the linear momentum of the material 
contained in the tetrahedron is equal to the total external 
force acting on it. Therefore 

6.216. 

- jX4V + $T r dS + $T' r dS' + $Tl'dS" + Jr/"d5' ,, 1 




Fig. 18. Analysis of stress. 
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where M r is the total linear momentum of the tetrahedron and 
the surface integrals are taken over the several faces of the 
tetrahedron. 

Let us now make the tetrahedron contract towards A by a 
uniform contraction. This means that the directions of all 
four planes are maintained, and the relations 6.215 remain 
unchanged. Let a denote the longest edge of the tetrahedron 
in this process of contraction. Then, clearly, since the volume 
of the tetrahedron is less than a 8 , 

1 dM r 1 , 

6.217. lim = 0, lim -jX r dF = 0, 
a+o a z at a +o a LJ 

and so by 6.216 

6.218. lim \ ($TrdS + + jT^'dS" + $T' r "dS"') = 0. 

o>0 & ■ ~ 

Assuming the function F r of 6.214 to be continuous in z, the 
value of the above limit will not be changed if we replace the 
integrands by constants as follows: 

6.219. T r > F r (z, n) 9 T' r + F r (z, ri) y 77'* F r (z, n") y 

where z stands for the coordinates of A. It then follows that 
6.218 may be written 

6.220. [F r (z, n)- F r (z, ri)n s n' s - F r (z, n")n s n' 8 ' 
- F r (z, n"')n,n',"\ lim (5/a 2 ) = 0. 

But lim S/a 2 is not zero, and so 

6.221. F r (z, n) = E r8 (z)n 8f 
where 

6.222. E rs = F r (z, n')n' a + F r (z,n")n' 8 ' + F r (z, n"')n' 8 ". 
We note that E r8 is independent of the direction cosines n t . 

We may write 6.221 equivalently in the form 



6.223. 



T r = E r8 n 8 . 
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Since T r and n T are Cartesian vectors, it follows that E rB is a 
Cartesian tensor; we call it the stress tensor. Equation 6.223 
gives the stress across every plane element in the medium if 
E r8 is given as a function of position. So far there is no evi- 
dence that E r8 is symmetric, but we shall see later that it is. 

Exercise. Show tliat the stress across a plane z\ = const, has 
components En, £ 2 i, En. What are the components across 
planes z 2 = const, and z*= const.? 

The concept of stress which we have just developed applies 
to any continuous medium, solid or fluid. We shall now find 
the equations of motion for a continuous medium by applying 
to a portion of it the principle of linear momentum. We have 
already done this for a perfect fluid, starting with 6.142 and 
ending with 6.145 or 6.146. To generalize 6.142 to the case 
of a general medium, we have merely to replace the last in- 
tegral on the right by an expression for the total force due to 
stress across the bounding surface of the portion of the medium 
under consideration. The appropriate expression is 

6.224, / T r dS = j E r .n<dS, 

by 6.223, the integral being taken over the bounding surface 
and n 8 denoting the unit normal to this surface, drawn out- 
ward. Using Green's theorem to replace this surface integral 
by a volume integral we easily obtain the generalization of 
6.145 in the form 

6.225. p/ r = pX r + Etb.8. 

where f r denotes the acceleration of a particle. These are the 
equations of motion of a continuous medium. The equations of 
equilibrium are obtained by putting f r — 0. 

We shall now establish the symmetry of the tensor E rs by 
means of the principle of angular momentum, which states that 
the rate of change of angular momentum of any system about 
a fixed point is equal to the moment of external forces acting 
on the system about that point. As fixed point let us take the 
origin z r = 0. The angular momentum for a rigid body was 
given in 5.327; actually that expression holds for any system 
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of particles, rigid or not, and the appropriate expression for 
a continuous medium is 



and the moment of external forces is 

6.227. M r8 = j P (z r X 9 - z 9 X r )dV + j(z r T 9 - z 8 T r ) dS. 

The principle of angular momentum then gives 



By Green's theorem 

6.230. j(z r E 9m — ZgErndtlmdS = J(ZrE 9mfin — Z 8 E rm ,m) dV 

+ /(£„- Ers) dV. 

When this is substituted in 6.229, all the integrals cancel out 
on account of 6.225, except one, and we are left with 

6.231. <2F = 0. 

Since this holds for every volume, we deduce that 

6.232. J?a r = -Era* 

Thus the symmetry of the stress tensor is established. 

Having dealt separately with strain and stress, we shall 
now connect them, and so establish the theory of elasticity. 
The basic assumption is the generalized Hooke's law, which 
states that stress is a linear homogeneous function of strain. 
This means that there exists a stress-strain equation of the form 

6.233. E r8 = Crsmn^mn* 

In the case of a heterogeneous body, with elastic properties 
varying from point to point, the coefficients will be functions 
of position; we shall consider here only homogeneous bodies, 
for which the coefficients are constants. 



6.226. 



hra= Sp(?rV 9 - Z 8 V r ) dV f 



6.228. 




This yields, by 6.223, 

6.229. fp(z r fs- Zj r ) dV « ff>(ZrX 9 - zJCr) dV 

+ f (ZrEtm— Z 9 E r m)ffmdS. 
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Since e mn = e nm , there is obviously no loss of generality in 
taking 

^•234. C rsmn = C r *nm. 

Moreover, since E ra = E 8r , we must have 

6*235. Crsmn ~ C 8r mn> 

By applying the tests for tensor character, 1.6, it is easily seen 
that Crsmn are the components of a Cartesian tensor; we shall 
call it the first elasticity tensor. On account of 6.234 and 6.235, 
the number of independent components is 36. 

By appeal to thermodynamic arguments, into which we 
shall not enter here, it can be shown that 

6.236. Crsmn = C mn rsi 

in the limiting cases of isothermal and adiabatic states. This 
relation reduces the number of independent components of the 
elasticity tensor to 21. This is generally accepted as the 
maximum number of independent coefficients. 

Exercise. Show that if 6.233 is solved for strain, so as to read 

6.237. e T s = CrsmnE mn , 

then the symmetry conditions 6.234, 6.235 and 6.236 imply 
similar conditions on C ramn . (The tensor Crsmn is the second 
elasticity tensor.) 

The simplest type of body is isotropic. This word implies 
that all systems of rectangular Cartesian coordinates are equi- 
valent as far as the description of elastic properties is con- 
cerned. But the elastic properties of a body are completely 
described by the elasticity tensor c r8 mn, and so this tensor must 
have the same components for all sets of axes of coordinates. 
Thus, under the orthogonal transformation 

6.238. Z r = AsrZ's, (A rm Asm= S r ,), 

the general transformation 
6.239. 

Crsmn — C P q UV A r p A 8 qA mu A nv 

must reduce to 
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6.240. 

We have already met a tensor that transforms identically like 
this — the Kronecker delta 5 r8 . This suggests that the elas- 
ticity tensor must be built up out of Kronecker deltas. It can 
in fact be shown that this is the case.* But we shall content 
ourselves here by building up a tensor which satisfies 6.240 
and the symmetry conditions, without proving that it is the 
most general possible. 

The most general tensor of the fourth order that we can 
construct from the Kronecker delta is 

6.241. C rB mn= X5r«S mn + M5rm5«n+ ^ r n5«m> 

where X, n, v are invariants. Since d' pq = 8 pq , 6.240 is satisfied. 
On account of 6.234, we have 

6.242. fJiSrmS 8 n+ V d rn Ssm = ^rnSsm+ vSrm&int 

or 

6.243. (m - v)(8 rm d 8 n-drndsm) = 0, 
so that fj, = v, and 6.241 becomes 

6.244. Cr«mn= X5 r ,6 m »+ M(^rmS«n+ 5 rn 5« OT ). 

The other symmetry conditions 6.235 and 6.236 are auto- 
matically satisfied. We accept 6.244 as the elasticity tensor of 
an isotropic body; it contains just two elastic constants, X and ju- 
Substituting 6.244, we obtain from 6.233, as stress-strain 
equation for an isotropic body, 

6.245. £ r «= X5 r ,0 + 2^r«, 
where 

6.246. 0 = e nn ; 

6 is called the expansion or dilatation. 

It is easy to solve 6.245 for strain in terms of stress. The 
result is usually written in the form 

*H. Jeffreys, Cartesian Tensors, Cambridge, Cambridge University 
Press, 1931, p. 66. 
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6.247. e r .= J; { (1 + <r)E r ,- <r6 r ,E nn } , 

where the constants are given by 

m(3X + 2,*) X 



6.248. E = 



X + m ' 2(X+ M )' 
or, written the other way round, 

aE E 

6.249. X - (1 + fr)(1 _ 2)r) . M= 2(1 + ff) . 

Specific names are given to these constants: 
E is Young's modulus, 
<r is Poisson's ratio, 
X is Lam6's constant, 
H is the rigidity.. 

If we substitute from 6.245 in 6.225, and use 6.210, we 
obtain the equations of motion of an elastic body in the form 

6.250. p/ r = pX r + (X + ix)0 tr + yAtir, 

where A is the Laplacian differential operator. On account of 
the assumed smallness of the displacement, we may write f r = 
d 2 u r /dt 2 . Then 6.250 gives a set of three partial differential 
equations for three quantities, u r . 

Exercise. Deduce from 6.250 that if an isotropic elastic body 
is in equilibrium under no body forces, then the expansion 6 
is a harmonic function (AO = 0). 

Let us now translate our results from rectangular Cartesian 
coordinates z r to curvilinear coordinates x r . This is easy to 
do by guessing, and the verification is immediate in each case. 

From 6.223 we have 

6.251. T r = E r9 n*, T r = E r *n 9 . 

The equations of motion 6.225 read, in contravariant form, 

6.252. pf = P X r + E r9 \ „ 
or, in covariant form, 



§6.2 



Curvilinear Coordinates 



213 



6.253. pfr — pX r + ] a, 

where & is the mixed stress tensor. The symmetry property 
6.232 is invariant under general transformations of coordinates, 
and so it holds for curvilinear coordinates since it holds for 
rectangular Cartesians. On account of this symmetry, we can 
write instead of E; 9 , since so that there is no 

risk of confusion in omitting the dot. 

Hooke's law 6.233 reads in covariant form 

6.254* E r $ B Gr«i»n£ mtt » 

the coefficients being the covariant components of the first 
elasticity tensor. The symmetry relations 6.234, 6.235, and 
6.236 hold for curvilinear coordinates. The isotropic stress- 
strain relation 6.245 reads, in covariant form, 

6.255. £n»= Xa ra 0 + 2jue r „ 
where a r * is the metric tensor and 

6.256. 8 = a mn e mn . 

Exercise. Express the equations of motion 6.250 in curvi- 
linear coordinates. 

6.3. Electromagnetic radiation. We shall consider only 
electromagnetic fields in vacuo. This means that we omit the 
application of tensors to electromagnetic circuits and machines, 
and to the propagation of electromagnetic waves through 
material media. However, for most practical purposes, air 
may be regarded as a vacuum, and so our theory applies to 
the ordinary propagation through air of radio waves, radar 
waves, heat waves, light waves, and X-rays. 

An electromagnetic field in vacuo is characterized by two 
vectors — an electric vector and a magnetic vector. For the pre- 
sent we shall use rectangular Cartesian coordinates z T \ the 
electric vector will be denoted by E T and the magnetic vector 
by H r . In any given field, the values of the components E r 
and H r depend on the choice of units in which they are mea- 
sured. We shall use Heaviside or rational units, which are 
most convenient for our purposes. 
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The basic hypothesis from which we start consists of a set 
of partial differential equations, Maxwell's equations. For right- 
handed axes, these read 

IdEr ldH r 

c dt "~ trmnHn >™ c dt = ~~ * rmnEntm » 

6-302. E n ,n= 0, H ntn = 0. 

The constant c is a universal constant; if the units of length 
and time are the centimeter and the second, its numerical value 
is approximately c = 3X 10 10 . 

There are six equations in 6.301 and two in 6.302. The 
equations 6.302 cannot be deduced from 6.301, but they are 
connected with them. If we differentiate 6.301 with respect 
to z r and note that 

6-303. e rmn i2n, mr = 0, € rmn £ n , mr = 0, 

on account of the skew-symmetry of the permutation symbols, 
we obtain 

d d 
6.304. -£ r , r =0, ~if r , r =0. 

Thus 6.301 tells us that £ r , r and H r , r are independent of /. 
This conclusion is consistent with 6.302. This interlocking of 
6.301 with 6.302 enables us to obtain solutions of what at first 
sight appears to be an overdetermined problem — namely, to 
find six quantities satisfying eight equations. 

If we differentiate the first of 6.301 with respect to t, and 
then use the second equation, we get, with the aid of 4.329, 

ld*E r d dH n 

6.30S. 



c dt 2 €rmn dz m dt 
d 

~ ^ ^nrm^npq Eq,p m 

= ~ C {hrp&mq ~ t>rq8ptn) E qtpm 

= — c E m , mr -f- c E r , mm . 
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The first term on the right-hand side vanishes on account of 
6.302, and so 

i a 2 E r 

6.306. ^2 E r *mm— 0. 

Similarly, 

1 d 2 H r 

6.307. ^ 2 Qf2 H rimm — 0. 

This form of partial differential equation is called the wave 
equation. Thus the electric and magnetic vectors satisfy the wave 
equation. 

Exercise. Verify that £ f = z n H r = 0 satisfy the wave equa- 
tions, but not Maxwell's equations. 

It will be noted that Maxwell's equations 6.301 and 6.302 
are linear homogeneous partial differential equations. This is 
an extremely important property, since it enables us to super- 
impose solutions. If (E { \\ H^) satisfy Maxwell's equations, 
and if H ( f) satisfy Maxwell's equations, then the field 

given by 

£ r = £<»+ E» H r = 2Z» 
also satisfies Maxwell's equations. Further, if (£ (1 r } , Hty) 
satisfy Maxwell's equations, then so also do 
£ r = kE { \\H r = kH { l\ 

where k is any constant. 

This technique of superposition is useful in connection with 
complex solutions of Maxwell's equations. Physically, we are 
interested only in real electromagnetic vectors. However, if 
(£ r , H r ) is a complex field satisfying MaxwelTs equations, it 
is clear that the complex conjugate field (E r , H r ) also satisfies 
the equations. Hence, the real field 

E* r = h(Er+ Er), H*r = Wr+ Hr) 

satisfies Maxwell's equations. 

We shall now study complex solutions of Maxwell's equa- 
tions of the form 
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6.308. E r = EV, H r = H^e*. 

Here E (( ? and H*® are complex vectors independent of time 
but, in general, functions of position; S is given by 

6.309. S =~~[V — rt] , 

where X is a real constant and V a real function of position 
only; c is the constant occurring in Maxwell's equations 6.301. 
Since c has the dimensions of a velocity, X has the dimensions 
of a length. 

Since E r and H r involve the time through the factor 
<r' (2x/x) * only, equations 6.304 imply 6.302. Thus the only 
conditions on E ( f, H*?, V, X, are imposed by Maxwell's equa- 
tions 6.301. Substitution in these equations leads to 

6.310. E«? = i^'rrnn&llrn - V. m , 

6.311. H«? = - i^6 rmn £<2U + *rmn E™ V, m . 

We now introduce the following approximation. We shall 
assume that X is small, or, more precisely, that \E®\ m and 
\H { $\ m are small in comparison with E i( ? and The omis- 

sion of these small terms is the essential step in passing from 
physical or electromagnetic optics to geometrical optics. In 
the approximation considered, 6.310 and 6.311 read 

6.312., E«? = - €rmn i^ ) V, m9 

6.313. iy (0 r > 

We immediately deduce the following relations 

6.314. E (0 r ) F. r = 0, H^V tr = 0, E^H^ - 0. 

Equations 6.312 and 6.313 are algebraic equations, linear and 
homogeneous, in E {0 ) and H^K We can eliminate E (0 J and 
H®} by substituting from the second equation into the first, 
thus: 
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6.315. WnvS'? V.u V. m 

= E i » ) V. m V tm -E™V, f nV.r 

= E™V, m V tm . 

We immediately obtain Hamilton's famous partial differential 
equation of geometrical optics: 

6.316. V, m V, m - 1. 
From 6.312, we have 

By 6.316 and 6.314, this becomes 

6.317. E^E {0 ^H^Wf. 

It is now easy to verify the following statement: The com- 
plex field 6.308 satisfies Maxwell's equations, to the approxi- 
mation considered, if V, E ( ?\ X are chosen as follows: 

(i) V is an arbitrary solution of the partial differential 
equation 6.316. 

(ii) E { ¥ is arbitrary except for the first equation 6.314. 

(iii) is given by 6.313. 

(iv) X is an arbitrary small constant. 

It remains to verify that 6.312 is satisfied. But, with 6.313 
established by (iii), equation 6.312 is equivalent to 6.315; and 
this is satisfied by virtue of (i), i.e., by virtue of 6.316. 

We have now obtained fields of the form 6.308 which satisfy 
Maxwell's equations approximately when X is small. Let us 
examine these fields more closely. 

Consider the surfaces V = constant, where V is a solution 
of 6.316. The vector V. m is normal to V = constant, and 
points in the direction of V increasing. By virtue of 6.316, 
V, m is a unit normal. If we proceed along a curve cutting 
the surfaces V = constant orthogonally (i.e., having the unit 
tangent V. m at each point), we obtain 
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6 -31G. ds = V, m dz m = dV, 
and 

d dz n d 

6.319. - V, m =V, mn — = V, mn V tn = \ — (V, n V tn ) = 0. 

The first of these equations tells us that two of the surfaces 
V = constant, say V = V x and V = V 2f cut off equal inter- 
cepts on all orthogonal trajectories to the system of surfaces; 
the length of each intercept is V 2 - Vx. Equation 6.319 shows 
that each normal trajectory to the system of surfaces V = 
constant is a straight line, since its tangent vector is a constant. 
We summarize by saying that F= constant is a system of par- 
allel surfaces with rectilinear orthogonal trajectories. 

By 6.314, the real and imaginary parts of the vectors £ ( ? } 
and H®? are tangential to the surfaces F= constant. The same 
statement obviously applies to E r and H r . 

The equation S = constant, or 

6*320. V — ct = constant, 

is the equation of a moving surface, and V, m is the unit normal 
to this surface. To find the normal velocity v with which the 
surface moves, we follow a moving point which always lies in 
the surface and whose velocity is always normal to the surface. 
For such a point we have 



^•321. — = v v %r . 



dz r 
It 

But since the point always lies on the surface, we have from 
6.320 

dV _ dZr_ 

dt " Vtr dt " C ' 
and thus, by 6.321 and 6.316, 

6.322. v = c. 

The moving surfaces 6.320 are called phase waves, and we have 
just established the fact that phase waves are propagated with 
normal velocity c, where c is the constant occurring in Maxwell's 
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equations. Since visible light is a type of electromagnets 
radiation, c is also known as the velocity of light in vacuo. 

We observe that E r and H r vary as slowly as E i( ? and IT ^ 
over a phase wave S= constant. Over a region of this surface 
whose linear dimensions are of the order of X, and for a time 
interval of the order of \/c, E r and H r are constants to the 
approximation considered. Moreover, to our approximation, 
we get the same value again if 5 is increased by 2tt, or any 
small multiple of 2t. 

It is clear from 6.309 that, at any fixed point in space, S 
is changed by 2tt if t is changed by an amount \/c. This is 
called the period t, and the frequency v is its reciprocal. Hence 

6.323. r = \/c, v = c/\. 

Since X is small, we have on moving a distance X along the 

normal to a phase wave, without changing the value of /, the 

following approximate result: 

2x 2ir 
AS = —AV = —\ = 2tt. 

Thus, at any instant, wave surfaces of equal "phase" e tS are 
separated by a normal distance X; X is therefore called the 
wave-length. 

In exploring the nature of the field, the situation is slightly 
complicated by the fact that JS ( ? and H®? are complex vectors. 
If we multiply 6.312 and 6.313 across by e tS % we get 

6.324. E r = —€rmnH n V, m > H r = € rm nEnV irn . 

These relations between the complex vectors £ r , H r (involving 
twelve real components) can be replaced by relations between 
the real vectors 

6.325. E* = h (E r + E T ), Itr - * (i?r + Hr), 

6.326. h i (E r - £r), #T= hi(H r - Hr). 

The vectors E* and H* r will be taken as the physical components 
of the electromagnetic field. The vectors £**> i?7 also satisfy 
Maxwell's equations, and may be regarded as the physical 
components of a complementary electromagnetic field. 
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If we take the complex conjugates of 6.324 and add, we 
obtain 



6.327. E* r = - e rm nH*nV, m . H* r = € rmn E* n V t m . 



Hence the vectors V tT , E* r , H* r form a right-handed ortho- 
gonal triad, and we obtain the relation 



in the same way as we obtained 6.317. Thus, the physical 
electric and magnetic vectors are mutually perpendicular and lie 
in the phase waves; their magnitudes are equal. (Fig. 19.) 



Fig. 19. Orthogonality relations in electromagnetic radiation. 

Exercise. Prove a similar statement for the electric and mag- 
netic vectors of the complementary electromagnetic field. 

Each of the vectors E^, defines a pair of fixed direc- 
tions at any point in space, but the directions of the physical 
vectors £*, are not fixed. It is true that, if we move with 
a phase wave, E r and H r , and consequently also i£ and H* r , 
are approximately constant for time intervals of the order of 
the period r. But if we remain at a fixed point in space, we 
have, by 6.308 and 6.309, 



6.328. 



E* r E* r - H* r lf r 




V = const. 



6.329. 



6E r 
dt 




dt 



2vic 



rt 



and so 
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Hence 



dt 

BE** r 
dt 



Polarization 

2tc „ dj£ 

~ X E " dt ' 

2*c. djt? 
X dt 
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- x HT r , 

x m - 




Thus the extremities of the vectors E* r and H* T , which lie in the 
fixed plane tangent to the surface V- constant, follow the 
behaviour of a particle attracted to a 
fixed point by a force proportional to 
the distance from that point. It is well 
known that the path of such a particle is 
an ellipse, and therefore the extremities 
of i£ and i£ describe ellipses, these vec- 
tors being at all times perpendicular to 
one another. We say that the radiation 
is elliptically polarized (Fig. 20). 

A case of particular interest is that in 
which the vectors K and have the 
same direction, or opposite directions. It 
follows from 6.330 that, in this case, the ellipse degenerates 
to a straight line, and the vector E* maintains a fixed direction, 
except for reversals which occur twice in each period. The 
same is true for i£, on account of the orthogonality relation. 
We speak then of a plane-polarized wave. 

Exercise. What conditions must be imposed on the fixed 
complex vectors £ ( ? and in order that the wave may be 
plane-polarized? 

Our discussion of electromagnetic waves has involved an 
approximation and is valid only for a small wave-length A. 
There is, however, an important special case for which our 
theory is exact. Consider the linear function 



Fig. 20. Elliptically 
polarized wave trav- 
elling up from paper. 
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6.332. V = a m z m + b, 

where a m and b are real constants. We immediately have 

6.333. V, m = a m , 
and thus 6.316 is equivalent to 

6 - 334 - a m a m = 1. 

This means that a m is a unit vector. 
Equations 6.312 and 6.313 become 

6.335. = - e rmn H™a m , = w£% m . 

These are algebraic equations with constant coefficients. We 
may therefore take E {< ? and H (( ? to be constant complex vectors 
without giving rise to inconsistencies. But in this case 6.335 
follows rigorously from 6.308 and from Maxwell's equations 
6.301; no approximation is required. 

The phase waves are planes orthogonal to the unit vector 
a r and they propagate with velocity c in the direction of a r . 
We speak of plane electromagnetic waves. For plane electro- 
magnetic waves our theory is exact for arbitrarily large wave- 
length. The vectors E and H are rigorously constant over a 
phase wave and are also constant in time if we move with the 
wave. 

Let us now return to the general Maxwell equations 6.301 
and 6.302. We shall consider some useful types of solution. 

Let \p be an invariant and <t> r a vector, both functions of 
position and time. Let us write tentatively 

6.336. C dt 

Let us see what conditions must be imposed on ^ and <f> r in 
order that Maxwell's equations may be satisfied. 

The second of 6.301 is satisfied automatically, and the first 
gives 

1 &4>r 1 d*, r 
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The second of 6.302 is satisfied automatically, and the first 
gives 

Id 

6.338. " "Z *m.m + f»» = 0- 
C Ol 

If, then, we subject ^ and <j> r to the partial differential equa- 
tions 

1 d^ r n I ^ , - n 

6.339. ^ - <£r.mm = 0, ^ 2 ~~ y *mm - U, 

1 3^ 

6.340. ~ TT + <f>m,m — 0, 

we have in 6.336 an electromagnetic field which satisfies 
Maxwell's equations. The invariant $ is called the scalar 
potential and the vector 4> r is called the vector potential. 

If we are given an electromagnetic field satisfying Max- 
well's equations, it can be shown that functions ^ and <t> r exist 
so that 6.336 are satisfied. It follows that these functions 
must satisfy 6.337 and 6.338. It does not follow that they 
necessarily satisfy 6.339 and 6.340. However, other functions 
^ and <t> r can be found to satisfy 6.336, 6.339, and 6.340. (Cf. 
Exercise 16 at end of chapter.) 

There is another useful type of solution in terms of the 
Hertz vector n r . Let n r be a vector function of position and 
time, and let us write tentatively 

i smr 

6.341. 

H r — ~ *rpq Ilg.p. 

On substitution in 6.301 and 6.302, we find that these equations 
are satisfied provided the Hertz vector II r satisfies the wave 
equation 

1 a 2 n r 

6.342. c2 ^ 2 — n r , mTO — 0. 
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It must not of course be assumed that any field satisfying 
Maxwell's equations can be represented in the form 6.341. 
However the. Hertz vector enables us to build up a fairly gen- 
eral type of solution, to be discussed below. 

Let z r and f r be any two points in space and let R be the 
distance between them, so that 

6.343. R* = UK**- U). 

Let k be any constant, and let us write 



6.344. F(z f f ) 



e ikR 



the notation indicating that we have here a function of the six 
coordinates z r , f r ; but of course these variables are involved 
only in the form R. Let us denote derivatives with respect to 
Rby primes, and partial derivatives with respect to z r by a 
comma. By 6.343 we have 

0.345. R tm _ , 

and 

6.346. F„« (gm ~^ m)7?/ . 

Hence, since z m , m = 3, we obtain 

2F f 

6.347. F, mm = F"+—. 
But, directly from 6.344, 

and so 

6.349. F» + — = - - e ikR - 
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On substituting this in 6.347, we find that F satisfies the partial 
differential equation 

6.350. F, mm + k*F = 0. 

It will be recalled that the comma indicates differentiation 
with respect to z r . It is very easy to see that the same equa- 
tion is also satisfied if the comma indicates differentiation with 
respect to f P . 

Let us define G(z, f , /) by 

6.351. G(z, r ,0 = e~ ika F(z ,f) - ~ . 
Then 

6.352. G tmm — e~ ik **F 9mm , ~ 2 - - V*T*"F 9 

and so, by 6.350, G satisfies the partial differential equation 

ld*G 

6.353. G %mm — ^ ^ — 0, 

which is the wave equation. The function G may be called 
fundamental solution of the wave equation, the constant k 
having any value. 

We are now in a position to build up a fairly general class 
of solutions of Maxwell's equations. We shall confine our 
attention to fields with a simple harmonic variation in time, 
so that the physical electric and magnetic vectors have the 
forms 

i£= A r cos kct + B r sin kct, 

6.354. i£ = C r cos kct + D r sin kct, 

where the coefficients are real functions of position and k is a 
real constant. This field corresponds to a complex field of the 
form 

6.355. E r = E<?<r*", H r = 

where and are complex vector functions of position 
only. (The use of the negative form of the exponential is 
merely a notational convenience.) When we substitute 6.355 
in Maxwell's equations 6.301, we get 



22 *> Electromagnetic Radiation 

6.356. -«E» = e rmn H™ m , OH* = 
The equations 6.302 are satisfied identically. 

Now we know that Maxwell's equations are satisfied by 
expressions of the form 6.341, provided n r satisfies 6.342. 
Hence 6.356 will be satisfied if we put 

6.357. n r = Tiff-**, 

where is a vector function of position satisfying 

6.358. n*\ mm +kmf= 0. 

By 6.341 the vectors Ef and H ( ? are given in terms of n ( r 0) by 

nff,_+4-n«p f 

6.359. 

Thus we can build a Maxwellian field out of any vector field 
satisfying 6.358. By 6.350 we know that 6.358 is satisfied by 
a vector 

JUL 

6.360. n»- B r — , 

where B r is any constant vector, and R is the distance from 
the variable point z r to a fixed point f r , as in 6.343. But we 
can immediately construct a much more general solution of 
6.358 by writing 

6.361. n ( ?(s) = S T P r (t)F0h fidVt 

where F(z, f) = e ikR /R 9 P r (f) is an arbitrary vector function of 
the coordinates and dV x is the volume element of d£idt 2 d{ 3 . 
The integration is carried through a volume F f which does 
not contain the point z r under consideration. If z r did lie 
inside the volume F f , we would have to consider carefully 
the possibility of differentiating under the sign of integration 
with respect to z r . However, this is not the case by hypo- 
thesis, and differentiation under the sign of integration is per- 
missible. It follows that 6.358 is satisfied. The corresponding 
Maxwellian field is given by 6.355, where 
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6.362. 



where the comma indicates partial differentiation with respect 
to z. It will be noted that the vector field P r (f ) remains com- 
pletely arbitrary. It need not even be continuous through- 
out Pf. 

It is not essential that the integration be through a volume ; 
integration over a surface or along a curve would serve equally 



Exercise. Show that Maxwell's equations in the form 6.356 
are satisfied by 



where (? r (f) is an arbitrary vector field, and Fis as in 6.344. 

So far we have used rectangular Cartesians in discussing 
electromagnetic fields. We shall now introduce curvilinear 
coordinates. One method of obtaining Maxwell's equations in 
covariant form is by introducing 



We recall from 6.139 that the r?'s are absolute tensors, at least 
for transformations with positive Jacobian. It is now easy to 
guess and verify that Maxwell's equations 6.301 read in tensor 
form 



well. 



6.363. 



ikerp q fvfi q tt)F. P dV t , 



6.364. 



6.365. 





and 6.302 read 

6.366. £*,n = 0, H n {n = 0. 

The stroke indicates covariant differentiation. 
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Due to the behaviour of the ^s, Maxwell's equations in 
the form 6.365 and 6.366 only hold in right-handed curvilinear 
coordinate systems; this means that the Jacobian of the trans- 
formation to right-handed Cartesians must be positive. 

However, there is another covariant form of Maxwell's 
equations valid in both right- and left-handed coordinate 
systems. For the moment we retain rectangular Cartesian 
coordinates. From its usual definition as force on a unit 
charge at rest, it follows that E r is a Cartesian vector. Hence, 
by 6.301, H r must be oriented since e rmn is an oriented tensor, 
4.3. If we therefore introduce a skew-symmetric magnetic 
t ensor by the equations 

6.367. H rm = e rmn H n , H r = J e rmn H mny 

then both E r and H rm are unoriented. It is easily verified that 
Maxwell's equations may be written in the following form: 

6.368. c dt rmtm ' c dt " rim ~ Emtr 9 

£ n .n = 0, H rm , n + H mn , r + H n r*m = 0. 

These equations are equally valid in right- and left-handed 
Cartesian coordinates. 



Exercise. Write out Maxwell's equations in terms of a mag- 
netic vector and a skew-symmetric electric tensor. 

We have succeeded in getting rid of the permutation sym- 
bols in Maxwell's equations for rectangular Cartesians, and 
are now in a position to write them in the covariant form, valid 
for arbitrary curvilinear coordinates (right- or left-handed): 

l^Er _ mnJT ldH rm _ 
6.369. c dt " a rm|n ' c dt ~ r,m ~ jEm,n 

a nm E n{m - 0, Hrm.n+ H mn , r + H nT%m = 0. 
In two of these equations the partial derivatives have been 
retained. This is justified since E r . m - E m . r and H rm , n + 
are both tensors (cf. Exercises I, No. 8 and 

1.707). 



§6.3 



Space-Time 



229 



E a . ty — £. r , ft H — , - H ya « 0. 



There is a third and most compact form into which 
Maxwell's equations can be brought. This entails the intro- 
duction of a fourth dimension, but gives the most fundamental 
form of Maxwell's equations from the point of view of rela- 
tivity. 

Introducing Greek suffixes for the range 1, 2, 3, while re- 
serving Latin suffixes for the range 1, 2, 3, 4, we may write two 
of Maxwell's equations 6.369 in the form 

Hafi ty + Hp y , a + H yat p = 0, 

6.370. „ , 

dipt) 

The coordinates are curvilinear. The dot in E a , and 22 Y is 
merely a device to bring into focus the similarity between the 
two equations. This similarity suggests the following pro- 
cedure: we introduce a fourth coordinate = ct and the skew- 
symmetric quantities F m », defined by 

6.371. Faff = Hrf, F aA - - fi. - E af F u = 0. 

With respect to transformation of the curvilinear coordinates 
x a , it is clear that F^ is a skew-symmetric tensor and F a4 
(or Fia) is a Covariant vector. Then the equations 6.370 can 
be combined into the single equation 

6.372. F rmt n"\" F mn ,r m \ m Fnrttn = 0. 

The remaining two of Maxwell's equations can now be 
written as follows: 

aPH aly -E u « = 0, a* E fi \\ y = 0, 

or, equivalently, 

6.373. cfrF^y- F aAt4t = 0, a py F my = 0. 

The double stroke indicates covariant differentiation with 
respect to the 3-metric a^. 

Let us now consider a 4-dimensional manifold, space-time, 
in which the four coordinates are x 1 , x 2 , x? 9 where x* = ct. 
Let us adopt in space-time the metric g mn defined by 

6.374. ga0= gai= 0, g44= - 1, 
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so that the metric form is 

6.375. # = g mn dx m dx n = a^x^dx?- (dx*)\ x 4 = cL 
From 6.375 it follows that 

6.376. g a0 = a* 0 , g° 4 - 0, g u = - 1. 

We have already defined the quantities F mn . We shall under- 
stand the symbol F rm \n to mean 

6.377. F rml . = F rm , n - { ^ } F. m - { J w } ^ 

which is the formula for the covariant derivative of a tensor in 
4-space, the Christoffel symbols being calculated from the g's. 
So far the only transformations of coordinates in space-time 
have been transformations of the coordinates x 1 , x 2 , a? among 
themselves, with unchanged. For such transformations 
Frm\n has tensor character, as is easily verified (cf. the dis- 
cussion of normal coordinate systems in 2.6). 
Consider now the equations 

^ jyg F r min~h F mntr -jr F nr , m = 0, 

g mn F rm{n = 0. 

The first was established in 6.372. As for the second, the four 
equations contained in it are precisely the four equations in 
6.373. Equations 6.378 express Maxwell's equations in the 
form suitable for the theory of relativity. 

Should we wish to use arbitrary coordinates in space-time, 
i.e., any functions of x l , x 2 , x 3 , se 4 , we have in 6.378 a valid form 
for Maxwell's equations provided that the following rule is 
observed : under the space-time transformation 

6.379. x' r = f{x\x\^^) , 

g mn and F mn are to be transformed as covariant tensors. The 
fundamental nature of equations 6.378 becomes apparent only 
when coordinate transformations of the general type 6.379 are 
considered which involve all four coordinates on an equal 
footing. These are the transformations of the theory of 
relativity. 
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If rectangular Cartesian coordinates are used in space, 
6.375 becomes 

6.380, $ = (dx 1 )* + (dx 2 ) 2 + (dx>¥ - (dx*) 2 . 

The linear transformations of the coordinates in space-time 
which preserve the form of this line element are called the 
Lorentz transformations. They form the basis of the special 
theory of relativity. 

Physically, a Lorentz transformation connects, in general, 
the spatial and temporal frames of reference of two observers 
moving with uniform velocity relative to each other. The 
electromagnetic field is characterized for each observer by F mn 
which, under a Lorentz transformation, behaves like a four- 
dimensional tensor. Since F mn embodies both the electric 
and magnetic fields, these will in general not transform as 
separate entities. Physically this means that if, for example, 
an observer finds an electric but no magnetic field present, then 
a second observer, moving relative to the first, may find both 
electric and magnetic fields present. It is obvious that Max- 
well's equations preserve their explicit form under Lorentz 
transformations. They read as in equation 6.378, with the 
simplification that the stroke may be replaced by a comma, 
and all the g mn vanish except g u = g 22 = g* 8 = — 1. 

Exercise. Show that with homogeneous coordinates z T z 2 , z z 
being rectangular Cartesians in space and s 4 = ict = is 4 ) 
Maxwell's equations read 

Write out the components of F mn in terms of the real electric 
and magnetic vectors, noting which components are real and 
which are imaginary. 

In the general theory of relativity space-time is a curved 
Riemannian 4-space with line element 

6.381. $ = gmndx m dx\ 

The coordinate transformations considered are of the general 
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type 6.379. We can no longer distinguish between an electric 
and a magnetic field, even if we restrict ourselves to a single 
coordinate system. Only the fusion of the electric and mag- 
netic fields in the tensor F mn has physical significance. The 
tensor i^wn satisfies Maxwell's equations in the covariant form 
6.378 in space free of charges. 



SUMMARY VI 

Hydrodynamics 
Eulerian description of fluid motion: 

V r = V r (x,t). 

Equation of continuity: 
dp 

Equations of motion of perfect fluid: 
dv r 

Vorticity: 

«nr = i (V 9 , r — V r , 8 ) f U r = C rmn W wn . 

Irrotational flow: 

«r«= 0, v r = — <j> tr . 

Bernoulli's integral for irrotational flow: 
d<f> 

" It + * am "<l>»n<l>>n+ P + U - F(t) 9 



Elasticity 
Displacement in elastic medium: 

u r (x) 
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Extension and strain tensor: 

€ = 6r$\ r \*f X r Xr = If 
era- i (U r \9+ ««|r). 

Stress tensor: 

£ r .= E 9rt r r = £ r ,n% w a n a = 1. 
Equations of motion of continuous medium: 

Generalized Hooke's law: 

£r* = ^r«mne wn > 
Cramn~ Crsnm = Csrmn = £mnr«» 

Isotropic stress-strain relation: 

Crsmn 

£r« = Xa r ,0 + 2/^ r a, 0=a mn e mn . 

Electromagnetic Radiation 

Maxwell's equations (Cartesian coordinates) : 
IdEr 1 dHr 

•En.n = 0, H ntn "= 0. 



Wave equation: 

Electromagnetic waves (small wave-length X) : 

E r « £<?>** i? r - i? ( r °V 5 , 5 = y (F - tf); 
V, m V, m = 1 ; 

£ ( r 0) ^r= H ( ? } F, r = £ ( W= 0, EW- flWjH^; 
r = X/c, ? = c/\. 

Plane waves: 

V = a m z m + b, a m a m = 1. 



C 2 Q t 2 <t>r,mm- 0 , ^ ^ - ^, ww = 0, 



c dt + * m ' m = °' 
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Electromagnetic potentials: 
1 d<t> r 

1 aVr rt 1 

i>r>mm ' 

l 

Hertz vector: 

1 Mir 1 a 

£ r - n m , mf . ^ d p , H r - - e rpq di n 9 , p ; 

<? W ~ Ur,mm = °- 
Fundamental solution: 

n r = n%-*", nV 0) = 5,^. 

* 2 = (2m- U)(Zm~ U). 

Maxwell's equations (curvilinear coordinates) : 
H rm = Vae rmn H n , IT= ~^ 

~c dt ~ amnHrm \»' ~ c dt ~ Er,m ~ Em ' r ' 
a nm E n ^= 0, H rm , n + H mn , r + H nr , n = 0. 
Maxwell's equations in 4-dimensional (space-time) notation : 
* - g mn dx m dx n = a afi dx*dx B -{dx i y, x*= ct ; 

F r „.n+ F mn ,r+ F nT . m = 0, f mn / ? r m |»= 0. 

EXERCISES VI 

1. For a fluid in motion referred to curvilinear coordinates 
the kinetic energy of the fluid in any region J? is 
T - i $ R fiW r dV. 
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Use the equations of motion 6.147 to show that, if we follow 
the particles which compose R, we have 
dT 

~j t S s PWdS + f R dpd V+S R PVrX'd V, 

where 5 is the bounding surface of R, and n r the unit vector 
normal to 5 and drawn outward. Show further that if, instead 
of following the particles, we calculate the rate of change of T 
for a fixed portion of space, we get the above expression with 
the following additional term: 

~" h i s pnrV r v a v*dS. 

2. Consider a fluid in which p is a function of p, moving 
under a conservative body force. Show that if the motion is 
steady, but not necessarily irrotational, then the following 
quantity is constant along each stream line*: 

£ v r v r + P + U. 
Compare and contrast this result with 6.154. 

3. For the general motion of the fluid described in Exercise 
2, prove that 

| J c Mx'= 0, 

where the integral is taken round any closed curve, and d/dt 
is the co-moving time derivative. 

4. Curves having at each point the direction of the vor- 
ticity vector w r are called "vortex lines." Prove that / c Vrdx r 
has the same value for all closed curves C which lie on the 
surface of a tube of vortex lines, and go once round the tube 
in the same sense. (Use Stokes* theorem; cf. 7.502.) 

5. Prove that for the type of fluid described in Exercise 2, 
the vorticity tensor satisfies the differential equations 

d 

*A stream line is a curve which, at each point, has the direction of the 
velocity vector v r . 
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the coordinates being rectangular Cartesians. Write these 
equations for curvilinear coordinates. 

Deduce from these equations that, if a> r ,= 0 initially at 
some point P in the fluid, these quantities will remain zero 
permanently for the particle which was initially at P. 

6. By eliminating the three components of displacement 
u r from the six equations 6.210, obtain the following Cartesian 
equations of compatibility: 

6ra*mn m { m 6tnn*ra ^rm»«n 6»n*rm~ 0. 

Show that there are only six independent equations here. 
Write the equations of compatibility in general tensor form. 

7. For rectangular Cartesian coordinates z r , a state of 
simple tension is represented by En— C (a constant), all the 
other components of stress being zero. Find all six covariant 
components of stress for spherical polar coordinates r, 0, <£. 

8. By substitution from 6.247 in the Cartesian equations 
of compatibility given in Exercise 6, deduce that in a homo- 
geneous isotropic body in equilibrium under body forces X rj 
the invariant 9 = E nn satisfies the following partial differential 
equation: 

(1 — <r)9, rr = (1 + <r)pX r.r. 

9. In a state of plane stress we have E aZ = 0, £33= 0, the 
coordinates being Cartesian, and Greek suffixes taking the 
values 1, 2. Prove that the equations of equilibrium under 
no body forces are satisfied if we put 

Ea0 = € ap ^ a ^ >p<r , 

where ^ is an arbitrary function. Show that this gives 
£11= ^.22, £12 = — ^.i2 f £22= ^.li- 
lO. An isotropic elastic body is in equilibrium under no 
body forces. Show that, for rectangular Cartesian coordinates , 
the displacement satisfies the partial differential equations 

(1 - 2<r)A«,+ 
Deduce that 6 is a harmonic function. 
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Show that the above equations are satisfied if we put 

u r = ifv— 4 ^ _ ^ *).r, 
provided A<£ = 0, A^ r = 0. (Papcovich-Neuber) 

11. If, for rectangular Cartesian coordinates z ri Xr« is any 
symmetric tensor, show that the tensor E mn , defined by 

is symmetric, and satisfies the equations E mn . n = 0. (Finzi) 
Show that if we choose %*■«= *r*$, then E mn = — 25 mn . 

12. The determinantal equation |X5 m „— Emn] = 0 is im- 
portant in elasticity because it gives the three principal stresses 
at a point. Show that if we introduce the three Cartesian 
invariants 

A = E mmi B — E mn E mni C = EmnEnpEpm, 

this cubic equation may be written in the form 

X 8 - ^X 2 + i (A*- B) X - §A* -§AB + %C) = 0. 
[Hint: Note the Cartesian invariance of this expression, and 
use coordinates which make E r9 — 0 for r s.] 

13. A plane electromagnetic wave in complex form is given, 
for rectangular Cartesians z n by the formulae 

£« = A a e iS , E z = 0, H a = -e^e* 5 , H z = 0, 

s = — (*s - a) , 

where -4. is a constant complex vector, and Greek suffixes take 
the values 1, 2. Verify that Maxwell's equations are satisfied, 
and that the wave is propagated in the positive 23-direction. 
The wave meets a perfectly conducting wall jb 8 = 0, and is 
reflected. Given that the condition on such a wall is that the 
tangential component of the electric vector for the total fieid 
vanishes, show that the reflected wave is given by 

E' a - -Aj s \ El = 0, H' m = -^W^ Hi = 0, 
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14. Taking for the Hertz vector the fundamental solution 
of the wave equation 6.342 

e -ik(ct-R) 

where B r is a constant vector, show that, for R much less than 
X = 2w/k, we have approximately 

n -ikct 



b_T e~ tka l 



e -ikct 



Show also that, for R much greater than X = 2ic/k (wave- 
zone), we have approximately 



e -ik(ci-R) 



R* 

e -ik(ci-R) 



R? 

(This is the electromagnetic field of the Hertzian dipole oscil- 
lator, which is the simplest model of a radio antenna.) 

15. In terms of the magnetic tensor H mn , defined in 6.367, 
show that, in curvilinear coordinates in space, 

(a) The condition that X* be parallel to the magnetic field 

is 

H mn \»= 0. 

(b) The condition that /*» be perpendicular to the magnetic 
field is 

H mn fA r + «Hnr/*m+ H rm /JL n = 0. 

(c) The square of the magnitude of the magnetic vector 
(H 2 = H r IT) is 

H* = i H mn H™. 

16. Show that E r and H r are unchanged if, in equations 
6.336, <£ r and $ are replaced by 

ldv 

</> r = <f>r+ V.r, V= * - ~~ , 



Exercises VI 239 

where v is an arbitrary function of position and time. (This 
transformation of the electromagnetic potentials is called a 
gauge transformation.) If v is any solution of the inhomogen- 
eous wave equation 

l&v _ lfy 

c* dfi " V ' mm " ~cdt + * m,m ' 
show that, if <f> r and satisfy 6.337 and 6.338, then <j> f r and ^' 
satisfy equations of the form 6.339 and 6.340. 

17. Combining the vector potential <f>* (a = 1,2, 3) and the 
scalar potential ^ into a single 4-vector ic r , given by 

show that equations 6.336, 6.337, and 6.338, can be written in 
the relativistic form 

g *r | mn g Km | rn — U, 

where F^n is as in 6.371, and g mn as in 6.376. Show further 
that equations 6.339 and 6.340 become 

g mn Kr\mn= 0, g mn K m | n = 0. 

Show also that the gauge transformation of the preceding 
exercise can be written 

18. Using homogeneous coordinates z r 02, 23 being rec- 
tangular Cartesians in space and zt=* ict = iff 4 ), and defining 

A 

show that the complete set of Maxwell's equations 6.378 reads 



CHAPTER VII 

RELATIVE TENSORS, IDEAS OF VOLUME, 
GREEN-STOKES THEOREMS 

7.1. Relative tensors, generalized Kronecker delta, per- 
mutation symbol. In Chapter I we defined tensors by their 
transformation properties. The characteristics to which the 
tensor concept owes its importance may be summarized as 
follows: 

A. The tensor transformation is linear and homogeneous. 
Hence if all the components of a tensor vanish in one co- 
ordinate system, they vanish in every coordinate system. It 
follows that a tensor equation, if true in one system of co- 
ordinates, holds in all systems of coordinates. 

B. The tensor transformation is transitive. 

We shall now study in detail a new set of geometrical 
objects which share with tensors both the above properties. 
These are the relative tensors which we have already met in 6.1. 

As before, we denote the Jacobian of the transformation 
from coordinates x r to x ,r by 



7.101. 




where the vertical bars denote a determinant. We now define 
relative tensors as follows: 

A set of quantities 7*, ; ; ; are said to be the components of a 
relative tensor* of weight W, contravariant in the superscripts 
r, . . . , and covariant in the subscripts, s t . . . , if they transform 
according to the equation 

♦Abuse of language, cf. p. 128. 
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/ «1U^« J. s . . . — J X «... — — • • • , m • • • • 

dx m dx' 8 

It is understood that we limit ourselves to transformations for 
which the Jacobian at the point under consideration is neither 
zero nor infinite. We shall also assume throughout that the 
weight W is an integer, since otherwise J w is not single valued. 

In accordance with our previous practice, we refer to rela- 
tive tensors of orders 1 and 0 as relative vectors and relative 
invariants, respectively. To distinguish, where necessary, the 
tensors previously considered from relative tensors, we may 
refer to the former as absolute tensors, absolute vectors, or 
absolute invariants. These are, in fact, relative tensors of weight 
0. Relative tensors of weight 1 are also known as tensor 
densities. 



Exercise. If 6 ra is an absolute covariant tensor, show that the 
determinant |& r *| is a relative invariant of weight 2. What are 
the tensor characters of \c r8 \ and \f r s \ ? 

It follows immediately from 7.102 that property A, stated 
above, holds for relative tensors. In the case of an equation 
in relative tensors the two sides must be of the same weight. 

Property B follows from the transitivity of the tensor trans- 
formation and from what we may term the "transitivity of the 
Jacobian." If x r , x fr t x" r are three systems of coordinates, we 
have 

dx r _ dx r dx' m 
dx" 8 



7.103. 



dx"" dx" 8 

Hence, by the rule for multiplying determinants 



7.104. 



dx r 



dx" 8 



dx r 
dx tm 



dx' n 



dx" 8 



This establishes the "transitivity of the Jacobian." 

Two relative tensors of the same order, type, and weight 
may be added, the sum being a relative tensor of the same 
weight. Any two relative tensors may be multiplied, the 
weight of the product being the sum of the weights of the 
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factors. The process of contraction may be applied to a rela- 
tive tensor and does not change the weight. All these results 
follow from 7.102 by using arguments quite analogous to those 
given in Chapter I for the case of absolute tensors. 

We now introduce a set of numerical tensors, the generalized 
Kronecker deltas. In a space of N dimensions, we define (for 
any positive integer M) : 

7.105. 5*1%; ; :** - +1 if k u . . . , k M are distinct in- 

tegers selected from the range 
1, 2, . . . , N $ and if s lf . . . , s M 
is an even permutation of k% 9 
... i k M • 

= — 1 if ftit • • • » ijf are distinct in- 
tegers selected from the range 
1, 2, . . . , N, and if s%, • • • » s M is 
an odd permutation of k u • . . , 

= 0 if any two of ki, . . . , k M are 
equal, or if any two of su . . . , 
s M are equal, or if the set of 
numbers ki, . . . , & M differs, 
apart from order, from the set 

S%9 • • • » 

We immediately notice that for 5* this definition agrees with 
that given in 1.207. If M > N, N being the dimension of our 
space, then 

«*i • • • *jt _ o 
since ku . . . , kM cannot all be different. 

Exercise. Show that, in three dimensions, the only non- 
vanishing components of $Jj are 

*23 _ -32 _ *31 _ *13 _ *12 *21 

^23 — ^32 — 031 — 0i3 = 0i2 = 0 2 i = 1, 

^23 „ *32 _ «j31 _ *13 _ *12 _ -21 1 
O32 — O23 — O13 — O31 — 0 2 l — 0 12 = — 1 . 
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Exercise. Show that equations 5.231 and 6.128 can be written 
as follows: 

Mr. = $ z h F h 
cars = I «?j vi, k . 

To establish the tensor character of the generalized 
Kronecker delta, letil(i)*\ A^f*, . . . , A( M ) k " be M arbitrary 
contravariant vectors. Then 

is a sum of MI outer products of these vectors, viz., 

4(1)^4(2)^4(8)*'. ..Ai M ) k * - ^ (l )^( 2 )^(3) fe! ...^(M)^+ .... 

This sum has the tensor character of T kv ' ' k ". Hence, by our 
test for tensor character, 1. 6, $$\ ; ; \ k s % is a mixed absolute tensor 
of order 2M. 

For purposes of manipulation we shall find the following 
formula useful. If T* 1 ' " ku is skew-symmetric in all pairs of 
superscripts, then 

7.106. r*:-** = mi r* 1 

The expression on the left side is, by 7.105, a sum of MI terms. 
The first of these is J* 1 '*"**; the other terms are obtained 
from it by permuting the superscripts and a minus sign is 
attached if the permutation is odd. Since T kl ' ' ' k " is com- 
pletely skew-symmetric, each of the Ml terms in this sum 
equals + T kl '" h *. This proves 7.106. 

Exercise. If T kl . . . hu is completely skew-symmetric, determine 

ski . . . kj£ t 

We now consider the permutation symbol ^ lft . . . rjff which 
was introduced in 4.3 and was there seen to be an oriented 
Cartesian tensor. Let us recall its definition: 

7.107. tr. r . . . Tjr = 0 if any two of the suffixes are equal. 

= + 1 if r i, f2, . . . , r N , is an even permu- 
tation of 1, 2, . . . , N. 
= — 1 if ri, r 2 , . . . , r Nt is an odd permu- 
tation of 1, 2, . • . , JV. 



7.109. J - * if , _ rj — _ . . . _ 
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This definition is equivalent to stating 

7 - 108 - ^...r* = 8 r 1 ? f :::^. 

In order to investigate the tensor character of the permu- 
tation symbol under general coordinate transformations, we 
note that, by the definition of a determinant, we may write 
the Jacobian 

dx' 1 dx' 2 ' ' ' dx'* 
If, in the right side of this equation, we interchange any two 
of the suffixes 1, 2, . . . , N, the expression changes sign; if any 
two of these suffixes are made equal, the expression vanishes; 
for example 

da* ftx* dof N 
ft? toF 

~ 5?* dx >* dx'» ~ Ji 
a** dof* dx r * 
a** a* dx' N 

" ""^i a** &?» 

ft** da* dx r * 



The last expression is therefore its own negative, and conse- 
quently vanishes. Thus, if we change 1, 2, . . . , N in 7.109 
into Su S*, . . • t s N and divide by we get 

•7 11A ' - 7-1 *^ d ^ d °f* 

7.110. - J *r irt ...r n ^ ^ • . • — . 

This proves that the permutation symbol ^ . . w 0 covariant 
relative tensor of weight — 1. 
Similarly to 7.110, we have 

T dX ' Sl dX " % dX " N 

7.111. • " — — . . . — . 
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This shows that the permutation symbol is also a contravariant 
relative tensor of weight +1. We therefore use the alternative 
notation e ri '" rir . 

If the transformation is a positive orthogonal transformation, 
4. 3, we have 7=1, and 7.110, 7.111 become the transformation 
formulae for an absolute tensor, covariant and contravariant 
respectively. This verifies the fact, indicated in 4.3, that the 
permutation symbols are components of an oriented Cartesian 
tensor. 

Exercise. Show that 

7.112. r » ^....r* - N! 

Since the permutation symbol is completely skew-sym- 
metric, we have, by 7.106, the following formulae 

• • • *Jf € *i • • • • • • f ff— u — m! €** * * ' * Jff| * * ' rif ~ M 

7.H3. s y[ K 

%... kN = ni 6fi ... fjr> etc. 

For later work we also require the formulae 
At • • • *jf r i • • • f w— u f 

7.114. =(N-M)i a*;:::*2 , 

k . . . &y **i • • • *j»r 

The proof is straightforward, and is left as an exercise. 

Having established the tensor character of the permutation 
symbol for general transformations, not necessarily orthogonal, 
we can generalize concepts such as that of the vector product 
and the curl to general 3-spaces and to arbitrary curvilinear 
coordinates. It is interesting to note that the idea of metric 
is not involved here, nor indeed throughout this section. 

Let X m , Y m be absolute covariant vectors in a general 3- 
space. We put 

7.115. P m = € mnr X n Y r « £ €™ r (X n Y r - X T Y n ) . 

Comparing this with 4.319, we note the similarity between P m 
and the vector product of the Cartesian vectors X m and Y m . 
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However, P m is now a contravariant relative vector of weight 1. 
Similarly, if X m and Y m are absolute vectors, 
7.116. P m = e mnr X n Y r = £ e mnr (X»Y*~ X r Y») 

is a covariant relative vector of weight — 1. 

A generalization of the curl of a covariant vector field is 
given by the equation 



7.117. 




The expression in the parenthesis is an absolute tensor (cf. 
Exercises I, No. 8). 

The permutation symbols may be used to generate relative 
tensors from other relative tensors, the process in general 
changing the order. We illustrate with a particular example 
in four dimensions (N = 4). Let T mn be a covariant relative 
tensor, and let P** be defined by 
7.118. f w » = %e rtm *T r t. 

A 

Then T 1 "* is a contravariant relative tensor whose weight 
exceeds by unity that of T wn , since the weight of e rtmn is +1. 
It is obvious that T mn is skew-symmetric. 

If T mn is skew-symmetric, we can solve the equations 7.118 
for T mn in terms of the components of T mn . Multiplying 7.118 
by | €jfc, w », we obtain, by use of 7.114, 

A 

2 *kamn T mn = J €jfe amn e rtmn T r t. 

= | (T k9 - T 9k ) 

In the last step the skew-symmetry of T mn has been used. 
Renaming the free suffixes we can write the result as follows: 

7.H9. T rt = h ertmn T™». 

The symmetry between the equations 7.118 and 7.119 is quite 
striking. Two skew-symmetric relative tensors T mn and f mn 
related by these equations are said to be dual . The symmetry 
of the relationship of duality is also exhibited by writing out 
explicitly all components of 7.118 : 
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7 - 120 - r 28 , r^= rax, r«= 

Exercise. If TV* is an absolute skew-symmetric tensor in a 
4-space, show that T U T^+ ^^1+ T u Tn is a tensor density. 

The concept of duality can be generalized. If T r , . . . Tx 
is a covariant relative tensor which is completely skew-sym- 
metric and if M ^ N t then we define 

7.121. t fx ■ • • - — c* 1 • • • ffjffi • • • r *-* 7V, . . . Sm . 

Ml 

This equation can be solved for T Sl ., mSM by multiplying by 
4 k .....« v .r....r M . We then have, using 7.114 and 7.106, 

= (N-M)I T kl ... kM . 

We can write this 

1 A 

17199 T _ x - TTi • • • 'Jf - jf 

Two skew-symmetric relative tensors 7*,... fcjf and I* 1 * # • k » - * 
related by 7.121, or, equivalently by 7.122, are called duals. 
Equation 7.119 is a particular case of 7.122 for M = 2 and 
N = 4. The weight of the contravariant relative tensor in a 
pair of duals always exceeds by unity the weight of the co- 
variant relative tensor. It is easily seen from 7.122 that if 

su • • • » s M , ki, . . . , k N -u is an even permutation of 1, 2, 

N, then 

7.123. T Sl ... SM = r*' • 

This result enables us to write out immediately the explicit 
equations relating the components of a pair of duals. 

Exercise. Show that, for rectangular Cartesian coordinates, 
the vorticity tensor and the vorticity vector of a fluid are duals 
(cf. 6.130). 
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7.2. Change of weight. Differentiation. Thus far our 
discussion of relative tensors has run parallel to the develop- 
ment of absolute tensors as given in Chapter i. All conclusions 
were based on the transformation properties 7.102. We now 
consider Riemannian spaces and introduce a metric form 
7.201. $ = a mn dx m dx\ 

In addition to the operations of lowering and raising suffixes 
by use of the metric tensor, we also have a process of changing 
the weight of a relative tensor, as will now be explained. 

As we wish to cover indefinite as well as definite forms, and 
transformations with negative Jacobian as well as those with 
positive Jacobian, certain symbols {t{a) and e(J) ) described 
below are introduced. For the simpler case of positive-definite 
metric forms and transformations with positive Jacobian, we 
may substitute e(a) - e(J) - 1 in the formulae given below. 

Consider the determinant | a mn \ to be denoted by a. Under 
a coordinate transformation, we have 



7.202. a' = \a' mn \ = 



dx r dx 9 
d 

dxf m dx ,n 



= Pa. 



This shows that a is a relative invariant of weight 2. If * is 
positive-definite, then a is positive (cf. Exercises II, No. 13); 
but if * is indefinite, a may be negative, and to take care of 
that case we introduce a symbol tip) = =fc 1 such as to make 
t(a)a positive. We note that, since J 2 is positive, e(a) does 
not change sign under the transformation. Thus e(a) is an 
absolute invariant and e(a)a a relative invariant of weight 2: 

7.203. e'(a)a' = J* € (a) a. 

If T r s ; ; is a relative tensor of weight W, and w is any 
positive or negative integer, then T r 5 ; ; , defined by 

7.204. rl : : = ( € (a)a)» n : ; , 

is a relative tensor of weigjit W + 2w. In a Riemannian space 
we may regard TJ;; and H /.as two representations of the 
same geometrical object. We shall now consider how to gen- 
eralize this result when w is half of an odd integer, so that the 
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weight of a relative tensor may be changed by an odd number. 

We have throughout considered only coordinate trans- 
formations whose Jacobian does not vanish or become infinite 
in any region under consideration. It follows that the 
Jacobian J is everywhere positive or everywhere negative. In 
the former case we call the transformation positive, in the 
latter case negative.* Let e( I) = + 1 or — 1 according as the 
transformation is positive or negative. We now define oriented 
relative tensors as follows: A set of quantities T\ ; ; is said to 
form an oriented relative tensor of weight W, if it transforms 
according to the equation 

dx' r dx n 

7.20s. tz : : - *v)j w tz : : — • • • ^7. • • • . 

If / is positive, then c(J)= 1, and this transformation law 
reduces to 7.102. 

The product of two oriented relative tensors is a relative 
tensor which is not oriented. Note that the word "oriented" 
is used here in a more restricted sense than in 4.3, since 7.205 
determines the transformation properties of T r s ; ; under nega- 
tive transformations as well. 

Taking the positive square root on both sides of equation 
7.203, we have 

7.206. V(a)a') 1 - e(J)J (c (a) a)K 

This shows that (e(a)a)* is an oriented relative invariant of 
weight +1. We can now interpret 7.204 without difficulty if 
w is half an odd integer ; T r s ] \ is then an oriented relative tensor. 
In particular, we can associate with every relative tensor T\ ; ; 
of weight W an absolute tensor T r s \ \ , which is oriented if W 
is odd and not oriented if W is even; it is given by 

7.207. T:::-«o)dr iW r;; : . 

The permutation symbol c, t . . . , K , or s ", gives rise to 
two oriented absolute tensors: 



7.208. ^...r, - («(«)«)* 

*Cf . 4.3. 
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7.209. ^ • • • ** = («(a)a)"* e r » ' - ». 

Using these, rather than the permutation symbols e, in equa- 
tions 7.115 and 7.117, we can, in three dimensions, define the 
vector product and the curl as oriented absolute vectors. In 
a similar manner we may define the dual of a skew-symmetric 
absolute tensor as an oriented absolute tensor. 

In one respect our notational conventions are violated by 
the permutation symbols, when there is a metric. This is not 
serious as long as the following caution is kept in mind: 
/i...r* an( j ^ fjt are not obtained from one another by 
raising or lowering suffixes with the metric tensor. Instead, 
we have the relations: 

7.2 10. . . . rjf - I a TlSl . . . a rN5N ^ • • • * , 

a 

7.211. rfk-..*- fl^,..a^„„ r 

These equations are established by an argument com- 
pletely analogous to that used in deriving 7.110. 

Exercise. Show that 

We now turn to the problem of defining the absolute and 
covariant derivatives of a relative tensor. We can proceed as 
we like, provided that the definition agrees with the old defi- 
nition of 2.5 when the weight of the relative tensor is zero. 
The absolute derivative of the metric tensor a mn is zero (cf . 
2.526) ; we shall now make sure that the absolute derivative 
of the determinant a = |a mn | is also zero. This suggests the 
following definition of the absolute derivative of a relative tensor 
r;;;; of weight W: 

7.212. ± t\ : : ; = wm* w ± Ma)a) ~* w r s : : ;]. 

The operation of absolute differentiation on the right side of 
this equation can be carried out by the process of 2.5 since the 
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bracket expression (e(a)a)- iW T r ,\\ \ is an absolute tensor 
(which is, however, oriented if W is an odd integer). Note 

that — T\ ' * • is a relative tensor which is not oriented, even 
du 

if W is odd. 

The absolute derivative of a, for which W = 2, is, by 7.212, 

to 5 , 

7.213. — = <a)a — [(e(a)a)- l a] 

5 

= e(a)a — *(a) - 0, 

since e(a) is an absolute invariant, and a constant. Also in 
the case of the invariant density (e{a)a) h , for which W = 1, 
it is easily seen that the absolute derivative is zero. 

The definition of the covariant derivative of a relative 
tensor is now obvious: 

7.214. H ; ; ; , k = (€(a)a)* w [(*(a)a)-^ T r s :;;],*• 
Neither absolute nor covariant differentiation alters the weight 
of a relative tensor.* 

We have already seen that the operation of absolute (or 
covariant) differentiation, when applied to a product of abso- 
lute tensors, proceeds according to the laws of ordinary (or 
partial) differentiation. Thus, for example, 

8 , 8S k r h 8T mn 

7.215. S (s%r«> =it pnn+5 ^' 

The same holds good for relative tensors. This is easily proved 
from the definition 7.212. Alternatively, we may take Rie- 
mannian coordinates with an arbitrary point O as origin. At 
0, all Christoffel symbols vanish and further d(e(a)a)/dx r = 0, 
since da mn /dx r = 0. Thus, at 0, the absolute derivative of a 
relative tensor, as defined by 7.212, reduces to an ordinary 
derivative. We then know from elementary calculus that 
7.215 holds for relative tensors at the origin of a Riemannian 
coordinate system. But this being an equation in relative 

*For an alternative (but equivalent) definition of absolute and covariant 
differentiation of relative tensors, see Exercises VIII, Nos. 18, 20, 21. 
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tensors, it must be true in all systems of coordinates; and 0 
being an arbitrary point, it must hold generally. 

Exercise. Using Riemannian coordinates, prove that 

7.216. = 0, 

^r t ...r N \k = V ri '" ry \k = 0. 

We shall now establish a simple but useful formula for the 
divergence of a contravariant vector density. If is a vector 
density, i.e., a relative vector of weight 1, then 

7.217. t* = (e(a)a)-*T* 

is an absolute vector (oriented). Then, by equation 2.545, 
generalized slightly to include the case of a negative deter- 
minant a, we have 

7.218. f»„- (€(a)a)-* ^ [(e(a)a)***] . 

Multiplying across by (e(a)a)* and substituting from 7.217, 
we get 

Since the covariant derivative of (€(a)a)* is zero, this reduces 
to the simple result 

Note that this striking result holds only in the case of a contra- 
variant vector density. 

Exercise. Prove that if T" is a relative vector of weight W 
then 

7.220. r», n - (€(a)a)* (pr - x > -L [(«( a )a)* a "^P*]. 

7.3. Extension. In 1.3 the infinitesimal displacement 
was studied as the prototype of a contravariant vector. The 
infinitesimal displacement was characterized by the vector dx r . 
Only later, in 2.1, did we introduce a metric and the concept 
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of a length ds associated with the displacement dx r . This 
indicates that the vector displacement is more fundamental 
than its length. Both magnitude (in a sense) and direction 
of the displacement are determined by the vector dx r ; for 
example, it is possible to say that one displacement (d'x r ) is 
twice another (dx r ) if d l x T — 2dx r . It is only when we wish 
to compare the magnitudes of infinitesimal displacements at 
different points or in different directions that we require the 
concepts of metric and length. 

We are all familiar with the ideas of area (2-volume) and 
ordinary volume (3-volume). In this section we shall be con- 
cerned with the more fundamental non-metrical concept of 
extension* which bears the same relationship to volume as the 
vector displacement bears to length. We shall work from the 
beginning with a general number of dimensions, since the 
tensor notation is such that little is gained by restriction to 
a special number of dimensions. 

In a space of N dimensions, in which no metric is assigned, 
consider a subspace V M of M dimensions (M ^ N) defined 
by the parametric equations 

7.301. x h = x k (y\ y 2 , . . . , y M ). 

In this V M consider a certain region R M . Let us divide R M 
jnto a system of cells by M families of surfaces 

7.302. f a) (y) = c {a \ a - 1, 2, . . . , M, 

where c (a) are constants, each taking on a number of discrete 
values and so forming a family of surfaces (Fig. 21). Here and 
throughout the remainder of this chapter the Greek letters 
a, 0, 7 assume values from 1 to M and the range and summation 
convention will apply to them unless an explicit statement to 
the contrary is made. Note that this applies only to the first 
few letters of the Greek alphabet. Others, such as 0, p, <r, r 
will be reserved for special ranges of values as required. 

It is easy to attach a precise meaning to the statement that 
a point P of Vm lies in a certain cell; for P may be said to lie 
between two surfaces of the same family, say family a, if the 
expression / (a) (y)— c (a) changes sign when we change c {a) from 
♦Historically, this concept is quite old. It is due to Grassmann (1842) 
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the value belonging to one of these surfaces to the value be- 
longing to the other: here y refers to the parameter values at 
the point P. 




(y'+A (n y', y 2 +A<„y 2 ,y 3 +A (l >y 3 ) 

Fig. 21.— A cell in subspace F 8 ; the coordinates of A are x k , and those of 
5d) are ** + Afc)** 

Let A be a corner of a cell (Fig. 21). Through A there passes 
one surface of each family. Let the corresponding values of 
the constants be c (2) , . . . , c {M \ Passing along the edge 
for which alone changes, we arrive at another corner 2? a), 
for which the constants have values + Ac (1) , c (2) , . . . , c (M) . 
In passing from .A to B(d the parameters change from, say, 
y a at A to y a + A(Dy fl at 5<d, and the coordinates from x k to 
x k +A a) xK Similarly the parameter values and the coordinates 
of all the corners J5<d, 2J( 2 ), . . . , B iM) , of the cell which are 
reached by passing from A along an edge of the cell may 
respectively be written 

y*+ A(fi)y a ; 

and x k + A(fi)X k . 

We now form the determinants 





A(D*\ Aft)*\ . . 


• • , A (l )**» 




A( 2 )**«, A(2)X*», . . 


• • , A (2) **" 


7.303. A*« •••*» = 








Ayf)** 1 , A(3f)**S. . 


• , A (M) **" 
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Introducing the generalized Kronecker delta ; ; : *£, these 
determinants can be written compactly as follows: 

7.304. a*-- • • $*; : : : *z a<d*\ . . a w x 5m . 

Had the edges of the cell been taken in a different order, the 
determinants might all have had the opposite signs; apart from 
this common change in sign, the determinants are independent 
of the order of selection. 

If we employ the same cell, but a different corner to start 
from, the determinants formed in the same manner would in 
general have different values. But if the cell is infinitesimal, 
that is, if the Ac® are infinitesimals, the differences will be 
infinitesimals of a higher order than the determinants 7.304, 
which we shall now write 

7.305. dr(M)* 1 ' ' ' ** - «5j 1 1 '. & . . rf< M)*? M . 

We are therefore to regard this set of determinants as some- 
thing which, except for the possibility of a common change in 
sign, is uniquely determined by an infinitesimal Af-cell whose 
/3th edge is d^xK The set of quantities ir (M) * 1 * " k " is called 
the extension of the infinitesimal M-ceU. This tensor is the 
nearest approach to the concept of elementary volume possible 
in a non-metrical space. 

Exercise. Show that 7.305 may be written in the equivalent 
form 

7.306. dr { M f — * - ^ ' • • ** d w A . . d^y**". 

In this equation, what is the tensor character of the permu- 
tation symbol * * * 

The edges of an infinitesimal ilf-cell of V M can obviously 
be written in the form 

7.307. d^x* = ^ d w) y*. 

ay 

We therefore obtain the following alternative expression for 
the extension of the M-ceU 
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7.308. dT {M) kl "* kM 

" 5 * • • * s *w • • • 5= • • ^ 

The expression on the right side of this equation is essentially 
a sum, the first term of which is 

7 * 309 ' |£ ■ • • 5= * 1)yai - • • ^> ytt " 

The other terms in the sum are obtained from this by per- 
muting the subscripts k u k 2 , . . . , k M , a minus sign being at- 
tached to a term if the permutation is odd. However a per- 
mutation of ki, . . . , £3, in 7.309 is equivalent to the corres- 
ponding permutation of a lf . . . , a M in d^y*. . . d {M) y* M . 
For example, 

daft daft a*** 

dy^dyZ" 'ty-M^y^y*** • -<W a " 

ft** 1 dx** dx? M 

and this becomes, on interchanging the dummy suffixes ai, a 2 , 
dx^dxt* dx k " 

dy^dy**' ' 'fyZtwy^wy* 1 - • • d W)y aM . 
It follows that 7.308 may be rewritten in the form 

dx* 1 Bx ksi 

7.3io. •' k * = jp • ■ • jp, 5 ?. : : : SW. • • 

Introducing the permutation symbols e" 1 • • • a * for the range 
1, . . . , M, we can, by 7.114, write e" 1 ' * ' ** «„ for 

But 

^•311- «r I ...T Jf ^(i)3' 7 '...^(i/)y 1 ' ,r = 



say. Then 7.310 becomes 
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7.312. dr ( M) 




dx* 



dx k " 
dy a » 



The most useful expressions for the extension of an infinitesimal 
Af-cell are given by 7.305 and 7.312. 

Exercise. Let x h be rectangular Cartesian coordinates in 
Euclidean 3-space. Introduce polar coordinates r, 0, <j>, and 
consider the surface of the sphere r — a. On this sphere form 
the infinitesimal 2-cell with corners (0, (6+d6, </>), (0, <t>+d4>), 
(0 + dO, <f> + d<f>). Determine the extension of this cell and 
interpret the rectangular components. In particular, show 
that the three independent components of the extension are 
(apart from sign) equal to the areas obtained by normal pro- 
jection of the cell onto the three rectangular coordinate planes. 
Does this interpretation remain valid if the sphere is replaced 
by some other surface? 

From the fundamental theorem of multiple integration it 
follows that, if * is a continuous function of the parameters 
y in R M , and if the (M — l)-space which bounds R M is suffi- 
ciently smooth, then 



exists and is independent of the manner in which the region 
R M is divided into cells. In 7.313 the summation extends 
over all complete cells in R Mf $ is evaluated at a point inside 
each cell, and the limit is that in which the size of each cell 
tends to zero, that is, Ac*® — > 0. The limit in question may 
be written 



This theorem we shall accept without formal proof which 
properly belongs to the subject of analysis rather than to the 
tensor calculus. However, we give in Appendix B an intui- 
tive and somewhat incomplete argument which may help to 
make the theorem plausible. 

If we choose the functions f a) in 7.302 as 



7.313. 



lim 2 * | A w y Y | 



7.314. 
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7.3 is, ^(y) - y a f 

then d 0) y y = 0 if fi y. Writing simply dy y for d^y* when 
£ = 7, 7.314 becomes 

7-316. | * dyi. . . dy M , 

the more familiar form for a multiple integral. The expression 
7.314 has the advantage that it exhibits the integral in a form 
valid for an arbitrary choice of cells. 

Let us now take as integrand in 7.314 the expression 

dy*> dy a » 

where 4> is another arbitrary function of position in R M , that 
is of the parameters y. Then, by 7.312, we can write the 
integral 7.314 in the form 

7.317. J <f> dr {M) ^ ' • ** 

which is thus also independent of the choice of cells. 

So far our considerations have been confined to a single 
coordinate system, and no ideas of tensor character have been 
introduced. The infinitesimal displacement d (0) x k along the 
0th edge of an Jlf-cell is by definition an absolute contra- 
variant vector. Then, by 7.305, and by virtue of the skew- 
symmetry and the tensor character of the generalized 
Kronecker delta, we immediately have: The extension 
dr w ftl " ' ' ku of an infinitesimal M-cell is an absolute contravariant 
tensor of order M which is skew-symmetric in all pairs of suffixes. 

Let us now consider the integral 

7.318. JdW^"**. 

We might call it the extension of the region R M , but it is of no 
interest in general as it has no tensorial character. This is, in 
essence, due to the fact that we are here combining the com- 
ponents of a tensor at different points; the result of such addi- 
tion is not a tensor. For example 

W)a + (T*)b 
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is not in general tensorial, A and B being different points, 
since the transformation coefficients dx' k /dx r at A may differ 
from those at B. On the other hand, if T k . . . * M is a co- 
variant tensor of order M , then 

2\ • • • k u dT { M) k * ' 
is an invariant, and so is its integral 

7.319. [T K . m . h Jbrugj*"**". 

In the special case when M — N, the extension dr {N) kl 
of an N-cell is determined by the single component of dT {N) 12 "' N . 
In fact it follows immediately from the skew-symmetry of 
dT<tf)*'--***that 

7.320. dr {N) n ' ' ' N = ^ ^ . . . feAw* 1 ' * * " <* r <*>' 
say, and that 

7.321. ir w ^ * * ' * N - e* 1 ' • ' rfr w . 

We immediately see that dr^) is a relative invariant of weight 
-1; it is the dual of dr iN) kl ' ' ' k ". As there is little danger 
of confusion we shall refer to dr {N ) also as the extension of the 
JV-cell. It follows from 7.305 and 7.320 that dr {N) is the 
determinant 

7.322. dT iN) = \d {9) x k \. 

If we regard the parameters y as intrinsic coordinates in the 
subspace Fm, we may define dr( M ) by the equation 

7.323. dr { M) — | d^y* | . 
We can now rewrite 7.312 in the form 

7.324. drM* dr iM ), 
where 

Thus the extension of an infinitesimal Jlf-cell can be written 
as a product of two factors which we shall now discuss. 
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The factor dr m is an intrinsic quantity determined (apart 
from sign) by the cell We may call it the intrinsic extension 
of the infinitesimal cell in the subspace V M . The intrinsic 
extension is an absolute invariant with respect to transfor- 
mations of the coordinates x; but it behaves like a relative 
invariant of weight -1 under transformations of the para- 
meters y, which can be regarded as intrinsic coordinates in V M . 

The factor v* 1 • • * is quite independent of the cell but is 
determined by the subspace V M , including its relation to the 
parent space V N , and by the point P in V M under consider- 
ation. It is a generalization of the tangent vector to a curve 
(M = 1) and may therefore be called the M-direction of V M 
at the point P. The Af-direction is a skew-sym- 

metric, absolute, contravariant tensor of order M with respect 
to transformations of the coordinates x\ under transformations 
of the parameters y it is easily seen to behave like a relative 
invariant of weight +1. 

The sign of the intrinsic extension of an infinitesimal Af-cell 
depends on the adopted order of its edges. If we permute the 
order of the edges this sign does or does not change according 
as the permutation is odd or even. We thus distinguish be- 
tween two orientations of an Af-cell: two infinitesimal M -cells 
at the same point P in V M are said to have the same orientation 
or opposite orientations according as their intrinsic extensions 
have the same sign or opposite signs. Since the -direction at a 
point P in V M is quite independent of any cell under considera- 
tion, we see from 7.324 that if dr^)* 1 " ' k * and d'rw)^ ' 
are two infinitesimal If-cells at the same point in V M , then 

7.326. iFrcio* 8 dregf*—** , 

where $ is positive or negative according as the orientation 
of the cells are the same or opposite. 

The intrinsic extension of an infinitesimal if -cell was seen 
to behave like a relative invariant of weight — 1 under trans- 
formations of the parameters y. Thus it changes sign under 
a parameter transformation with negative Jacobian. We can 
therefore give no invariant meaning to, say, the statement that 
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the intrinsic extension of a cell is positive. However, if two 
infinitesimal Af-cells have intrinsic extensions of equal (or 
opposite) signs for one system of parameters, this fact remains 
true for all systems. Thus comparison of the orientation of 
two M-cells at the same point is of invariant nature. 

Comparison of M-cells at two different points A and B in 
a region Rm of the subspace Vm Is achieved as follows: The 
infinitesimal cell at A, say, is moved in a continuous manner 
to B, along a path C lying in R M , such that, at each stage of 
the continuous motion, the intrinsic extension of the cell is 
non-zero. The orientations of the two cells are then com- 
pared at the point B. 

For many types of regions this comparison of orientations 
is unique. Such regions are called oriented or two-sided. As 
an example, consider a region R M with intrinsic coordinates 
which are continuous and single valued functions of position 
in R M * In the process outlined above, the extension of the 
Jlf-cell changes continuously during the motion from A to B f 
and is never zero. Hence it does not change sign. It follows 
that, in the case considered, the orientations of the Af-cells 
at A and B can be compared by simply comparing the signs 
of their extensions. This procedure is obviously unique. 

There are, however, regions where the orientations of cells 
at different points cannot be <•> 



compared because the proced- 
ure adopted above is not uni- 
que. Such regions are called 
unoriented or one-sided. Ex- 
amples of unoriented regions 
are the two dimensional polar 
space of constant curvature (cf . 
4. 1 , Fig. 22) and the well-known 




two orientations for the whole curvature. This space is therefore 
region. It should be noted unoriented. 



Mobius strip. 

In the case of an oriented 
region, we distinguish between 



Fig. 22. The pair of vectors, (1) 
and (2), changes orientation after 
traversing the closed path ABCDEA 
of the polar 2-space of constant 
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that in formulae such as 7.314 or 7.319, where integrals taken 
over a region R M were considered, the region R M is tacitly 
assumed to be oriented and all infinitesimal cells are assumed 
to have the same orientation. 

7.4. Volume. In this section we shall introduce a metric 
(in general not positive-definite), and by means of it pass from 
the extension tensor to the concept of volume element. The 
volume is invariant, and can be integrated to give the volume 
of a finite domain. The extension tensor cannot be used in 
this way, although, as we have seen, certain integrals involving 
it have invariant character. 

In the previous section we have defined the extension of 
an iV-cell 



and we have seen that it is a relative invariant of weight — 1* 
It follows that dr m retains or changes sign under a coordinate 
transformation according as the Jacobian of the transformation 
is positive or negative. Defining e(r)=zfcl, such that 
e(r)rfT(j V ) is positive, it is immediately seen that €(r)dr w is an 
oriented relative invariant of weight — 1. 

Let us now consider a Riemannian space with the metric 
tensor a wn . We have seen earlier that (e(a)a)* is an oriented 
relative invariant of weight +1. We can therefore form the 
absolute invariant 

7.402. {<a)a)^{r)dr {N) , 

which is not oriented. We define it to be the volume, of the 
infinitesimal N-ce\\. The integral 



taken over a region R N , is an absolute invariant, the volume 
of the region. Note that 7.403 always gives a positive volume. 

To show that the above definition of volume agrees with 
the ordinary definition in the case of Euclidean 3-space, we 
take rectangular Cartesian coordinates, and define the cells 



7.401. 



dr {N) = | d {9) x k | , 



7.403. 
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as in 7.315, that is, d (8 )** == dx k i{ s = fcand d ia) x h = 0 if 5 ^ k> 
Then we have €(a) - 1, a « 1, €(r) = 1, and so the element of 
volume is 



as it should be. 

In a general V N , the square of the element of volume of a 
cell is 

7.405. dv w *= e(a)a\ d {B) x* | 2 = <i(a) \ah f d {lt) x h d i t)X T |. 

If the edges of the cell are orthogonal, the only surviving 
elements in this determinant are in the leading diagonal 
($ = /), and they are, to within a sign, the squares of the 
lengths of the edges. Hence, since we have defined dv^ N ) to 
be positive, we have for the volume of an infinitesimal rec- 
tangular cell 

7.406. dfc(tf) » dsi ds%. . . ds Nl 
where dsu . . . , ds^ are the lengths of the edges. 

Exercise. Using polar coordinates in Euclidean 3-space find 
the volume of an infinitesimal cell whose edges are tangent to 
the coordinate curves. Obtain the volume of a sphere by 
integration. 

A subspace Vu in a Riemannian space V N possesses a 
metric by virtue of its immersion in F# . Let Vu have the 
equation 7.301. Then the distance between two adjacent 
points of V u is given by 

7.407. d$ 2 =* ea k *dx k dx*, 

since the points in question are also points of Here 
e(=» =fc 1) is the indicator of the direction dx h . But if we 
adopt the range 1 to M for Greek suffixes a, 0, 7, this is 



7.404. 



^(3)— dxtdxPdx*, 



7.408. 




where 



7.409. 



dx^dx^ 
3yW 
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Then b afi is the metric tensor of V M for the intrinsic coordinate 
system y a . Since V M is itself a Riemannian space, any por- 
tion of it possesses a volume. Thus in a V N we have to con- 
sider j\r-volume, (N— l)-volume, (iV-2)-volume, etc. A 2- 
volume is also called an area, a 1-volume a length. 

The volume of an infinitesimal ilf-cell is the invariant 

7.410. dv iM) - (e(b)b)*e(r)dT {M) = (e(b)b)* € (r)| |. 
Since ■ • • a %. . . aif - Af/ f we obtain 

7.411. 6 i^- ' •* v . ^ <W. 
We easily see that 

7.412. v • •« & - ^' ' ' 6 «A . . 

by 7.409. Substituting from this into equation 7.411 we im- 
mediately have, by use of 7.312, 

<fo<M) = -Jf[ a hh . . . a kM8jl dr {M ) 1 ' ' ' h » dr m $1 ' ' ' *», 
or, equivalently, 

7.413. - ^ dr w * ' • dr (M)kl . . . ku ; 

= db 1 and must be such as to make the right-hand side 
of this equation positive. 

Given a region R M in the ilf-space V M , the invariant 
integral 

7.414. | dv {M ) 

is defined to be the Jkf-volume of the region. The volume 
integral of an invariant T, 

7.415. jf Tdv {M ) 

is itself an invariant. But the integral of a vector or tensor 
of higher order, such as 
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I T k dv m , 

does not possess tensor character. 

Exercise. In the relativistic theory of the finite, expanding 
universe, the following line element is adopted : 

ds 2 = R*[dr 2 + sin 2 r(d0 2 + sinW 2 )] - dt\ 
where R = R(t) is a function of the "time" /. The ranges of 
the coordinates may be taken to be 0 ^ r ^ w f 0 ^ $ ^ 
O^0<2t, — *> < t < oo. Find the total volume of "space," 
i.e., of the surface / = constant, and show that it varies with 
the "time" t as R*(t). 

In a space Vn with no metric, the normal to a surface 
has no meaning, but we do have an extension tensor 
associated with every element of We shall now show, 

when there is a metric, the connection between the normal and 
the extension tensor. 

Let us take in V N -i an infinitesimal cell with edges 
d{i)x k f . . . , d{N~i)x k . The extension of the cell is 

7.416. A-or-i)*— afc:::ta*<i>**. • • rfor-D**- 1 - 

According to 7.122 the dual of dr(tf-i)* 1 is (-l)*~V r , 

where v r is the covariant relative vector defined by 

7.417. V T = - kv r dT iN -i) kl * ' * 

Then, by 7.416, 

Vrd(l)xtzss (y^m V.w'n'.Xfc 

= o, 

since dn)X r d(i)x^ is symmetric in the suffixes r and $i, and 
^...tjr-ir is skew-symmetric. Similarly, we can show that 
Pfd{i)X r = 0, etc., and thus 
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7.418. vJwf- 0, /S - 1, 2, . . . , N - 1. 

This shows that the vector with covariant components v T is 
orthogonal to the vectors <* (1) *', .... d (N - 1)X r , and hence to 
every infinitesimal displacement in V N -i. In short, v r is 
normal to F w _ lt 

We now normalize v T by introducing the vector* » r : 

7.419. € ( T ) Vr 

W *(»-0 (N — 1) ! T(w - 1} 
e(») denoting the indicator of n r (e(») = ± 1, such that 
e(n)n r n r is positive); e(r) is also ±1 and determines the sense 
of n r ; its significance will be discussed shortly. Obviously n r 
is also normal to We shall now show that n r has unit 

magnitude, so that n r is the unit normal to Vtr-i. Using the 
metric tensor to move suffixes up and down, we have, by 7 419 
and 7.211, 

= e JZ> 1 si t. 

„ — — . dr(K ,/«•••**-' 

- «(a)«(*), 

the last stage of simplification being justified by 7.413. This 
establishes that n T is a unit vector, and also shows that 

♦The definition of n r breaks down if dv( N -i) « 0 and we therefore exclude 
this possibility; <fo(*-.i) vanishes if dr^-ifr ' 0 * V-i = 0; however, even 
if this equation is not satisfied, dv( H ^i) can vanish in the case of an in- 
definite metric— for example, if the cell lies in a null cone (cf . Ex. 7 at 
end of chapter). 
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7.420. €(w) = €(a)e(6). 

At any point P of V N -i there are, of course, two unit vectors 
which differ in sign. Let us assume that V N is oriented, or, at 
least, a region R N of it which includes all points of V N -i, thus, 
in particular, also P. Let us adopt an orientation in R Nf and 
let e(r) be +1 or — 1 according as an elementary N-cell of this 
orientation has, at the point P, a positive or negative extension 
dr {N ). With this convention concerning e(r) we are now in a 
position to discuss which of the two possible unit normals is 
given by the n r of 7.419. 

Let 

dx r = n r ds, 

where ds is a positive infinitesimal; dx r is codirectional with 
the unit normal n r . Thus 

t{n)nrdx r > 0. 

Substituting in this relation from 7.419 and 7.416, we obtain 
on division by positive factors 

This can be written 

7.421. <r)dT iN) > 0, 

where dr m is the extension of an iV-cell at P whose first N — 1 
edges, taken in order, are those of the (N — l)-cell whose 
extension tensor is the (/rc^-i)* 1 ""**" 1 which occurs in 7.419, 
and whose last edge has the direction of the normal n r . Thus, 
by 7.421, the unit vector n r must be such that this iV-cell has 
the orientation adopted for the jV-space. 

7.5. Stokes' theorem. Let x r be rectangular Cartesian 
coordinates in Euclidean 3-space, R* a finite two dimensional 
region on a surface V* in this 3-space, and Pi the closed curve 
bounding P 2 . Let n r be the normal to F 2 , and T r a vector 
field assigned on P 2 . Stokes' well-known theorem* states 

*R. Courant, Differential and Integral Calculus, New York: Inter- 
science Publishers, Inc., 1936, II, chap, v, sect. 6. 
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= J(r! r 2 d**+ t z d&) . 

Here, the integral on the left side is taken over the region 
£2, dv (2 ) denoting an element of surface area (2-volume), and 
the integral on the right side is taken along the bounding 
curve jRi. The sense in which the closed curve R t is described 
depends on the choice of the normal n rf which is determined 
by V 2 only to within an arbitrary sign. Introducing the sum- 
mation convention and the permutation symbol e rk8 , 7.501 
simplifies to 

7.502. JT € '*«7V 9 n r dv (2) =^ T r dx\ 

where the comma denotes partial differentiation. 

We shall now introduce the extension of F 2 by means of 
7.419, which in the special case of Euclidean 3-space and 
rectangular Cartesian coordinates gives 

7.503. nr dv {2 ) = £ €wZr (2 ) mn . 

Remembering the definition 7.305 of elementary extension, we 
have, trivially, dx r = drtf. Thus we can rewrite Stokes* 
theorem in the form 

I r * rk8 T kt9 | e rmn dr i2) mn = Trdrtf, 

which immediately simplifies to 

7-504. £ T k , 8 dr {2 ) h9 = £ T r drtf. 

Consider now a transformation to a curvilinear coordinate 
system. Since dT k /dx* differs from the tensor i(7V.- T 8tk ) 
by an expression symmetric in fc, s and <Zr (2) * a is an absolute 
tensor, skew-symmetric in these suffixes, it follows that the 
integrand on the left is an invariant. Thus 7.504 is a tensor 
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equation and therefore valid in all coordinate systems. How- 
ever, this last form of Stokes* theorem has another very impor- 
tant advantage: the metric of the parent space is completely 
absent in the formulation of 7.504. This reveals the true non- 
metrical nature of Stokes' theorem. 

Our purpose in this section is to generalize Stokes' theorem 
to arbitrary numbers of dimensions. Possibilities for such 
generalization are immediately suggested by 7.504. The for- 
mulation is as follows: 

Let V M be an Jlf -dimensional subspace of the non-metrical 
N-space V N (M ^ N). Let Rm be an oriented finite region of 
V M , bounded by the closed (M — l)-space Rm-u and let 
7\ . . . k M -j be a set of functions* of the coordinates. Then the 
generalized Stokes 9 theorem states 



7.505. J T kl ^. ku ^ kM dr m ^^ 

JClf— . 



*i • • • k a — i 



provided the orientations of 
the Af-cell (with extension 
dr iM ) kl '" kM ) and the (AT- l)-cell 
(with extension drw-i) 1 "'*"" 1 ) 
are related as follows: If to the 
edges of the (M — l)-cell there 
is added as an Mth edge an 
infinitesimal vector lying in Vu 
and pointing out from R M » then 
the orientation of the ikf-cell 
so formed is to be the same as 
that of the Af-cell with exten- 
sion dr {M ) l '" kM (Fig. 23). 

In proving 7.505, it is con- 
venient to establish it first for 
the particular case M = N. 
Thus we set out to prove 

♦Since we do not need to transform the coordinates in establishing 
7.505, the question of the tensor character of 7* . . . * u does not arise. 




Fig. 23. Cell at P with edges 
i(i)re* d(t)x k , dxP has the same orien- 
tation as cell (1), (2), (3) at Q in R M . 
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R N 



We recall that the extension tensor is skew-symmetric; 
hence in any surviving term in 7.506 no two k's can take the 
same value. Thus we can write 



7.507. 

where 

7.508. 



*"= /!+/, + ... +I N , 



the symbol i 5^ 1 indicating that no k is to take the value 1, 
and k 9* 2, . . . , having similar meanings. 

Let us choose the cells in R N with edges along the para- 
metric lines of the coordinates, in order, in the sense of in- 
creasing values of the coordinates. This establishes an orien- 
tation in R N , and we have 

7.509. dr w * • ■ - & • • • *W. . . dx* t 

the infinitesimals being positive. 
Then by 7.508, we may write 




7.510. Ii - 



Fig. 24 Thin tube in 



Here and throughout the rest of 
this section, the Greek suffix 6 
refers to the range of values 
2, 3, . . . , N. We proceed to 
evaluate this integral by in- 
tegrating first along thin tubes 
made up of parametric lines of 
x 1 (Fig. 24). Any such tube, 
taken in the sense of x 1 increas- 
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ing, cuts Rn-i in two (N — l)-cells, the tube entering R N at 
a point A and leaving R N at a point B* Any one of the cells 
cut out on Rn-i by the tube has the N—l edges 

(f, 2 dx 2 , dx 2 , 0, 0, . . . . 0), 

7.511. (f.zdx*, 0, dx*, 0 0), 

(f. N dxP, 0, 0, 0, . . . . dxF), 
where the terms in the first column involve the partial deri- 
vatives of the function / by which R^-i is given in the form 
* 1=s /(# 2 > . • - » x N ). Carrying out the integration with respect 
to x 1 in 7.510, we have 

7.512. = Te t . ..e N €*'- M dx*. . . 

Rjt—\ 

the integrals being evaluated respectively over the 5-points 
and the A -points. 

We now ask an important question: Have the (N — 1)- 
cells 7.511 the prescribed orientations? To test this, we add 
at a jB-point an Ifth or final edge with components 

7.513. (dx 1 , 0, . . . , 0), 

with dx 1 positive; this edge points out from R N . Equation 7.322 
gives us, with substitution from 7.511 and 7.513, the following 
expression for the determinantal extension of the Af-cell so 
obtained: 



/.* dx 2 , 


dx 2 , 


0, . 


. . 0 




o, 


dx*, 


. . 0 


f, N dx», 


0,' 


• • 

o, . 


. . dx* 


dx 1 , 


o, 


o, . 


. . 0 



This is equal to 

(-l) N - 1 dx i dx*...dx N , 
which is the determinantal extension of an iV-cell of R N , multi- 

*If the tube meets R N _ X more than twice, we shall consider each con- 
nected portion of the tube, which lies in R N , as a separate tube. 
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plied by (— l) N ~ l . Accordingly, the orientation of the (N - 1)- 
cell 7.511 is correct at B if N is odd and incorrect if N is even. 
Similarly, at A, where the final edge to be added is 

(-dx\ 0, . . . , 0), 
the orientation of 7.511 is correct if N is even and incorrect if N 
is odd. 

Let (dr^-vp- * • and (dry,-^* " kN ^) B denote the 

extensions of the (N — l)-cells in which the a^-tube cuts R N -i, 
with the proper orientations. Introducing the appropriate 
factors to correct for orientation, where necessary, we have 

(* ( _!)*•• ••**-')*= (-D*- 1 ^: ::*r 

7.515. d (*>*?'- • • 

where d w x*(6 = 2, . . . , JV) are the edges 7.511, taken in order. 
Now if no k in 7.515 is given the value 1, no s can take the 
value 1 if the term is to survive. So we have 

7.516. (<*t (W _x)'" • • 9 ") B = (-l)*- 1 ^: ; ; da?. . . dx N . 
But 

*»»••• *»_ tiff - «y_ J»f • • »ir — / T \W-lfl,. . . 0„1 

°2...N °12...W 6 V L ) e 

and so, with the similar result for the cell at A, 

7 gl7 (dr (N - l) e ' •••*»)*«= «'* * * * ' k1 dx*. . . 

(dr^V • • '") A - - • ' V <&*. . . <fc w . 
Substitution in 7.512 gives 

7.518. h - f r,, . . . , w • • • * 

(r* I ... fcw _,rfT (W _i ) *' •••*»-.) M1 . 



-i. 



Similarly, 
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We have now very nearly proved 7.506; by 7.507, 7.518, and 

7.519. we have shown that the left-hand side of 7.506 is equal 
to the sum of a set of terms of the general type of the right- 
hand side of 7.506, but with the understanding that in the 
first term no k takes the value 1, in the second term no k takes 
the value 2, and so on. However, since there are N — 1 suf- 
fixes in the right-hand side of 7.506, and the extension is skew- 
symmetric, it is easy to see that we can break down the 
summation occurring in 7.506 into precisely the restricted sum 
considered above. Hence Stokes' theorem in the form 7.506 
is proved. 

The general case for an arbitrary M(M ^ N) is easily 
proved from the above result, as will now be shown. Let the 
Af-dimensional subspace Vm be given by 

7.520. x h = x k (y\... ,y M ). 

The parameters y may be regarded as intrinsic coordinates of 
Vm . Let Rm be a finite region in Vm , bounded by the closed 
(M — l)-space Rm-u whose parametric equations are 

7.521. y a = /(^..y- 1 ). 

As in the previous section, the Greek letters a, 0, y range from 
1 to M , but the Greek letters p, <r, t range from 1 to M — 1. We 
can disregard the fact that Vm is a subspace of F# , and apply 
our previous result 7.506 to the region Rm . In order to avoid 
confusion, the extensions of the elementary cells will be written 
in explicit form (cf. equation 7.312). We then have 

7.522. f ^^...W-'--M(»y T | 

-j *«,....*_ i^-j^^ i^') 2 1» 

R M —i 

where t ai . . . ajf _, is a set of quantities defined at each point 
ofR M . 

If . . . k u - t is any set of quantities defined in the full 
space V Nf then the expression 
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7.523. 



3/» " * dy a »~ l 



is a function of position in Rm. Substituting this expression 
for t H . . . ajf _ 1 in 7.522, and simplifying*, we obtain 



This is the generalized Stokes* theorem. By 7.312, it may be 
written 



as in 7.505. 

So far no assumption has been made regarding the tensor 
character of T^...^^ in establishing the generalized Stokes' 
theorem. If Tj^...*^ is an absolute covariant tensor, it 
is at once evident that the integrand on the right-hand side 
of 7.525 is an invariant, and so consequently is the integral. 
Due to the skew-symmetry of dr^ 1 * ** the integrand on 
the left-hand side is also an invariant. This may be proved 
in a few lines, preferably with use of the compressed notation 
of 1.7; the proof is left as an exercise for the reader. Thus 
both sides of 7.525 are invariants. 

Let us add a final remark. Stokes' theorem holds for an 
arbitrary collection of N M ~ l functions I\ . . . of position 
in R N . However, the two integrals in Stokes' theorem have 
tensor character only if 7*, . . . k M - % is an absolute covariant 
tensor of order M — 1. Consider, for example, a tensor 
Z\ . . j ¥ . lWl of order M + 2. We still have Stokes' theorem 
in the form 




7.525. 




♦The second derivatives of x's with respect to the ys disappear on 
account of the skew-symmetry of the e-symbol. 
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7.526. J Z\... WlV „ (H)" 1 • 

= / ?\ . . . ^ dr {M -i) 1 ' ' * • 

This equation holds for all values of r% 9 r 2 , but neither side 
of this equation is a tensor. In 7.525 we may use different 
coordinate systems to evaluate the two sides of the equation ; 
we cannot do this in the case of 7.526. 

Exercise. The skew-symmetric part of a tensor Z\ . . . k M is 
defined to be 

r ft ... w - (JfO^rrrfiPV.. tJf . 

Show that the left-hand side of equation 7.525 is unchanged 
if 7\ . . . k x -i is replaced by its skew-symmetric part. Show 
that the same is true for the right-hand side. 

7.6. Green's theorem. If a metric is given in the iV-space 
Vn, Stokes' theorem, for M = N 9 can be thrown into a dif- 
ferent form which is an obvious generalization of Green's 
theorem* 

We start with Stokes' theorem in the form 

7.601. ^r^,.^,^ir { ^-^ 

where 7\. . . are skew-symmetric functions of position, 
not necessarily components of a tensor. This, by 7.321, can 
be written 

7.602. / (Jlf-ljli^ 

i 

where T** is given by 

*In the case of an indefinite metric there are exceptional surfaces, such 
as null cones, for which the transition to Green's theorem breaks down. 
For such surfaces Stokes* theorem, as formulated in the previous section, 
must be used. 
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7.603. r** = — — T^^-'-^n. * „ 

or, equivalently, by 

7.604. ^...^f* 

since 7\. is skew-symmetric in all its suffixes. 
If we now define T* by 

7.605. r-fy(a)a)-*r 9 

the left-hand side of 7.602 may be written, by 7.402, 

7.606. (N - 1) U(r)| [(«(a)a)* n(«(a)a)- * * w . 
By 7.419, the right-hand side of 7.602 may be written 

- (tf - l)!c(r) f *{n)rn r <h iN - 1)f 

n f being the unit normal to R N - U and e(n) being its indicator. 
From our convention, 7.5, linking the orientations of R N and 
Rn-u and from the discussion at the end of 7.4, it follows that 
n r is the outward unit normal to R N - X . From 7.606 and 7.607, 
we have Green's theorem in the form 

7.608. £ — [(i(a)a)* 2T] «a)a)^* w 

In this formula, we must in general use the same coordinate 
system in evaluating the two sides. But if T r is an absolute 
contravariant vector, then Green's theorem may be written 

7.609. f T* , r dv iN) - f e(n) Tttr dv {N - x) . 

It is obvious that each side is an invariant. 

In Euclidean 3-space, with rectangular Cartesian coor- 
dinates x r , 7.609 reduces to the well-known form of Green's 
theorem 
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7 * 610# I a? dV{z) * L Trftr dV{2h 

dT/dx 1, being the divergence of the vector T and T r n r the 
scalar product of T and the unit normal n r . This formula has 
already been used earlier in the treatment of hydrodynamics. 
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Relative tensor of weight W: 

dx ,r dx n 

Generalized Kronecker delta, permutation symbols: 

k k ^ relative tensor of weight 0, or 

^ sl'.y.s M absolute tensor, 

relative tensor of weight — 1 , 

Cf i • • • f y 

e n . . . fx relative tensor of weight + 1 ; 

^y.hut, . . . ry-^ . . . ry _ K = (N- M)i$\ : : : 

Dual tensors: 

ikz/ 

1 A 

x j^i . . . r*r— j# 

r 5l ...5 M = (iv— Af)/ € *i • • • • • • r *-^ 

Determinant of metric tensor: 

a = | a„» | relative invariant of weight 2. 
Differentiation of relative tensor: 

^r, : -.:= (#)^K#)" ,ff iv::l. 

a,* = 0, = 0, 0; 

T* | n — if is of weight 1. 
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Relative Tensors 



m = € t • . . a* _ _ dr {M) , dr (M) = \d ifi) y a 



dy a 



dy a 



Extension of ilf-cell 

dr m kx 

Volume: 

*ao- («(*)*)* •WA-wi 
dvw = d$i <fo 2 . . . ds N for rectangular cells, 
Generalized Stokes* theorem : 



R M—l 



Green's theorem: 



EXERCISES VII 



1. Show from 7.312 that the number of independent com- 
ponents of the extension of an ikf-cell in i\T-space is 

Nl 

M!(N-M)/' 

2. Prove that the covariant derivative of a generalized 
Kronecker delta is zero. 

3. Show that 



sfh. • • • k M _ 



o Sl o Si . . . o Sm 

4. If T r9 is a symmetric tensor density and S r * a skew- 
symmetric tensor density, show that 
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5. Let bmn be an absolute covariant tensor. Show that the 
cofactors of the elements b mn in the determinant | b mn | are the 
components of a relative contravariant tensor of weight 2. 

6. Determine the tensor character of the cofactors in the 
determinants formed by the components of (a) a mixed abso- 
lute tensor, (b) a relative contravariant tensor of weight 1. 

7. In the space-time of relativity, with metric form 

(dx i y+ (dx*y+ {dx*y- (dx*y, 

the 3-space with equation 

(**) 2 + (^) 2 + (**) 2 - (**) 2 - 0 
is called a null cone. Prove that the 3-volume of any portion 
of the null cone is zero. 

8. Prove that a polar i\T-space of constant curvature is 
oriented if N is odd and unoriented if N is even, but that an 
antipodal iV-space of constant curvature is always oriented. 

9. Show that the total volume of a polar 3-space of con- 
stant curvature Br 2 is tc 2 R z , and that the volume is 2t^R z if the 
space is antipodal. 

10. If tmn is an absolute tensor in 4-space, show that L, 
defined by 

L = \r m n\\ 

is an invariant density. Discuss the tensor character of 
and g mn , defined by 

r tt = £^, g mn =r u \f k9 \~*> 

or mn 

and also of g ww » defined by 

g m *g n% - C . 
Prove that | g mn \ - |/ Wtt |. (Schrodinger) 

11. In a non-metrical space Vi there is a skew-symmetric 
absolute tensor field F mn satisfying the partial differential 
equations 

Pmntt^ Fnr*m m \ m F rm*n == 0. 

Show that, if U t and W % are two closed 2-spaces in F4, de- 
formable into one another with preservation of orientation 



280 



Relative Tensors 



then 



F mn dr(2) mn . 



12. In a flat space Vi there is a skew-symmetric Cartesian 
tensor field F mni satisfying the partial differential equations 
^mn.n= 0. Show that if Ui and Wz are two closed 3-spaces 
in Va 9 deformable into one another with preservation of the 
sense of the unit normal n r , then 



13. In a non-metrical space Vz there is given an absolute 
covariant vector field v r . Then the derived vector field 
w r=! ^Vn.m determines an invariant direction at each point 
of V z and hence a congruence of curves in F 8 . A tube T is 
chosen, composed of such curves, and C, C are two closed 
curves lying in T, and such that they may be deformed into 
one another without leaving T. Prove that 



the integrals being taken in senses which coincide when one 
curve is deformed into the other. (Note that this is a general- 
ization of Exercises VI, No. 4.) 

14. Show that, if V 2 is a closed subspace of a non-metrical 
space Vzj and v r any absolute covariant vector field assigned 



15. Generalize Ex. 14 to the case of a closed V M immersed 
in a non-metrical Vn in the form 



16. In a flat space of N dimensions, with positive definite 
metric form, the volume V of the interior of a sphere of radius 
R is V = / . . . jdz x . . . dz Nf where z v are rectangular Cartesian 
coordinates, and the integration is taken over all values of the 
coordinates satisfying z p z p ^ R 2 . Show at once that V= KR N 9 
where K is independent of R. Further show that 





in Vz, then 





V= 2 N R N 




dzi 
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where 

F P = *!)*. 

and that 



I; 



* — u ^ the outward-drawn unit normal to the 



J' 



lo v r ' 2r(JP + |) 

hence prove that the volume of a sphere in J^-space is 

Check this result for N = 2 and N = 3, 

17. In a flat N-space, as in Ex. 16, if we put r 2 = z p z p , then 
d 

dz p 

sphere z P z p = R 2 is n p =* z p /R. Use these facts and Green's 
theorem to prove that 

N + 2 V ' 

where the integral is taken throughout the interior of the 
sphere, and V is the volume of the sphere. 

18. Using Ex. 17, or otherwise, prove that the fourth-order 
moment of inertia tensor (cf. equation 5.330) for a sphere of 
uniform density p and radius R, calculated with its centre as 
origin, is yR2 

T mm — K T * 

J nprq jy 2 np ° 

/ f 6 pq VR 2 \ 

I Prove first that J ZpZgdV = ^, g y 

Show also that the tensor J,*, if defined by 5.335, has com- 
ponents j 

1st - pF2? 2 -^q-^5 a *. 

(Note that the fraction (iV - 1)/(N + 2) gives for N - 2, 3, 
respectively, the values of 1/4, 2/5, familiar in the evaluation 
of the moments of inertia of a circular disc and a sphere, about 
diameters). 
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NON-RIEMANNIAN SPACES 

8. 1. Absolute derivative. Spaces with a linear connection. 
Paths. This concluding chapter lays no claim to completeness. 
It is rather of an introductory nature and its only object is to 
give the reader an idea of some of the more modern develop- 
ments of differential geometry. It may be added that the 
generalizations from Riemannian geometry, considered in this 
chapter, have found application in the many unified relati- 
vistic theories of gravitation and electrodynamics. 

In Chapter n we introduced the Riemannian iV-space with 
metric tensor a mn . Perhaps the most important use which we 
made of the metric tensor was to define by means of it absolute 
and covariant differentiation. It is our purpose here to show 
that the ideas of absolute and covariant differentiation can be 
introduced without going as far as to require a metric, i.e., 
without asserting the possibility of associating a length with 
an infinitesimal displacement dx r or an angle with two vectors. 
Thus we are led to consider non-Riemannian spaces, which are 
more general than Riemannian spaces but more specialized 
than the "amorphous" space of Chapter I and of parts of 
Chapter vn. 

In order to simplify our discussion, we shall restrict our- 
selves throughout this chapter to absolute tensors and refer to 
them as tensors without any qualifying adjective. General- 
ization to the case of relative tensors presents no difficulty 
(see exercises 17 to 21 at the end of this chapter). 

Given a contravariant vector field T r , defined along a curve 
x r — x r (u), the ordinary derivative of T r is easily seen to trans- 
form according to the equation 
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dT" dT dx* 

8 - 10L 

where the compressed notation of 1.7 is used. Thus, as we 
already know, dT^/du is not tensorial. We now search for 
a vector ST^/du associated with the vector field this we shall 
call the absolute derivative of T r . Similarly, we require absolute 
derivatives of covariant vector fields and of other tensor fields 
defined along a curve. 

We shall assume that the absolute derivative of a tensor 
satisfies a certain minimum number of requirements. The 
smaller the number of these properties which the absolute deriv- 
ative is required to possess, the more general is the resulting 
space. As more conditions are added, the space becomes 
specialized — until it reduces to Riemannian space or, if the 
commutativity of absolute differentiation is added, to flat 
space. 

We shall impose the following basic postulates on the 
absolute derivative of a tensor field, defined along the curve 
x r = x r (u): 

A. The absolute derivative of a tensor is a tensor of the same 
order and type. 

B. The absolute derivative of an outer product of tensors is 
given, in terms of the factors, by the usual rule for differentiating 
a product. Symbolically: 

8 5U dV 

8.102. 

C. The absolute derivative of the sum of tensors of the same 
type is equal to the sum of the absolute derivatives of the tensors. 
Symbolically: 

8 8U 8V 

8.103. 7~(U+ V) = — + — • 

8u K ' 8u 8u 

D. The absolute derivatives of contravariant and covariant 
vectors are respectively: 
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cue an 

{mn ) 



S1ne ST r dT r - dx* 

/fee coefficients r« w , r«„ ar$ functions of the coordinates. 
We know that these postulates are consistent, because they 
are all satisfied in Riemannian geometry, where T r mn = T r mn = 

Riemannian geometry was constructed out of a sym- 
metric tensor a mn with £iV(iV + 1) components. Now we have 
quantities T r mn , r^ w — a larger number. Thus, in a sense, 
our new geometry is more complicated than Riemannian geo- 
metry; but, in another sense, it is simpler, because Riemannian 
geometry contains results which are not necessarily true in the 
new geometry. 

The four postulates -4,5, C, D define explicitly the abso- 
lute derivatives of vectors only. We shall now show that they 
also determine uniquely the absolute derivative of a tensor of 
arbitrary order. 

Let T be an invariant and S r an arbitrary contravariant 
vector. Applying 8. 104 to S* and to the vector TS*, we imme- 
diately find 

d dT dS* 

du x ' du du 
But, by postulate B, we have 

d dT dS 1 " 

- ( rs-)--5-+r-. 

Thus 

dT dT 
du du 
and, since S* is arbitrary, 
dT dT 

8-106. — = — • 

du du 

This proves that the absolute derivative of an invariant is its 
ordinary derivative. 

Before we consider tensors of higher orders, we must estab- 
lish the following lemma: 
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Any tensor can be expressed as a sum of outer products of 
vectors. 

For the sake of concreteness we shall prove this lemma for 
the case of a third-order tensor T^ n r . The extension of our 
proof to a tensor of arbitrary order and type will then be 
obvious. We introduce one set of N 2 vectors and two sets of 
N vectors each, and we denote these vectors by X( PtQ ) m9 Y {p)my 
Z (p) m . Here the letters p and q assume all values from 1 to N 
and are used to label the individual vectors of the set; m is a 
suffix and denotes the component of a vector (e.g., Z (2 ,3)m is a 
covariant vector and Z ( i> m is a contravariant vector). In some 
fixed coordinate system we define those N*+ 2N vectors as 
follows: 

8.107. X {p , q)m = Ttf, Y {p)m = 5*, Z (p) ™ = 8?, 

where T„p q is the given tensor. Then, with summation under- 
stood for repeated labels p and g, the equation 

8.108. Tmn fss - X '(P,fl)»^(P)n^(«) r 

is obviously true in the coordinate system considered. But 
8.108 is a tensor equation and therefore true generally. This 
establishes our lemma. 

Exercise. Show that any tensor T mn may be written in the 
form 

and use this result to prove problem 11, Exercises III. 

Taking the absolute derivative on both sides of 8.108, we 
have, by postulates B and C, 

8.109. £ T^ n r = Y (v)nZ{*) r 

+ X(p t q)mY( P )n Su Z iq) r . 
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Using 8.104 and 8.105, this easily reduces to 

5 d dx* 

8.110. — T'' r = — T'' r - V s .T' r — 
8u mn du mn i ^ I sn du 

- s _ dx? r dx* 
TntT ™ du + r * tT "»^ 
Thus the absolute derivative of the tensor T" n r is uniquely 
determined by our postulates. It is clear that this method 
may be extended to establish a unique absolute derivative of 
an arbitrary tensor. 

Exercise. Show that, if the parameter along the curve 
x T = x r (u) is changed from u to v, then the absolute derivative 
of a tensor field with respect to v is du/dv times the absolute 
derivative with respect to u. Symbolically: 

8 du 8 

8.111. ~ = — — . 

8v dv 8u 

So far we have not considered the consequences of the 
tensor character of the absolute derivative, which is postulated 
in A. It is easy to see that the vector character of 8T r /8u 
and 8T r /8u determines the transformation properties of the 
quantities r« w , T r mn ; in the compressed notation of 1.7, the 
transformations are as follows: 

8.112. C= V mn X>X?X n v + Xp?, 

8.113. C = T r mn X>X?X: + X r tlv X p r . 

Note that r£. f I* n transform exactly like Christoffel symbols 
of the second kind (cf. 2.508). 

Exercise. Prove that C mn , defined by 

8 - 114 - C - T r mn - T r mn , 

is a tensor. 

Exercise. Show that the right-hand side of 8.110 may also 
be obtained formally by the method of 2.516, i.e., by differ- 
entiating the invariant T„ n r X m Y n Z r , and using 8X m /8u « 0 
8Y n /8u= 0, 8Z r /8u = 0. 
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Consider an N-space in which two sets of quantities T r mn9 
T r mn are assigned as functions of the coordinates in some co- 
ordinate system x r . When the coordinate system is changed, 
the functions r mn9 f r mn are to be transformed according to 
8.112 and 8.113. Thus, having assigned T r mn , T r mn in one 
system of coordinates they are defined in all. We then say 
that the space has a linear connection and that T r mni T r mn are the 
coefficients of linear connection. In a space with a linear con- 
nection, the absolute derivative of a tensor field, assigned along 
some curve x r = x r (u), is defined by an expression of the form 
8.110; the absolute derivative of an invariant is given by 8.106. 

Having set up this technique of absolute differentiation, 
guided by the postulates A to D, it remains to show that these 
postulates are in fact satisfied without imposing on the co- 
efficients of linear connection any conditions other than the 
formulae of transformation 8.112, 8.113. 

As regards postulate A, it is clear from 8.106 that the 
absolute derivative of an invariant is an invariant. The for- 
mulae 8.112, 8.113 have been developed expressly to secure 
the tensor character of bV/bu and 5T r /8u. As for the tensor 
character of 8.110, this is established by inspection of 8.109; 
this argument may be extended to cover any absolute deri- 
vative, and so we see that postulate A is completely satisfied. 

As regards postulate 5, the method (cf. 8.109) which 
we have used to define the absolute derivative of a tensor 
ensures that postulate B is satisfied for any outer product of 
vectors, and hence for any outer product of tensors. 

The linear character of 8.104, 8.105, and 8.110 ensures the 
satisfaction of postulate C. As for postulate D, it has been 
incorporated in the technique. Hence all the postulates are 
satisfied. 

Following the analogy of the Riemannian case, we define 
the co-variant derivative of a tensor field T i ; ; by the relation 

d£ ± . . , 

8.ii5. 7T du - 8u T * 

this relation being assumed to hold for all curves x r = x r (u). 
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It is easily seen that T ; ; ; , n is a tensor field given by 

8.116. it;::i.- r ;;:,„ + rur»;:: + .. . 

1 ■* . m . . • • • 

where the comma in r r ; ; ; fH denotes partial differentiation. 

Exercise. Prove that = C r SH , where is defined by 
8.114. 

We are now in a position to introduce ideas of curvature 
in a manner analogous to the method of Chapter in (cf. Ex- 
ercises 2, 3 at end) . However, we shall not do this at present ; to 
obtain simpler formulae, we shall wait until we have specialized 
our space to the case of a symmetric connection. 

We say that a tensor T^y/Js propagated paralldly along a 
curve C if its absolute derivative along C vanishes: 

8.117. — T r : * * == 0 

The property 8.111 insures that this definition of parallel pro- 
pagation is independent of the choice of parameter along the 
curye. 

Exercise. Prove that an invariant remains constant under 
parallel propagation. 

We are now ready to examine the possibility of defining 
curves analogous to the geodesies in Riemannian space. Ob- 
viously the property of stationary length cannot be applied 
since no length is defined in our space. Let us, however, recall 
the important property of a geodesic, that a vector, initially 
tangent to the curve and propagated parallelly along it, remains 
tangent to the curve at all points. This is the content of 
equation 2.427 and of the argument following it. The property 
just quoted is, in fact, sufficient to define geodesies in Rie- 
mannian space. This definition is immediately generalized to 
spaces with a linear connection. We shall call these curves 
"paths": 
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A path in a space with a linear connection is a curve such that 
a vector, initially tangent to the curve and propagated parallelly 
along it, remains tangent to the curve at all points. 

Thus a path x r = x T (u) must be such that the equation 
SV/du = 0 has a solution T r = 0X f , where 

dx r 

8.118. X' = ^ f 

and 6 is an invariant function of u. Hence 8(d\ r )/5u = 0, or 

5X r 

8.119. - = mV, 

where jx is an invariant function of u. 

Eliminating m from the system of equations 8.119, we easily 
see that a necessary and sufficient condition for a curve to be 
a path is that it satisfy the differential equations 

5X r SX* 

8.120. — X* = X r — f 

Su Su 

or, more explicitly, 

/ d 2 x r r dx m dx n \dx° 
8#12L Tmn du du ) du 

.TO 



dx r /dW dx m dx n \ 
~du \ du 2 + TS ' nn du du ) 



Exercise. Show that by a suitable choice of the parameter u 
along a path, the differential equation 8.119 simplifies to 
d\ r /Su = 0. 

Attention must be drawn to the fact that postulate B 
concerned the outer products of tensors, i.e., expressions such 
as U r8 V mn and not contracted (inner) expressions such as 
U rm V mn . In fact, the postulate is not in general true for inner 
products, and in this respect our new geometry differs from 
Riemannian geometry. Let us consider the invariant U r V r , 
where U r and V r are two vectors defined along a curve with 
parameter u. Since U r V r is an invariant, 8.106 gives 
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^iirvr) =~(irv r ) 

dU r dV 
Hence, by 8.104 and 8.105, with X»= dx n /du, 

Thus 

5 /SU r 5V r \ 

8.122. - (U'V,)- {-^V r +U^)=- C m „U«V^. 

The right-hand side of this equation will vanish only under 
special circumstances. Hence we may say that, if U r and V r 
are both propagated parallelly along a curve, the inner product 
U r V r will not be propagated parallelly; in fact we shall have 

8.123. ^ Ur Vr) = - C mn U"V r \\ 
If C mn are of the form 

where C n are functions of the coordinates, then 8.123 may be 
written 

£(C/'F r ) = - C n X»(£/'F r ). 

Under these circumstances the relation U r V r = 0 is satisfied 
along a curve if it is satisfied at one point and the vectors 
U r , V r are propagated parallelly. Although we have no metric, 
the invariant condition U r V r = 0 may be said to imply the 
orthogonality of the vectors U r and V r . Since, under condition 

8.124. this orthogonality is conserved under parallel propa- 
gation of the two vectors, we call a linear connection ortho- 
invariant if it satisfies 8.124. 



Exercise. Show that, in a space with ortho-invariant linear 
connection, the Kronecker delta is propagated parallelly along 
curves satisfying C n X n = 0. 
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What we have been considering in 8.122 is actually the 
question of the commuting of the operations of contraction 
and absolute differentiation, and we have seen that in general 
these operations do not commute. To simplify our geometry, 
we shall now add a fifth postulate: 

E. The operations of contraction and absolute differentiation 
commute. 

Let us examine the consequences of this postulate. Starting 
with the outer product U r V 9 , we first contract to U r V r and 
then take the absolute derivative 5( U r V T )/bu. Next, we first 
take the absolute derivative 

5 8U r SV B 

5 WW -ST™ o'TT- 

and then contract, obtaining 

SU r SV r 

The difference between the two results is given by 8.122. If 

this is to vanish, for all vectors U r , V r and for all tangent 

vectors X n , we must have 

8.125. C= 0, 

or, equivalently, 

8.126* r^nn = T mn . 

By the method used above (expressing a tensor as a sum 
of outer products) it can be shown that 8.126 is sufficient to 
ensure that contraction and absolute differentiation commute 
for any tensor. 

If a connection satisfies postulate £, or equivalently 8.126, 
it may be called contraction-invariant. However, since the 
relation 8.126 shows that we have to deal with only one set of 
coefficients of connection (DP of them instead of 2N* in the 
general case), we shall call a space for which 8.126 is satisfied 
a space with a single connection* A single connection is of 
course ortho-invariant (C n = 0). In the following sections 
only single connections will be considered. 

♦If 8.126 is not satisfied, we may speak of a double connection, i.e., one 
connection for contravariant components and the other for covariant. 
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Exercise. 
8.127. 



Show that in the case of a single connection, 
8 



8u 



% - 0. 



8.2. Spaces with symmetric connection. Curvature. 

To the five postulates A to E of the previous Section we 
now add a sixth: 

F. The coefficients of the single linear connection satisfy 

8.201. r;„= r; w . 

Such a connection is called symmetric or affine. 

The significance of this requirement becomes clearer by 
considering two statements each of which is completely equi- 
valent to F, namely: 

Fi. There exist infinitesimal parallelograms. 

F 2 . Given any point 0, there exists a coordinate system 
such that, at 0, the absolute derivative of a tensor reduces to 
its ordinary derivative.* 

The statement F x is rather loosely formulated, but its pre- 
cise meaning will become clear in proving the equivalence of 
F and F x . 

Let us remember the condition for the parallel propagation 
of a vector T r along a curve x r = x r (u) : 

3T r dT r dx n 

8.202. — = — + T r mn r»— = 0. 



Su du 



du 

For a small displacement 
dx r , the increment of T T 
under parallel propagation 
is given by 

8.203. dT T = - Y r mn T m dx n i 

to the first order in the 
small quantities dx r . 

Let OAB (Fig. 25) bean 
infinitesimal triangle, the 

displacement OA being given by d^x* and OB by d {2) x r . If we 

*Such a coordinate system is often called geodesic. 




0 

Fig. 25 



Infinitesimal parallelogram. 
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propagate OA parallelly from 0 to B we obtain an infini- 
tesimal vector B&, given by 

8.204. d iX) x r - T r mn d {l) x m d {2) x n . 

Similarly, if we propagate OB parallelly from O to A we obtain 
an infinitesimal vector AC 2 , given by 

8.205. d (2y x r - T r mn d\ 2) x m d { i)X n . 

The expressions 8.204 and 8.205 are correct to the second order 
in the differentials d (V )X r and d {2) x\ This remains true if, in 
8.204 and 8.205, Y r mn is evaluated at O. The infinitesimal 
— > 

displacement CiC 2 is now easily seen to be 

8.206. (T r mn - T r nm )d {1) x m d^x n $ 

correct to the second order. This always vanishes if and only 
if 8.201 holds. Thus, neglecting third order terms, C x and C 2 
coincide in a single point C and OA CB is an infinitesimal 
parallelogram. This establishes the equivalence of F and Ft. 

Let us now consider the statement F 2 . Assuming F 2 to 
hold and given an arbitrary point 0, we have a coordinate system 
x r , say, in which the absolute derivative of any tensor field 
reduces to its ordinary derivative at 0. This immediately 
implies the vanishing at 0 of all the components of T r mH in the 
coordinates x r . If xf is any other coordinate system*, the 
components of the linear connection at 0 are given in the new 
coordinate system by the transformation equation 8.112. 
These, by virtue of the vanishing of 1^*, reduce to 

8.207. rj, = zpr?. 

Since T„ v = X* Vf „ the Y% v are symmetric in the two lower suf- 
fixes. But 0 being an arbitrary point and the coordinate 
system xf being arbitrary also, this symmetry property holds 
generally. Thus we see that F 2 implies F> 

We shall now prove the converse, namely, that F implies 
F 2 . Let x r be an arbitrary coordinate system and O an arbi- 

*The compressed notation of 1.7 is used. 
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trary point in space. The coordinates of 0 are denoted by xq 
and the coefficients of linear connection at 0 by (T r mn ) 0 . We 
introduce new coordinates of by the equations 

8.208. *>= 4) - \ t? r (r mn ) 0 (x>»~ *?)(*•- x» 0 ) t 
where S p r is unity if p and r have the same numerical value and 
0 otherwise. We immediately have 

8.209. ^ (X>)o = *, X mn = a?(r mn )o, 

where, in the second expression, use is made of the symmetry 
of T OTn . Using the relation 

we find that 

8-210. (JQ 0 = 

By virtue of the identity 1.706, the transformation equation 
8.112 becomes 

8.211. C= r mtt x?z]rzr- X mn Z«JC. 

Using 8.209 and 8.210, we see that at 0, 8.211 reduces to 

8.212. (r^)o- w [(rL,) 0 - (r; n ) 0 ] = o. 

Thus the coordinate system y? satisfies the requirements of F 2 . 
This completes the proof of the equivalence of statements 
Fand 

Exercise. Deduce immediately from F 2 that 

where T is an invariant. 

We shall now investigate the curvature of a space with 
symmetric connection. If we carry out the operations which 
led to 3.105, using the coefficients of connection instead of 
Christoffel symbols, we obtain, for any covariant vector field 
T r , 

8.213. T rlmn — r r j nm = 2VR? rmn , 
where 

8.214. k„ = g= - + r * n i% - r' m r/ B . 
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By 8.213, R*.rmn is a tensor; we call it the curvature tensor of 
the space with symmetric connection. The curvature tensor 
satisfies the following identities, analogous to those of 
Chapter m: 



Exercise. Prove the above identites by using a coordinate 
system of the type considered in F* 

Note that we can not define a covariant curvature tensor 
as in 3.112 since there is now no metric which enables us to 
lower a suffix. Thus the curvature tensor jR? rW n does not 
possess any symmetry property involving the contravariant 
suffix s. In fact, by contracting the curvature tensor, we can, 
in contrast to the Riemannian case, form two distinct tensors 
of second order, as follows: 



Exercise. Verify that F mn is skew-symmetric and that 
R mn + F mn is symmetric. Show also directly from 8.219 that 
F mn vanishes in a Riemannian space. 

It is obvious from 8.214 that if V^n all vanish identically 
in some coordinate system then the curvature tensor is iden- 
tically zero: 

8.220. Krmn = 0. 

This last equation, being tensorial, must hold in all coordinate 
systems; but the I"*,* will, of course, not vanish in a general 
coordinate system. 

A space in which the curvature tensor vanishes identically 
is called flat. 

By methods closely analogous to those employed in 3.5, 
which, however, we shall not repeat here, it can be shown 



8.215. 
8.216. 
8.217. 



-Rfrmn | * + -^f rnk \ m + -Rfrfcm | n = 0. 



8.218. i?r«= -R? 



8.219. 




x rm A n 
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that the vanishing of F rmn is sufficient (as well as necessary) 
for the existence of a coordinate system in which the coefficients of 
connection are all identically zero. 

In such a coordinate system the equations of a path are 
linear in the coordinates, i.e., a path is given by N - 1 inde- 
pendent equations of the form 

8.221. A m9 sf+ B,= 0, , - 1, 2, . . . , N - 1, 
where N is the dimension of the space and A ar , B v are con- 
stants. The proof of this statement is quite simple and, since 
we shall not require the result in our later work, it is left as an 
exercise. 

In a coordinate system in which the T r mn are all identically 
zero, the parallel propagation of a tensor along an arbitrary 
curve leaves each of the components of the tensor unchanged. 
(This is immediately seen from the definition 8.117 of parallel 
propagation and the fact that absolute differentiation coincides 
here with ordinary differentiation.) It follows that parallel 
propagation of a tensor from a point A to another point B is 
independent of the path, joining A and B, along which the tensor 
is propagated. This last statement is of an invariant nature 
and thus holds for flat space whatever the coordinate system 
used. In fact, using the arguments of 3.5, it can be 
shown that this statement is equivalent to the vanishing of 
the curvature tensor and may thus be used as an alternative 
definition of flat space with symmetric connection. 

8.3. Weyl spaces. Riemannian spaces. Projective spaces. 

In this final Section we shall start with a space with sym- 
metric connection. First, by two specializations, we shall 
arrive at Weyl's geometry and Riemannian geometry in this 
order. Next, we shall consider briefly the generalization to 
projective space. This generalization does not consist in 
loosening the restrictions imposed on the coefficients of con- 
nection (which would merely lead back' to unsymmetric con- 
nections) ; it is obtained by introducing a new type of trans- 
formation affecting the coefficients of connection but not the 
coordinates of the space. 
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A Weyl space is obtained by imposing on a space with sym- 
metric connection T r mn the following requirement: 

W. There exists a covariant vector 4> r and a symmetric tensor 
a mn whose determinant is non-zero, such that 

8.301. a mn \r + <lmn<t>r = 0, 

8.302. a - \a mn \ ^ 0. 

We shall treat a mn as a metric tensor and define a mn as in 
2.203. The tensors a mn and a mn will be used to lower or raise 
suffixes in the usual manner. Thus we can associate with the 
coefficients of connection T« n the new quantities defined by 

8.303. T mnr = a r9 T s mn , T r mn = a r8 T mn9 . 

The r mnr are close analogues of the Christoffel symbols of the 
first kind and share their transformation properties, while the 
T r mn are analogues of the Christoffel symbols of the second kind, 
as was remarked earlier. 

Writing 8.301 out in full, we have 

8.304. a mn . r — T s mr a 9n — Kr^ms + a mn 4>r = 0, 

where, as usual, the comma in a mntr denotes partial differen- 
tiation. By 8.303, this becomes 

8.305. r mrn + Tnrtn == #mn,r H~ &mn<f>r» 

If, in this equation, we permute the suffixes mnr cyclicly we 
obtain, in addition to 8.305, two further equations. Adding 
those two equations and subtracting 8.305, we obtain 

8.306. T m nr = + h (a>mr<l>n+ a nr <f> m — a mn 0 r ), 

where [mn t r] is the Christoffel symbol of the first kind: 

8.307. [mn t r] = £ fonr.n + dnr t m — ^mn.r). 

If we raise the suffix r by means of the contravariant metric 
tensor a rB , 8.306 becomes 

8.308. r mn - l' \ + \ («Un + - <W), 

ymn ) 

where 

8.309. < r \ - a r8 [mn,s], <f> r = <i T *4> 9 . 
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Exercise. Prove that 8.301 implies 
8 -310. a mn ]r - a mn <t> f = 0, 

If we are given a vector <f> r and a symmetric covariant 
tensor a mni then 8.308 gives us a symmetric connection for 
which 8.301 is satisfied. However, we can look at the question 
the other way round: Given an arbitrary symmetric connec- 
tion, do a mn and 4> r exist to satisfy 8.301 and 8.302 ? The 
answer is "No", but we shall not attempt to establish this 
(cf. Ex. 22 at end). (If the answer were "Yes", then postulate 
W would not restrict the connection; every space with sym- 
metric connection would be a Weyl space.) 

We shall now show that, given a symmetric connection 
satisfying W, the choice of a mn and <f> r is far from unique. 

Consider a' mn , 0' r , defined by 

8.311. a'mn - Xa mn , ^ r = </> r - (l n X), f = <f> r 

A 

where X is an arbitrary invariant function of position. Then 

8.312. a' mn , r + a' mn <t>' r 

= ^mn | r + #mnX,r + ^&mn<f>r — a mn \ tr 

— X(a mn | r + a mn $ r ) 

= o, 

by virtue of 8.301. Thus if a mn , <f> r satisfy 8.301, then a' mn , 4>' t 
defined by 8.311, satisfy a relation of the same form. 

A Weyl space therefore contains an infinite set of tensor 
pairs (a m nt <t>r)f (a'mn, 4>'r), . . . , mutually related by equa- 
tions of the form 8.311. There is no a priori reason why one 
such tensor pair should be preferred over all others. Thus the 
fundamental relations and quantities in Weyl's geometry are 
those which do not depend on the particular choice of the 
tensor pair (a mn , 0 r ). 

The process of replacing the tensor pair (a wn , <f> r ) by a new 
pair (a' mn , <£'r), defined by 8.311, is called a gauge transforma- 
tion. We can now restate the content of the previous para- 
graph by saying that in Weyl's geometry we are concerned 
with gauge-invariant relations and gauge-invariant quantities, 
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i.e., with relations and quantities invariant under all gauge 
transformations. 

We shall conclude our brief survey of Weyl's geometry by 
an enumeration of the most important gauge-invariant rela- 
tions and quantities. 

The squared magnitude of a contravariant vector 
8.313. X 2 = ea mn X m X n 

is not gauge-invariant since it gains a factor X under a gauge 
transformation. However, the property of having zero mag- 
nitude, i.e., to be a null vector, is gauge-invariant. Moreover, 
the ratio of the magnitudes of two contravariant vectors at the 
same point is a gauge-invariant quantity. The angle 0 between 
two contravariant vectors X r and F r , defined in the usual 
way by 

a mn X>»Y» 

8 * 314 - COS 6 ~ {o 9 iX*X*a„Y*Y*)* 9 

is gauge-invariant. Since a gauge transformation preserves 

angles it is conformed. 



Exercise. Is d r s a gauge-invariant tensor? 

Exercise. Show that, under the gauge transformation 8.311, 
a mn and a transform as follows: 

8.315. a' mn = ~a mtt t a'= \ N a. 

Any geometrical object either involves (a mn , <£ r ), or does not 
involve them. In the former case, it may, or may not be 
gauge-invariant. In the latter case, it is certainly gauge- 
invariant, because it is unaltered by the transformation 8.311. 
The connection T r mn is in a peculiar position; it is supposed 
given a priori, subject only to the condition that (a mn , <f> r ) 
exist to satisfy 8.301 and 8.302; but it is expressible in terms 
of (a mn , <t> r ) by 8.308. Any doubt regarding its gauge-invari- 
ance can be removed by substituting 8.311 in 8.308, and 
showing that it remains unchanged. 

Any quantity defined in terms of the T r mn exclusively must 
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of course be gauge-invariant. Thus the curvature tensor, 
defined by 

8.316. j?% m „= — - - — — + V p Ti - V p V s 
is a gauge-invariant tensor. 

Exercise. The covariant curvature tensor is defined by 

How does it behave under gauge transformations? 

Contracting the curvature tensor i?%mn with respect to 5 
and n we obtain the gauge-invariant tensor 

8.317. R rm a -Rf rm «. 

Contracting 2?? rmn with respect to 5 and r, we obtain the 
gauge-invariant tensor 

F - i & - if ^ dT sm \ 
Pmn ~* ' 9mn -*\dx>» - dx» / 
By 8.308, we have 

^ " + ^ *» 
where N is the dimension of the Weyl space. Substituting this 
into the expression for F mn and using 2.542, we find 

N 

8.318. F mn = ^ (<f>n,m ~ 0m.n). 

It is easy to show that the gauge-invariant tensor G mn , de- 
fined by 

8.319. R mn = G mn — F mn , 

is symmetric (cf. Exercise following 8.219). 

In Weyl's unified relativistic field theory an important role 
is played by relative invariants of weight 1 which are gauge- 
invariant. It follows immediately from 8.315 that for N = 4, 
the following relative invariants of weight 1 are gauge- 
invariant*: 

*We limit ourselves to gauge transformations with positive X, 
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8.320. 



(e(a)a)*P 2 , (€(a)a)*^„F» tt , 
(e(a)a)*G mn G mn , (e(a)a)*R trm nR 8rmn , 
where R = a mn R mn and €(a) = db 1 such as to make «(a)a 
positive. Note that the tensor densities 8.320 are gauge- 
invariant only if the Weyl space is four dimensional. As a 
consequence Weyl's unified field theory gives special signi- 
ficance to the fact that space-time has four dimensions. 

We shall now make the transition from a Weyl space to a 
Riemannian space. 

Consider a Weyl space in which the tensor F mn , given by 
8.318, vanishes identically: 

N 

8.321. F mn ~ ^ \4>n*m ~~ 4>m>n) = 0. 

A necessary and sufficient condition for the vanishing of F mn 
is that 4> r be the gradient of some invariant 4>: 

8.322. 0r = <£.f 

The sufficiency of the condition is immediately obvious. The 
necessity will now be proved by actual construction of the 
function <t>. Let 0 be a fixed point and P a variable one. We 
put 



8.323. 



*(P, C) - I <f>rdx r 9 
0(O 



where the integral is taken over some 
curve C joining 0 and P. Then as indi- 
cated in 8.323 <t> is a function of the 
coordinates of P and also depends on the 
choice of the curve C. Consider any 
other curve Ci which joins 0 to P. The 
two curves C and d together form a 
closed curve 0CPC\0 which we denote 
by T. Let S be any 2-space which is 
bounded by Y (Fig. 26). Then 

4>(P, C) - 0(P, Ci) - f <M* r - J <M* r 

0(C) 0(Ci) 

o 




Fig. 26. 



-J 4>rdx*+f 

0(0 F 



(Ci) 



4>rdx r 



= / <t> r dx r . 

r 
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By Stokes' theorem 7.505, this becomes 




and this shows that 0 is independent of the path of integration 
so that 4> is a function of position only. We may now write 
8.323 in the differential form 



and 8.322 follows immediately. This establishes the equi- 
valence of 8.321 and 8.322. 

Under a gauge transformation 4> r goes into 



It follows that if and only if <f> r is the gradient of an invariant, 
8.322, there exists a gauge transformation such that 4>' r van- 
ishes identically. This is the case if F mn is zero everywhere. 
Then, with </>' r = 0, equation 8.312 reads 



The tensor pair (a' mn , 0) is distinguished from all other pairs 
(a mn , <f>r) by its greater simplicity. It is therefore natural to 
reserve the name of metric tensor for a! mn alone and to drop 
the requirement of gauge-invariance. The resulting geometry 
is that of a Riemannian space; by 8.308 the coefficients of 
connection are the Christoffel symbols. 

More directly, we can introduce a Riemannian space as a 
space with symmetric connection in which the following require- 
ment is satisfied: 

R. There exists a symmetric tensor a mnf whose determinant is 
non-zero, such that 

8.326. a mn \T = 0. 

Repeating the process which led from 8.301 to 8.306 and 8.308, 
we obtain 



d$ = <l>rdx r , 



8.324. 



4>'r = <t>r- (InX) 



8.325. 



& mn\r 



= 0. 



8.327. 
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The whole structure of Riemannian geometry, as discussed in 
the earlier chapters, follows from these equations. 

We shall now give a very brief account of the generali- 
zation of a space with symmetric connection to a projective 
space. This generalization is similar to that by which we pass 
from a Riemannian space to a Weyl space. 

In classical projective geometry the basic elements are the 
points and straight lines and the basic relation between them 
is that of incidence. Concepts such as parallelism, length, or 
magnitude of an angle are outside the domain of projective 
geometry. In differential geometry the obvious analogues of 
straight lines are the paths. While retaining the significance of 
paths we must attempt to exclude the concept of parallelism or, 
more precisely, of parallel propagation along a curve, a concept 
well defined in a space with symmetric connection. The result 
of this generalization will be a projective space within the 
framework of differential geometry. 

The equations 8.120 of a path are explicitly as follows: 

/d\ r \ /d\* \ 

8.328. \<{— + r«.X-X-j = X^— + IUX-X-;, 

where 

dx r 

While retaining the coordinate system used, we consider all 
possible changes in the coefficients of connection T r mn which 
leave the equations 8.328 of a path invariant. We shall regard 
all symmetric connections obtained in this manner as equally 
fundamental. All quantities or relations which are common 
to the spaces with these different symmetric connections will 
be called projective quantities or relations. Let Y ,r mn be the 
coefficients of another such symmetric connection. Then the 
equations 

8.330. X'(ff + r» mB A"A») = X'(ff + IW) 

must be identical with 8.328. Subtracting 8.328 from 8.330 
we obtain 
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8.331 (%A r mn - S r P A s mn ) X*X»X» = 0, 

where 

8.332. A r mn = A' - T' r - T r 

**-mn ^nm A mn 1 m«« 

Since I* * and T' r mn transform according to 8.112 under changes 
of coordinates, it is easily seen that A r mn is a tensor. With a 
little manipulation of dummy suffixes, 8.331 can be brought 
into the form 

8.333. (8 s P A r mn + 8< n A r Pm + 8 s m A'n P - S r P A* mn - ? n A* Pm 

- S r m A s np ) \ p \»>\" = 0. 

The bracket on the left-hand side of this expression is sym- 
metric in the suffixes p, m, n. Since X r is an arbitrary vector 
it follows that this bracket must be zero: 

8.334. ? P A r mn + ? n A r pm + ? m A r np - 8' p A' mn 

- 8 r n A s P m - 6 r m A' nP = 0. 
Contracting with respect to 5 and p, we obtain 

8.335. A r mn - ty m + 4^n, 
where \f/ r is a vector given by 

8.336. \L r = — - — A 5 • 
* r N + 1 * 

Conversely, if 8.335 is substituted in 8.331, the equation is 
satisfied identically in X r and fa. By 8.332, the coefficients of 
the new symmetric connection must be of the form 

8.337. T' r mn = T r mn + g& m + ? m fa. 

It is now clear that the paths are the same for two sym- 
metric connections if and only if their coefficients are related 
by 8.337, fa being an arbitrary vector. The changes 8.337 of 
the connection are called projective transformations of the 
connection. We may now say that projective geometry con- 
sists of the quantities and relations which are projective-invar- 
iant, i.e., invariant under projective transformations. 
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In a projective space the notion of parallel propagation is 
lost since there is an infinite set of equivalent symmetric con- 
nections with conflicting equations for parallel propagation. 

We conclude with a short statement on the curvature pro- 
perties of projective space, omitting all proofs.* 

By direct computation of its behaviour under projective 
transformations, the following tensor can be shown to be a 
pro jective-in variant : 

8.338. W S .rmn = R S .rmn 

2 

where N is the number of dimensions of the space, and R* r mn, 
Rrm, F mn are given by 8.214, 8.218, 8.219. The tensor W* rmn , 
discovered by H. Weyl, is called the projective curvature tensor. 

In two dimensions (N = 2) the projective curvative tensor 
vanishes identically. 

In higher dimensional spaces (N ^ 3), it can be shown 
that the vanishing of the projective curvature tensor is neces- 
sary and sufficient for the existence of a projective transfor- 
mation which makes the space flat. In more mathematical 
language: If PF?rmn = 0 and if N ^3, then there exists a 
vector such that the projective transformation induced by it 
transforms R' rmn into R' s . rmn = 0. A projective space of 3 or 
more dimensions with vanishing projective curvature tensor 
is called protectively flat. 

It can also be shown that if and only if a space is projec- 
tively flat, there exists a coordinate system such that the 
equations of all paths are linear in the coordinates, i.e., such 
that paths are given by equations of the form 8.221. 

*For proofs see the books by Eisenhart (Non-Riemannian Geometry), 
Schouten (Der Ricci-Kalkiil) and Thomas (Differential Invariants of 
Generalized Spaces) listed in the bibliography. 
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SUMMARY VIII 
Coefficients of linear connection: 

A mm 1 mm 

Absolute derivative: 

S d rlv n 

— T ; * * = — T r • • • -j- r r r w • • • — _i 
S« • f • * rfw • * • • ~ ww • 5 • • du 

- m „ r dx n 
sn • m *• du 

Covariant derivative: 

+ - r£ r:,;;:+.... 

Parallel propagation: 



Path: 



5V 5X* rf x r 



Ortho-invariant connections: 

Single (contraction-invariant) connection: 

Pf»if = r ww , 

Symmetric connection: T mn = r; m ; 

given a point 0, there exists a coordinate system such that 
T r mn - 0 at O. 

Curvature tensor: 
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R?,rmn— ~ -R%nm» ^.rmn^ -Rfmnr+ -Rfnrm — 0, 
-Rfrmn 1 *+ Rrnk | m+ Krkm \ n= 0, 

Flat space: 
Weyl space: 

0>mn I r + CLmn<t>r — 0, flmn = A»m, d ^ 0, 
r mn - | + i (&*»+ W>. 

Gauge transformation: 

Riemannian space: 

a«» i r = 0, T r mn = | mw |- 
Projective transformation: 

r' f ww = r r m * + Mm + 

Projective curvature tensor: 

2 1 



. rmn -*V rmn _ j 

2 



Projectively flat space (N ^ 3) : 



EXERCISES VIII 

1. In a space with a general linear connection, show that 
the expressions 

Pm* — Pnm» F mn V nm 

are tensors of the type indicated by the position of the suffixes. 
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2. If T is an invariant in a space with a single linear 
connection, show that 

T\mn— T\ nm= — 2 T\ r V mn , 

where 

u mn = -L r nm = j (r r mn - r;j. 

3. If r r is a covariant vector field in a space with a single 
linear connection, show that 

T T \mn— T r | nm = T 9 R^ rmn — 2 TV i « L s mn , 
where V mn is defined in Ex. 2, and where 

• mn ^ n ^ A r»A^m— Irw^n- 

4. In a space with a single linear connection, show that if 
there exists a coordinate system for each point O of space such 
that, at 0 and for all curves through O, the absolute and 
ordinary derivatives of any tensor differ by a multiple of the 
tensor, then the coefficients of linear connection satisfy a rela- 
tion of the form 

I\»n— T r nm = 6^i4 n — 8 r n A mt 
where 4 r is some covariant vectpr. (Such a single linear con- 
nection is said to be semi-symmetric). 

5. Prove the converse of Ex. 4. 

[Hint: Consider the coordinate transformation (in the 
notation of 8.208) : 

* p = *?(*'- *o r ) + \ { «a* , + r; w ) 0 

6. Show that 

T r being a covariant vector, if the connection is symmetric 
but not, in general, if the connection is unsymmetric. 

7. Show that, in the generalized Stokes' theorem 7.505, the 
partial differentiation in the integrand on the left-hand side 
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can be replaced by covariant differentiation if the space has 
a symmetric connection. 

8. In a Weyl space, the rate of change of the squared 
magnitude X 2 of a vector X r under parallel propagation of X r 
along some curve x r — x r (u) is given by 

A d da mn dX n 

where da mn /du is the ordinary derivative along the curve of 
dmn (which is defined throughout the space), whereas dX n /du 
is obtained by parallel propagation, i.e., 

dX n m dx p 

- V% X 9 — • 

du p du 

Show that 

A dx r 
Au du 
Hence prove that the change in X 2 under parallel propagation 
of X r around an infinitesimal circuit, bounding a 2-element of 
extension dr (2 ) wn , is given by 

AX 2 =^X 2 F mn dr ( 2) mn . 
(Hint: Use Stokes' theorem). 

9. Verify that the projective curvature tensor 8.338 is in- 
variant under all projective transformations. 

10. In a projective space, the coefficients of projective con- 
nection P r mn are defined as follows: 

P'mn = Tmn ~" ^JjT^ + 8»r£ w )- 

Show that P^ n is invariant under projective transformations 
of V r mn . Verify that P mn = Km, P r r n= 0. Find the transfor- 
mation properties of P^»» under changes of the coordinate 
system. (T. Y. Thomas.) 

11. Show that the differential equation of a path can be 
written in the form 
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where F mn are the coefficients of projective connection defined 
in Ex. 10. Deduce that no change in the Y r mn other than a 
projective transformation leaves the invariant. 

12. Defining 

dPrn dPrm 
P 5 .rmn = ^ m — ^ tt + PfnPpm^" PrmPpm 

Prm 85 P^rmai 

where are the coefficients of projective connection of Ex. 
10, show that 

P*. amn= 0, P r «i = — ~^J" + PfsPpm* 

Prove that 

W 5 , rmn = Pfrmn+ ~ j (^^rn ~ $i-Prm), 

where W* rmn is the projective curvature tensor. 

13. Show that 

WUmn = 0, W%, n = 0, W? m# = 0, 

n,n= - W' rnm , W% mn + W'. mnr + W\ nrm = 0. 

14. In a space with a linear connection, we say that the 
directions of two vectors, X r at a point 4 and Y r at £, are 
parallel with respect to a curve C which joins 4 and B if the 
vector obtained by parallel propagation of X r along C from 
4 to B is a multiple of Y r . Prove that the most general change 
of linear connection which preserves parallelism of directions 
(with respect to all curves) is given by 

r'm* = Y mn + 2 dm^n, 

where ^ n is an arbitrary vector. If Y r mn are the coefficients of 
a symmetric connection, show that Y fr mn are semi-symmetric 
(cf. Exercise 4). 

15. In a space with symetric connection, show that 

T r \ mn — T* \nm = — T*R r m 8mn . 
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16. By use of the lemma of 8.1, or otherwise, show that 
in a space with symmetric connection 

rr . . . *T"»r ... , 

. 5 . . | «n . s . . 1 nm — 

— T* ' s i \ l?^ m „+ T\ p ; \ R? a « tt + • • • 

17. Using the compressed notation of 1.7, show that, in a 
space with a double linear connection, the contractions of the 
connections T f rn , T T m transform as follows: 

ldJ 
Jdx* 

ldJ 

Jdx" 

where / =* | X* p | is the Jacobian of the transformation. 



18. Let r' ; ; be a relative tensor field of weight W 9 so 
that its transformation character is given by 7.102. In a 
space with a double linear connection, we now define the 
absolute derivative of T[ ; ; along a curve # r — x r (u) as follows: 

5 d dx % 

i;rr;:- s r:;:+i'-2T;:^ + - 
- rsr-:^ ^r: ;: -. 

Prove that hT\ \ \/hu is a relative tensor of the same type and 
weight as T\ ; ; . Verify that the absolute derivatives of outer 
products and sums of relative tensors obey the usual rules for 
differentiating products and sums (cf. 8.102, 8.103). 

19. Are the statements of Ex. 18 correct if, in the definition 
of the absolute derivative, TZt is replaced by (a) TZtt (b) 

F^)? Show that, in the special case of a single con- 
nection, postulate E applies to relative tensors. 

20. From the definition of Ex. 18 and from 8.115, deduce 
an expression for the covariant derivative of a general relative 
tensor. 
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21. In the special case of a Riemannian space 

verify that the definition of Ex. 18 agrees with 7.212. 

22. Substituting into the equations o^,,,, - a™,,, = 0 
from 8.304, and using 8.318, 8.219, show that, in a Weyl space, 
the metric tensor satisfies the algebraic equations 

(a) a PV G^? mnrt = 0, 

where Gf?,*,,, is a function of the T« n and their derivatives, 
given by 

G?? mnr .= i(Wnr,+ «nra+ i^mr.+ 

By repeated covariant differentiation of (a) and by use of 8.301, 
deduce the following set of algebraic equations for a mn : 

(b) &pqG?*tnnr9 \ h = dpqG^ mnr9 j fcfe » . . . = 0. 

(Note: A symmetric connection can always be chosen such 
that, in some fixed system of coordinates and at a fixed point, 
the quantities TL, rL, f , rL,,*, etc., assume arbitrarily 
assigned values subject only to certain symmetry requirements, 
such as Tmn = Tn m , Y r mnttt = Tn mttS9 etc. Hence, in a space 
with a general symmetric connection, the infinite set (a), (b) 
of linear algebraic equations for (= a» OT ) has, in general, 
only the trivial solution = 0. It follows that postulate W 
does not restrict the connection, as was stated on p. 298.) 
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REDUCTION OF A QUADRATIC FORM 

(Reference to p. 68) 

In the reduction of a metric form to a sum of squares, 2.6, 
a number of pertinent considerations have been omitted from 
the text so as not to detract from the essential simplicity of 
the basic arguments. Some of the subsidiary questions will be 
answered here. 

1. The process by which 2.601 was obtained breaks down if 
an = 0. Even if an^O, the same difficulty may arise at some 
of the following stages which lead to 2.603. 

If an = 0, and if any one of the remaining "diagonal" 
coefficients of the metric form, i.e., a%% y a%%^ . . . , a##, does not 
vanish, then we renumber the coordinates so as to make this 
coefficient the first and proceed as in the text. The only re- 
maining possibility is that an = a« = . . . *= a*w= 0. Then, 
since $ cannot vanish identically (we assume a 0), at least 
one of the non-diagonal coefficients must be different from zero, 
aia 0, say. In this case we first perform the simple coordinate 
transformation 

A1J **= x n +x' 2 , x m = x' m m = 1,3,4,...,^. 
Then a'n = 2au 0, and we can proceed as in the text. 

If the difficulty considered here arises at any other stage 
of the process which leads to 2.603, the device outlined above 
can be used again. An alternative procedure is indicated in 
Exercises II, No. 15. 

2. We shall now consider another question. It appears that 
when we apply the process described in the text to $ r and 
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obtain a * r+i and a $ r+1 , more than one differential may con- 
ceivably be eliminated so that we end up with fewer than N 
forms ¥ m in 2.603. We shall now show that this is not possible. 
We can always write * in the form 

A 2.1. $ = € 2 *2 2 +. . .+ € N * N 2 9 

if we temporarily permit e m to assume the value 0 in addition 
to the usual values ±1. Put 

A 2.2. ErM= e r if r = s 

= 0 if r 5* s. 

Then, by 2.604, 

A 2.3. $ = E r9 *r*8= E r9 b rm b 8n dx m dx n = a mn dx m dx n , 
and therefore, since E r J>rmb* n is symmetric in m and n, 

A 2.4. (Lmn— Ersbrmbsn- 

Taking the determinant of both sides, we have 
A 2.5. a = \E r9 \ \b mn \*= . . e N \b mn \*. 

Since a 9* 0, we deduce that no e m vanishes and that ^ 0. 
The first conclusion proves our assertion. The non-vanishing 
of |& mn | shows that ¥ Xf . . . , *y are independent linear 
combinations of dx 1 , dx % , . . . , dx N , i.e., the set of equations 
2.604 can be solved and the dx m expressed linearly in terms 
of the 

3. The last question we shall consider here concerns the 
signs of the e m in A 2.1. Sylvester's famous theorem of inertia 
states: If a quadratic form $ = a mn dx m dx n (with a ^ 0) is 
reduced to a sum of squares, A 2.1, then the number R of e's 
which have the value +1 and the number N — R of e's which 
have the value —1 are invariants of the quadratic form; this 
means that these numbers do not depend on the manner in 
which the reduction to a sum of squares is accomplished. The 
difference between invariants R and N — R is called the 
signature of the quadratic form. 

We proceed to prove the theorem of inertia. By renum- 
bering the 's in A 2.1 we can make the first R ts positive and 
the remaining ones negative. Then 
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A 3.1. $ = *i 2 + ¥ 2 2 +. . .+ *r 2 

*« = b mn dx n , \b mn \ * 0. 

Let us consider any other reduction of $ to a sum of squares, 
such as 

A 3.2. $ - Xi*+ X 2 2 +. . .+ X 5 2 

X m = C mn dx n , \c m n\ * 0. 

We must show that R = S. We first assume that this is not 
so, i.e., that R S. Then we can, without loss of generality, 
take 

A 3.3. S > R. 

Combining A 3.1 and A 3.2 we have 

A 3.4. *i 2 +. . .+ * R 2 + X 5+ i 2 +- . .+ X* 2 

= Xi 2 +. . .+ X 5 2 + **+i 2 +. . .+ ** 2 . 
Now consider the set of linear homogeneous equations 

A 3.5. * m = b mn dx n = 0, m = 1, 2, . . . , R, 

X m = c mn dx n = 0, m = 5 + 1, S + 2, . . . , N. 
By A 3.3 the number of equations (N — S + R) in this system 
is less than the number of unknowns dx m (N). Therefore equa- 
tions A 3.5 have a non-trivial solution where the dx n are not 
all zero.* Obviously the left-hand side of A 3.4 vanishes for 
this solution. Since |& m »| 7* 0, the set of equations 

A 3.6. V m = b mn dx n = 0, m = 1, 2, . . . , N, 
has only the trivial solution dx n = 0. Hence for the non-trivial 
solution of A 3.5, at least one of . . . , *jy must be dif- 

ferent from zero. Thus the right-hand side of A 3.4 is positive 
while the left-hand side vanishes. This contradiction shows 
that the assumption A 3.3 is untenable and thus establishes 
the theorem of inertia. 

*M. B6cher, Introduction to Higher Algebra, New York, The Macmillan 
Company, 1907, sect. 17, Thm. 3, Cor. 1. 
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MULTIPLE INTEGRATION 

(Reference to p. 257) 

In this appendix we present a plausibility argument in 
favour of the theorem on multiple integration stated in 7.3. 

Consider the edge AB&) of the M -celled). . . 2?( M) intro- 
duced earlier in 7.3. Along this edge c {1) alone changes. Sub- 
divide this edge by points B{ x)i Bq )9 . . . , lying on it and let 
. . . , be the corresponding values of Then the 
(M — 1) dimensional spaces 

fi*(y)=cM',fi*>(y)=cM" f ... t 
divide the cell into subcells. If the original cell, and therefore 
also the subcells, are infinitesimal, then 

B 1. d(i)y*= d(Dy a + d^y a +. . . , 

where d(i)y a 9 d( X )y a 9 d^y a 9 . . . , denote the increments in the 
parameter y a in passing from A to 5(i>, from A to from 
B([) to B . . . , respectively. Let A = |i(^)y a | and let A', 
A", . . . , denote the corresponding determinants for the sub- 
cells. Then 

A = *«,... «^<1^ 

= ««,... a u d( X )y^d w y\ . . d( M) y a " 

+ iJLttfp&wf*. . . d( M) y aM +. . . , 
or, equivalently, 

B 2. A = A'-f A"+ 

Thus the determinant A is the sum of the corresponding deter- 
minants for the subcells. 

We may proceed in the manner described above to choose 
points B(' 2 ), J3(2), . . . , B{ z ) 9 B{' z ) 9 . . . , on the other edges of 
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our original cell, and so subdivide it further. Obviously our 
result still holds, namely, that A is the sum of the corresponding 
determinants for the subcells. 

If the region R M is divided into sufficiently small cells by 
the M families of surfaces 

B3. f {a) (y) = * (a \ 

then for any further subdivision of these cells, of the type 
considered above, equation B 2 may be assumed to hold. 
Also, if ^ is a continuous function in the region R M (including 
the boundary then, neglecting terms of the order of the 

Ac's, <£ is a constant in each cell. Thus any finer subdivision 
of i?M> obtained by adding new members of the families B 3 
to those already considered, changes the expression 

B 4. Z*|A w /| f or 2M>A, 

by a small quantity of the order of the Ac's. This indicates 
that if a definite subdivision of R M is continually refined in 
the manner just considered, such that all the Ac's tend to zero, 
then the sum B 4 tends to a finite limit. 

Equation B 2 also indicates that lim 2$A is independent 
of the manner in which Rm is divided into cells — provided 
these cells have edges that are tangent to the curves of inter- 
section of the (M — l)-spaces B 3. For, given two such divi- 
sions of Rm into infinitesimal cells, we can subdivide each 
further to obtain a common division into smaller cells; this 
process of subdivision changes the sum B 4 by an infinitesimal 
only, as was seen above. 

Let us again consider an infinitesimal Af-cell AB (i>. . . B( M > 
in Fjif, the edges being characterized by d(^>y*. We say that 
a displacement dy a is coplanar with some of these edges, say 
with AB{i), AB&), AB{t) % if numbers ai, a^i as exist such that 

B 5. dy a = aid(i)y*+ a^d^y a + a z d{%)y a . 
Now if we give to the further extremity of an edge, say 5(d, a 
displacement coplanar with some or all of the other edges, say 
with AB( 2 )f AB{q, ABu) 9 we do not alter the value of the 
determinant . For we merely add to the elements of 
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one row of the determinant quantities proportional to the 
elements in the other rows. Obviously any cell may be de- 
formed in this way into another cell whose edges assume M 
prescribed (non-coplanar) directions in V M . 

Our last result indicates that the limit of B 4 is completely 
independent of the manner in which R M is divided into cells. 
For we can start with an arbitrary division and deform each 
cell, in the manner just indicated, such that its edges are tangent 
to the curves of intersection of the (M — l)-spaces, B 3. 
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Absolute, derivative, 49, 250, 283, 

311; tensor, 198, 241 
Acceleration, 149, 163, 170 
Action metric, 177 
Affine connection, 292 
Amorphous space, 282 
Angle, 34, 36 

Angular, momentum, 156; velocity, 
159 

Antipodal space, 116 
Antisymmetry, 15 

Bernoulli's integral, 202 
Bianchi identity, 87 
Bipolar coordinates, 79 
Body force, 200 

Cartesian, coordinates, 142; ten- 
sor, 127 
Cell, 253 

Centrifugal force, 167 
Christoffel symbols, 41 
Coefficients of connection, 287 
Comoving time-derivative, 191 
Compatibility equations, 236 
Completely applicable, 179 
Components, 9, 144 
Compressed notation, 20 
Configuration, 4 
Configuration-space, 168 
Conformal, 299 
Conjugate metric tensor, 31 
Connection, coefficients, 287; 
double, 291; linear, 287; ortho- 
invariant, 290; projective, 309; 
semi-symmetric, 308; single or 
contraction-invariant, 291; sym- 
metric or affine, 292 



Conservation of mass, 195 
Continuity equation, 196 
Contraction, 17, 88, 295 
Contraction-invariant connection, 
291 

Contravariant, tensor, 11; vector, 10 

Coordinates, 3; bipolar, 79; Car- 
tesian, 142; curvilinear, 26; 
geodesic, 292; geodesic normal, 
69; homogeneous, 119; local Car- 
tesian, 58; normal or orthogonal 
trajectory, 62; orthogonal, 71, 
145; Riemannian, 59; spherical 
polar, 54 

Coplanar vectors, 94, 317 

Coriolis force, 167 

Covariant, derivative, 51, 251, 287, 
311; tensor, 13; vector, 12 

Curl, 135, 246 

Curvature, 81, 294; constant, 113; 
Gaussian, 96; geodesic, 154; 
invariant, 89; of curve, 73; pro- 
jective, 305; Riemannian, 93, 94; 
tensor, 83, 85, 294 

Curve, 5 

Curved space, 82 

Curvilinear coordinates, 26 

D'Alembert's principle, 159 
Density, 192, 241 

Derivative, absolute, 49, 250, 283, 
311; covariant, 51, 251, 287, 311 

Determinant of metric tensor, 30 

Dilatation, 211 

Dimension of space, 4 

Displacement, infinitesimal, 9; null, 
29 
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Distance, 28; geodesic, 122 
Divergence, 57, 134, 193 
Double connection, 291 
Dual tensors, 246 
Dummies, 7 

Dynamics, general system, 168; 
particle, 149; rigid body, 166 

Einstein, 142; tensor, 89 
Elasticity, 202; tensor, 210 
Electromagnetic radiation, 213 
Elliptic space, 116 
Energy, 177 

Equilibrium of continuous medium, 
208 

Euler equations, calculus of vari- 
ations, 40; rigid body, 168 
Eulerian method, 191 
Event, 126 

Excess of angle sum, 96 
Expansion, 194, 211 
Extension, of cell, 253, 255; strain, 
203 

Finzi, 237 

First curvature, 73 

First integral, 45 

Flat space, 82, 118, 295; pro- 

jectively, 305 
Force, 150, 171 
Frame of reference, 162 
Frenet formulae, 74 
Frequency, 219 

Fundamental, form, 27, 29; tensor, 

26, 28, 31 
Future, 126 

Gauge, in variance, 298; transforma- 
tion, 298 

Gauss, 27, 96 

Gaussian curvature, 96 

Gauss' theorem, 193 

Geodesic, 37; circle, 155; coordi- 
nates, 292; curvature, 154; devi- 



ation, 90; distance, 122; normal 
coordinates, 69; null line, 46 
Geometrical, object, 10; optics. 216 
Green's theorem, 193, 275 

Hamilton's, equation, 217; princi- 
ple, 187 
Hertzian oscillator, 238 
Hertz vector, 223 
Homeomorphic, 179 
Homogeneous coordinates, 119 
Hooke's law, 209 
Hydrodynamics, 190 
Hyperspace, 4 
Hypersurface, 5 

Indefinite, 29 
Indicator, 29 

Infinitesimal displacement, 9 
Inner product, 17 
Instantaneous axis, 159 
Integral, multiple, 258, 316 
Invariant, 12; curvature, 89; rela- 
tive, 198 
Irrotational flow, 199 
Isotropic, medium, 210; point, 111 

Jacobian, 6, 240 

Kinematical metric, 169 
Kinetic energy, 151, 168 
Kronecker delta, 8; generalized, 
242 

Lagrangian, equations, 151, 174; 

method, 191 
Lam&'s constant, 212 
Laplacian, 58 
Least action, 177 
Length, 29 
Levi-Ctvita, 142 
Linear connection, 287 
Line element, 27 
Lines of force, 174 



Index 



323 



Local Cartesians, 58 

Lorentz transformation, 140, 231 

Lowering suffixes, 31 

Magnitude of vector, 33 
Manifold, 4 

Maxwell's equations, 214, 228, 230 

Metric, action, 177; form, 27, 29; 
kinematical, 169; tensor, 26, 28, 
31; tensor, determinant, 30, 248 

Mixed tensor, 13 

MdBius strip, 261 

Moment, of force, 166; of inertia, 
161 

Motion, continuous medium, 208; 
Newtonian law, 150; perfect fluid, 
201; relativistic equations, 155 

Multiple integral, 257, 316 

Negative transformation, 121, 249 
Neuber, 237 

Newton's law of motion, 150 
Non-Riemannian space, 282 
Normal coordinates, 62 
Normal vector, 63, 265 
Null, cone, 125; displacement, 29; 
geodesic, 46 

One-sided region, 261 
Order of tensor, 11 
Orientation of cell, 260 
Oriented, region, 261; tensor, 130, 
249 

Orthogonal, coordinates, 71, 145; 
trajectories, 63; trajectory co- 
ordinates, 62; transformation, 120 

Orthogonality, 36 

Ortho-invariant connection, 290 

Outer product, 17 

Papcovich, 237 
Parallelogram, 292 
Parallel propagation, 49, 99, 288 
Parametric line, 70 



Past, 126 
Path, 289 
Perfect fluid, 199 
Period, 219 

Permutation symbol, 131, 243, 249, 
250 

Perpendicularity, 36 
Phase wave, 218 
Physical components, 144 
Plane waves, 222 
Point, 3 

Poisson's ratio, 212 

Polarization, 221 

Polar space, 116 

Positive-definite, 29 

Positive transformation, 121, 249 

Potential, electromagnetic, 223, 239; 

energy, 152 
Present, 126 
Pressure, 199 

^Product, inner, 17; outer, 17; scalar, 
134; vector, 134, 245 

Projective, connection, 309; curva- 
ture, 305; flatness, 305; invari- 
ance, 304; space, 303; transforma- 
tion, 304 

Proper transformation, 121 

Raising suffixes, 31 
Range convention, 7 
Reconcilable curves, 100 
Relative, invariant, 198; tensor, 198, 

240,311,312 
Relativity, general theory, 231; 

special theory, 125, 155, 231 
Rica, 142; principal directions, 109; 

tensor, 88, 295 
Riemann, 28 

Riemannian, coordinates, 59; curva- 
ture, 94; space, 28, 302; tensor, 85 
Rigid body, 156 
Rigidity, 212 

Scalar product, 134 
SchrOdinger, 279 
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Schur's theorem, 112 

Semi-symmetric connection, 308 

Signature, 314 

Single connection, 291 

Skew-symmetry, 15 

Space, 4; amorphous, 282; antipodal 
or spherical, 116; configuration, 
168; curved, 82; fiat, 82, 118, 295; 
non-Riemannian, 282; of constant 
curvature, 111, 113; polar or 
elliptic, 116; projective, 303; Rie- 
mannian, 28, 302; Weyl, 297 

Space-time, 125, 229 

Special theory of relativity, 125 

Sphere, 123 

Spherical, polar coordinates, 54; 

space, 116 
Stokes' theorem, 267; generalized, 

269 

Straight line, 123 
Strain, 202, 205 
Stream line, 235 
Stress, 202, 208 
Subinvariant, 67 
Subspace, 5, 253 
Subtensor, 67 
Subvector, 67 
Summation convention, 7 
Surface, 5 

Sylvester's theorem, 314 
Symmetric connection, 292 
Symmetry, 15 

Tangent vector, 10 

Tensor, absolute, 198, 241; Car- 
tesian, 127; contravariant, 11; 
covariant, 13; curvature or Rie- 
mann, 83, 85, 294; density, 241; 
dual, 246; Einstein, 89; field, 14; 



fundamental or metric, 26, 28, 31; 

mixed, 13; order of, 11, 12; 

oriented, 130, 249; relative, 198, 

240; Rica, 88 
Tests for tensors, 18 
Thomas, 309 
Topology, 116, 124, 179 
Torsion, 73 

Transformation, gauge, 298; Lor- 
entz, 140, 231; negative, 121, 249; 
of Christoffel symbols, 48; of 
coordinates, 6; orthogonal, 120; 
positive or proper, 121, 249; pro- 
jective, 304 

Transitivity, 14, 241 

Translation, 157 

Two dimensions, 89 

Two-sided region, 261 

Unit first normal, 73 
Unit normal, 266 
Unit tangent vector, 34, 72 
Unoriented region, 261 

Variety, 4 

Vector, 9; contravariant ,10; covari- 
ant, 12; magnitude, 33; product, 
134, 245 

Velocity, 147, 153, 169; of light, 219 
Volume, 262 
Vortex line, 235 
Vorticity, 196, 197 

Wave equation, 215 
Wave-length, 219 
Weight, 240 
Weyl space, 297 

Young's modulus, 212 



